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CONVOLUTION PROPERTIES OF HARMONIC UNIVALENT
FUNCTIONS PRESERVED BY SOME INTEGRAL OPERATOR

F. M. AL-OBOUDI

ABSTRACT. A complex valued function f = u + v defined in a domain D C C,
is harmonic in D, if u and v are real harmonic. Such functions can be represented
as f(z) = h(z) + g(z), where h an g are analytic in D. In this paper we study
some convolution properties preserved by the integral operator IZ,’/\ fin € Ny =
NU{0}, A > 0, where the functions f are univalent harmonic and sense-preserving

in the open unit disc £ = {z : |2| < 1}, 117\ f(2) = IYh(2) + I3g(2), and I;h(z) =
oo

by,

o
Ak k 1n o i .
z+ ; IESEE 25, Ig(2) = ; mz . Relevant connections of
the results presented here with those obtained in earlier works are pointed out.

2000 Mathematics Subject Classification: 30C45.

1. INTRODUCTION

Let A denote the class of analytic functions in the open unit disc £ = {z : |z| <
1}, with the normalization

f(z) =2+ Z apz”.
k=2

Let K(«), Ry, and C(«) denote the classes of functions f € A, which are, re-
spectively, convex, prestarlike and close to convex of order a.

A continuous complex-valued function f = u + iv defined in a simply connected
domain D is said to be harmonic in D if both u and v are real harmonic in D.
There is a close inter-relation between analytic functions and harmonic functions.
For example, for real harmonic functions v and v there exist analytic functions U
and V so that u = ReU and v =ImV. Then

f(2) = h(z) + 9(2),
where h and g are, respectively, the analytic functions (U + V)/2 and (U — V)/2.
In this case, the Jacobian of f = h + g is given by

Tio) = W ()P = lg' (=),
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The mapping z — f(z) is sense preserving and locally univalent in D if and
only if J¢ > 0 in D. See also Clune and Sheil-Small [4]. The function f = h+ g
is said to be harmonic univalent in D if the mapping z — f(z) is sense preserving
harmonic and univalent in D. We call i the analytic part and g the co-analytic part
of f=h+7.

Let Sp denote the family of functions f = h + g which are harmonic univalent
and sense-preserving in £/ with the normalization

—z+2akz ,9(z Zbkz (1.1)

Let K and Cp denote the subclasses of S consisting of harmonic functions
which are, respectively. convex and close to convex in F.
Finally, we deﬁne convolution of two complex—valued harmonic functions f;(z) =

z—i—Zalkz +Zb1kz and fa(z —z—i—Zanz +Zb2k2’ by

k=2

fi(z) = fa(z) =z + Zalkagkzk + Zglk@kzk-

k=2 k=1

The above convolution formula reduces to the Hadamard product if the co-
analytic parts of f; and fy are zero.
In this paper we define and give some properties of the integral operator I , f,n €

Ng = NU{0},\ > 0, constructed as the convolution f % v, of harmonic univalent
and sense-preserving functions f in the unit disc £ with the prestarlike function .
We mainly study some convolution properties preserved by this operator.

2. DEFINITIONS AND PRELIMINARY RESULTS

In the following we define the integral operator I HA f and derive some of its basic
properties. We need the following definition.
Definition 1. Let f € Sy, and assume 1 is analytic in E. Then (f x ¥)(z) =

(% F)(2) = (h=)(2) + (9 ¥)(2).

Definition 2. Let f € Sg. Then the integral operator II@,)\f,n € Npg, A >0, is
defined by

I f(2) = IXh(z) + Ig(2), (2.1)
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where I3 f, X > 0 is the multiplier integral operator defined [3] on f € A as follows
Bf(z) =/(2)

Lif(z) = 1_1 /Ozti—zf(t)dt

Az X
2 1 1o
Lf(z) =—— [ 3L\ f(t)dt
Azx"+Jo
1 z
I f(2) :1/ 3210 f(t)dt,n € N. (2.2)
Azx—1Jo

Remark 1. If the co-analytic part of I} ) f is zero, then I} \ f = I f, [3]. When
, v > —1,I} f is Bernardi integral operator. When A = 1, I7 f is Salagean

A= ——
I+~
integral operator [8].

Remark 2. The integral operator I7; , f satisfies the following

() TEA(Diaf(2) = f(2),
where DY, , f is harmonic differential operator defined by Li Shuai and Liu Peide [9].

(i) I\ f(2) = (f ¥ ) (=) where

= (xtp---x1))(2) (2.3)
—_———

and

> 1
W(z) = z+zmzk, (2.4)

b ala+1)-b(b+1) 4
- + et 1) z“+- -, for any real
or complex numbers a,b and ¢ (¢ # 0, —1,—2,...), is the well-known hypergeometric

series which represents an analytic function £

where the function 9 Fy(a,b;c; z) = 1+
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% ax i % .
(111) IH)\f kz 1+)\ _1 Z +kzl 1+)\ ]n27

(iv) Tgaf(2) = (1= NIGH f(2) + A=H f(2): + 25 f(2)=].
(v) The operator I7; , f(2), given by (2.1), is sense-preserving, but may not be
univalent in E. Consider If,f(2) = H(z) + G(2), then |G| = |(I3g)'| =
1 1
061 = L] < [Lone
z z

shows that If f(2) is sense-preserving. To show that I (z), may not
be univalent in F, consider the case where the co-analytic part of I\ fis

1 :
zero, and n = 1,\ = 3 The function f(z) = (1 +4)[(1 — 2)71* - 1] =

(1 +4)(et=1H0In(0=2) _ 1) given by Campbell and V. Singh [5] is normalized
univalent in F, with this function f, equation (2.2) gives

/f 1+z)(1_zz)i_1—2(1—z‘).

