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SOME APPLICATIONS OF FRACTIONAL CALCULUS
OPERATORS TO CERTAIN SUBCLASS OF ANALYTIC
FUNCTIONS WITH NEGATIVE COEFFICIENTS

B.A. FrRASIN

ABSTRACT. The object of the present paper is to derive various distortion theo-
rems for fractional calculus and fractional integral operators of functions in the class
B(j, A, ) consisting of analytic and univalent functions with negative coefficients.
Furthermore, some of integral operators of functions in the class By (j, A, ) is shown.
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1.INTRODUCTION AND DEFINITIONS

Let A(j) denote the family of functions of the form:

flz)=2z+ Z anz2" (jeN={1,2,3,---}), (1)

n=j+1
which are analytic in the open unit disk U = {z : |z| < 1}. A function f(z)
belonging to A(j) is in the class B(j, A, «) if and only if

! 2)\2 Y P
Ro{ LY Lo
AN =Xz + 2N = N)zf'(2) + 2A°* =3X+ 1) f(2)
for some (0 < a< 1) and A(0 < XA < 1), and for all z € U.

Let T(j) denote the subclass of A(j) consisting of functions of the form:

f(z)=2z-— Z an2" (an, >0, j €N), (3)
n=j+1
Further, we define the class Bs(j, A, ) by

By(4 A a) =B, A, a) N T(5). (4)
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The class By(j, A\, ) was introduced and studied by the author in [3]. The
class B(j, A, ) is of special interest because it reduces to various classes of well-
known functions as well as many new ones. For example The classes B(1,0,a) =
T*(a) and Bg(1,1,) = C(a) were first studied by Silverman [10]. The classes
B5(7,0,0) = T(j) and B(j, 1, ) = C(j) were studied Srivastava et al. [13]. The
class By(1,1/2, ) = By(a) was studied by Gupta and Jain [4].

In order to show our results, we shall need the following lemma.

Lemma 1. ([3]) Let the function f(z) be defined by (3). Then f(z) € By(j, A, @)
if and only if

o0

Z on,a,Na, <1—«, (5)

n=j+1

where
o, N) = 2N = M2 +[1+ A +a)A=2X)n+ (1+222 =3N)a  (6)
and 0 <a<1,0< A< 1. The result is sharp.
2.FRACTIONAL CALCULUS

Many essentially equivalent definitions of fractional calculus (that is fractional
derivatives and fractional integrals) have been given in the literature (cf., e.g., [1],
[2, Chap. 13], [5],[7], [8], [9], [11, p.28 et. seq.]. We find it to be convenient to recall
here the following definitions which are used earlier by Owa [6] (and, subsequently,
by Srivastava and Owa [12]).

Definition 1. The fractional integral of order p is defined, for a function f(z),
by

: L[
D) = s [ dc, 7

G ) o v
where > 0, f(z) is an analytic function in a simply-connected region of the z-plane
containing the origin, and the multiplicity of (z— ¢)'™* is removed by requiring log
(z — ) to be real when z — ¢ > 0.

Definition 2. The fractional derivative of order u is defined, for a function

f(2), by

PN Sy (5
DL = F = o 0/ el Q
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where 0 < p < 1, f(z) is an analytic function in a simply-connected region of the
z-plane containing the origin, and the multiplicity of (z — {)™" is removed as in
Definition 1 above.