If we set 2z, = 1 — e 2™ we find that 19 f(z,,) = —2(1 +i) for m = 1,2, ...
2

Hence 19 f(z) is infant-valent [5].
2

= (b ¥n)| = [(IXh)'| = [H'|, which

We will need the following lemmas.
Lemma 1. [6] Let ¢ and ¢ be convex analytic in E. Then

(i) @ * is conver analytic in E.
(ii) ¢ * f is close to convex analytic in E, if f is close to conver analytic in E.
Lemma 2. [7] (i) Let « <1 and f,g € Ry. Then f*g € R,.

(it) For oo < 3 <1, we have Ry C Rg.
(iii) For a < 1, let f € C(«) and g € Ry. Then fxg € C(a).

Lemma 3. [4] Let h € A and g € A.

(1) if |g’(0)] < |W'(0)| and h + €g is close to convex in E, for each €(|e| = 1), then
f=h+g€CH.

(ii) If f = h+ g is harmonic and locally univalent in E, and if h + eg is convex
analytic in E for some €(|e| = 1), then f =h+7g € Cp.

142



F. Al-Oboudi - Convolution Properties of Harmonic Univalent Functions

Lemma 4. Let ¢ be as in (2.4). Then
(i) P e R(17§)'
v(z)
z

1s convex univalent in E.

(i)

For (i) we refer to [7] and for (ii) see [2].
From Lemma 2 and Lemma 4(i) we obtain

Corollary 1. ¢, € R(l_l).

by
3. MAIN RESULTS

We now state and prove our main results.

Theorem 1. Let f = h+7, where h and g are given by (1.1). If |¢’(0)| < |h'(0)]
and (h+eg) € C (1 — 1), A >1 for each €(e| = 1), then IgafeCy.

Proof. IV (h+¢€g) = (h+€g) * ¢y,
=IYh+elyyg. (3.1)

1
Since (h +€eg) € C (1 — )\>, and 1, € R(l_i), applying Lemma 2(ii), we obtain
A

1 1
(IYh +elyg) €e C (1 — 1) Since 1 — X >0, for A > 1 then IYh + elyg) € C(0),

the class of analytic close to convex functions in E. Applying Lemma 3(i), we get
the required result.

Theorem 2. If A\ < 1,1}, f = IYh + I7g is harmonic and locally univalent in
E, and if h + eg is conver analytic in E for some €(|e| = 1), then I}y \f € Cy.

1
Proof. Since ¢, € R(17 1 and A <1, implies 1 — N < 0, then applying Lemma

2(ii), we get ¥, € Rg = K(0). Since h + eg € K(0), then from (3.1) and Lemma
1(i), we deduce that Iyh+ €elyg, is convex analytic in E. Applying Lemma 3(ii), we
get the desired result.

Remark 1. For n = 0, Theorems 1 and 2 reduce to Clune and Sheil-Small
results, given in Lemma 3.
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Theorem 3. Let f = h+ g, where h and g are given by (1.1), such that
lg'(0)] < [W(0)] and h+ eg is close to convex analytic in E, for each €(|e] = 1). If ¢
is convex analytic in E, then for A > 1,

(0 +09) « I\ f € Cn, o] = 1.

Proof. Let (¢ +79) * (INh(z) + IYg(z)) = ¢ * IVh+op* I}g = H + G. Now
H+~vG=pxIYh+~vyopxIg
=px (Iyh+elyg),e =yo.

From the proof of Theorem 1, we see that (I{h(z) + elYg(z)), is close to convex
analytic function for A > 1 and for each € (le] = 1). Applying Lemma 3(i), we
deduce that H + G is close to convex analytic function for each y(|y| = 1). Next
we show that |G'(0)] < |H'(0)],

1
GO =1(o¢ * Bg)|-a = |1 (T3

z=0

= |(p # IXh)'|2=0 = [H'(0)].

1
< ‘O’(p * (IVh)
z z=0

By Theorem 1, we obtain H + G = (¢ +79) * I}, f € Ch.

Remark 2. For n = 0, Theorem 3 reduces to the results of Ahuja and Jahangiri

[1].

_ . IS (2)
Theorem 4. Let f = h+g, where h and g are given by (1.1). Then —=—— =
z

1
/ AL f (2t ) dt.

0
? ozdt
Proof. From (2.4), ¢ can be written as w(z)—/o ;W Since (h* l—Zzt>‘> (2)=
(tf> and <g* - zm) (z) = g(t)\z),then (17 hy) (2) = / Y () dt,
- 0

1
and (I;_lg x1)(z) = / zt*)‘If\‘_lg(t)‘z)dt. Therefore (2.1) gives
0

1
If\f(z) = / NIV () + I (2 2))dt.
0
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Hence
I?[})\f(z)

1
:/ AL (1R 2)dt.
z 0 ’
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