Definition 3. Under the hypotheses of Definition 2, the fractional derivative of
order n + b is defined by

dn
DI (2) = T DEf(2), )
where 0 < <1 and n € Ng ={0,1,2,...}.
We begin by proving

Theorem 1. If f(z) € Br(j, A, «), then

e, |2 |LH0 (=) +2)T(2+p) L
|DZFf(2)] > NEE) {1 g(j+1,0¢7)\)r(j+2+ﬂ)| | } (10)

and

ERG { (1—-a)T(j+2)T(2+ u)) |Z’j} 7 (1)

D;H <
DN =t M T oG La TG+ 2
for >0 and z € U. The results (10) and (11) are sharp.
Proof . Define the function G(z)by

G(z) = D@+ "D f(2)

_ LN MR+,
= Tt ™

n=j+1
00

= z-— Z U(n)anz",

n=j+1
where

T(n+ 1T(2+ p)

V) = = T

(n>j+1). (12)

It easy to see that

PG+22+p)

0<Un) <T(+1)= AT
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Furthermore, it follows from Lemma 1 that

1l—«
n< —m3, 14
2 S T e (14)

Therefore, by using (13) and (14), we can see that

| - 1=+ 202 +p) |
> _ j+1 > _ ( J+1
and
_ 1 e 1—a)T(G+ 202+ ) | i
< U(j4+1) |z E n < ( ARG

which prove the inequalities of Theorem 1.
Finally, we can easily see that the results (10) and (11) are sharp for the function

f(2) given by

It (1-al{+2T2+p)
D> f(Z)—F(Q_HL){1_g(j+1,a,)\)F(j+2+M)z} 1
fo) =z A 1 (18)

o(j+1,a,))

Theorem 2. If f(z) € Br(j, A\, a), then

e 1-a)PGE+2ATEC—p)
DIEN= e =) {1 oG LGtz } 1
and
e A=)PG+2TC—p) |
I e R e wwyie = L SR

for 0<pu <1 and z € U. The results (19) and (20) are sharp.
Proof. Define the function H(z) by
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H(z) = D(2-p)a"Dif(z)

L & Ihrure-p
: Z F'n+1—p) "

n=j+1
= z— Z d(n)a,z",
n=j+1
where
®(n) = W (n>j+1). (21)

It easy to see that

@G+ DI'2—p)

0<®(n)<B(G+1)= , 29
(n) < @+ 1) = LS (22)
Consequently, with the aid of (14) and (22), we have
] e 1—a)l(j+2)I'(2— ,
HE) 2 |- 01 oY na 2 o)~ - WU ITE i o)

g1 o(J+1La, NI +2—p)

and

. EES L—)T(+290C—p) | i
H < ) 1 Jj+1 o < ( J+ .
A< F+ 0+ DR 3 e < o+ o S
(24)
Now (19) and (20) follow from (23) and (24), respectively.
Finally, by taking the function f(z) defined by

gl (1-a)LG+2AT2—p)
D,‘;f(Z)—F(Q_M){l (j—|-1,a,)\)F(j+2—M)Zj} %)

or for the function given by (18), the results (19) and (20) are easily seen to be
sharp.

Remark 1. Letting 4 = 0 in Theorem 1 and yt — 1 in Theorem 2, we shall
obtain the corresponding results Theorem 3 and Theorem 4 in [3].
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3. FRACTIONAL INTEGRAL OPERATOR

We need the following definition of fractional integral operator given by Srivas-
tava et al. [14].
Definition 4. For real number n > 0,7 and 9, the fractional integral operator
Ifm,é- d d b
0. U defined by

z

o /(z — )" F(n 4, —8m; 1 — t/2) f()dt (26)
I'(n) ) - |

where a function f(z) is analytic in a simply-connected region of the z-plane con-
taining the origin with the order

k) 76
Ig " f(2) =

f(z)=0(z)  (z—0),

with € > max{0,y— 0} — 1.
Here F'(a,b;c; z) is the Gauss hypergeometric function defined by

Fla,b;c;2) = nzo m (27)

where (v),, is the Pochhammer symbol defined by

I'(v+k) :{ 1 n=0) (28)

B (
¥ = —F0 v+ D +2) - in-1)  (neN)

and the multiplicity of (z —)"~! is removed by requiring log (z —t) to be real when
z—t>0.
Remark 2. For v = —n, we note that

=10 —
I ™ f(2) = D" f(2).
In order to prove our result for the fractional integral operator, we have to recall
here the following lemma due to Srivastava et al. [14].
Lemma 2. If n>0and n >~ —4§ — 1, then
r DI (n — o+1
Iggﬁzn _ (n + ) (n v+0+ ) Pl (29)
: Fn—y+1)I'(n+n+06+1)
With aid of Lemma 2., we prove
Theorem 3. Let n>0,v>2,n+d> -2, v—35 <2,7v(n+6) <n(j+2), and
jeN. If f(z) € Br(4,\ ), then
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‘Inw? ’ r@2—y+4) 2 {1_ (1-)(2—7+0);(2); W}
" T2-9Tr2+n+9) o(j+1,0,A)(2—7);(2—7+96); o
30
and
(2=7+08) [z (1- )2 —7+0),(2); j
12 )_F )F(2+n+5){1+ oG+ La N2 —7);2 -1 10); Z(})
31
for z € Uy, where
”0‘{u—{0} ) (32)

The equalities in (30) and (31) are attained for the function f(z) given by (18).
Proof . By using Lemma 2, we have

I'2—-~+9)

7,70 1—y
f:71 () F@— Y2 +n+0)"
F'n+1)I'(n—~v4+4d+1) —y
= — n2" e U
n_Z:H n—7+1)r(n+n+5+1)az (2 € Uo)
Letting
r'2—-~yreEe+n+o) - 5
— I777’Y7
Q(Z) F(2 _'Y+5) z 0,z f(Z)
= z-— Z A(n)apz" (33)
n=j+1
where

2 — Nn-1(2)n—
(2 - 7)n71(2 +v+ 5)1171
we can see that the function A(n) is non-increasing for integers n > j + 1, then we
have

(n>j+1), (34)

0<An) <AG+1) = (2(2 7)”(;j>7(+) o (35)
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Therefore, by using (14) and (35), we have

2= AG+ D Y a

Q2(z)] =
n=j+1
> |Z|— (1—01)(2—’}/—'—5)](2)] ’Z‘j+1
R S W [ ) MG R
and
Q)] < A +AG+HD T D an
n=j+1
SR T ) C ks ek FIC T

o(j+1,a,A)(2=7);(2+7+9),

for z € Uy, where Uy is defined by (32). This completes the proof of Theorem 3.
Remark 3. Taking v = —n in Theorem 3, we get the result of Theorem 1.

4 .INTEGRAL OPERATORS

Theorem 4. Let the functions f(z) defined by (3) be in the class Br(j, \, o),

and ¢ be a real number such that ¢ > —1. Then the function F(z) defined by

c+1
ZC

Flz) = /O WA (o> —1)

also belonging to the class Br(j, A, ).
Proof. From (36) we have

Therefore,

c+tn
n=j+1 T

since f(z) € Br(j, A, ). Hence, by Lemma 1, F(z) € Br(j, A, a).
Theorem 5. Let the function

n=j+1
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be in the class Br(j, A\, «) and let ¢ be a real number such that ¢ > —1. Then the
function given by (36) is univalent in |z| < R*, where

R* = R*(n,a, c¢) = inf

n

/(n=1)
{a(n,aw(cm]l Uomza e

n(l—a)(c+n)
The result is sharp, with the function f(z) given by
(I—-a)(ic+n) ,

f(z):z—g(n’a,)\)(c+1)z (n>2). (38)

Proof. From (36), we have

N e

c+1

In order to obtain the required result, it suffices to show that
|f'(z) — 1| < 1 whenever |z| < R*, where R* is given by (37). Now

VERIE S CsCNEE

Mrrit c+1
Thus |f'(z) — 1] < 1if
— n(c+n) n-1

n=j+1
But from Lemma 1, (39) will be satisfied if

n(c+n) o |z|"71 a(n,_a, A) 7 (40)
c+1 11—«
that is, if
1/(n—1)
o) < D et D) (n>2). (41)

n(l —a)(c+n)

Therefore, f(z) is univalent in |z| < R*.
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