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ABSTRACT. Making use of Salagean derivative operator, the authors have intro-
duced and studied new subclass T, (a, 8, A, B) of normalized and univalent func-
tions in unit disk U = {z : |2| < 1}. Among other results we have established
certain characterization of Tg‘ w(o, B, A, B). Finally, several applications involving
an integral operator and fractional calculus operators are also determined.
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1. INTRODUCTION AND DEFINITIONS

Let A; denote the class of functions of the form
o .
fR)=z2+ Y a2 (keN:={1,2,3..}), (1.1)
j=k+1
which are analytic in open unit disk

U={z:2€C and |[z| <1}.

Definition 1 [6]. We define the operator D" : Ay, — A, (n € No := NU{0})
by

D°f(z) = f(2),
D'f(z) = zf'(2),
D"f(z) = D(D"7'f(2)).
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The operator D™ is known as the Salagean derivative operator.

For the function f(z) given by (1.1), it follows form above definition that
D"f(z) =z+ Z j"a;z’  (n € Np) (1.2)
j=k+1

with the help of the operator D™ we define, the subclass denoted by Ai‘b’k(a, B, A, B)
as follows.

Definition 2. We define the class A7’,\L7k(a,ﬂ, A, B) by

Fn,)\('z) —1
BEo(z)— B+ (A-B)(1—a)]

A (0., A, B) = {feAk:‘

< ﬁ} (1.3)

(zeU; neNp; 0<A<1; 0<a<];0<p<1]; -1<A<B<1;0<B<1)
where, for convenience,

(1= VD" (2)) + A=D1 F(2)) _ dunl2)
L= NDf(2) 4 AD™f(z)  thun2)

Fn,/\(z) =

Let T} denote the subclass of Ay consisting of functions of the form:
e .
f)=2= > a2 (a;20;5=k+1,k+2,k+3,...; keN) (1.4)
j=k+1

and
Tp (e, B, A, B) = A) (o, B, A, B) N Ty (1.5)

We note that, in view of above definition of the class T7i‘ w(o, B, A, B), specifying
the parameters k, \, a, 3, A, B and n, we can obtain following subclasses studied by
various authors.

(i) 191 (e, 1,-1,1) = T*(a) and Ty (o, 1, —1,1) = TP (o, 1, -1, 1) = C(e)
(Silverman [8]),

(il) Top(a,1,=1,1) = To(k) and Ty, (a, 1, =1,1) = TP, (o, 1, =1,1) = Cy (k)
(Chatterjea [4] and Srivastava [9]),

(iii) Tgy(a,1,-1,1) = P(k, A, @) (Altintas [1]),
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(iv) Tg‘,k(a, 1,—-1,1) = P(k,\,a,n) (Aouf and Srivastva [3]),
(v) Tﬁ"k(a,ﬁ, -1,B) = Tqi"k(oz,ﬁ, B) (Srivastava, Patel and Sahoo [10]).

We have established several general properties such as coefficient inequality, dis-
tortion, inclusion properties and other related properties for aforementioned class

Tfik(aa ﬁ?Aa B)

2. COEFFICIENT INEQUALITIES

In this section, we provide a necessary and sufficient condition for a function f
in T}, to be in Té‘k(a,ﬁ, A, B).

Theorem 1. Let the function f be defined by (1.4). Then f € T;l\,k(oz,ﬁ,A,B)
if and only if
> J"A=A+A{(G = DA+ BB) + BB~ A)(1-a)}a; < f(B-A)(1-a). (2.1)
j=k+1

The result (2.1) is sharp.

Proof. Assume that the inequality (2.1) holds true. Then for |z| = r < 1, we
observe that

[PnA(2) = Yna(2)| = BIBona(z) —{B + (A = B)(1 — ) }¢na(2)]

e}

= |- Z JPL =X+ NG — Dajzi ™t
j=k+1

—B|(B=A)(1—a)=>_ j"(1 = A+ X){-A(1 - )+ (j — a)B}a;z/"!
j=k+1

o

< 3 A=A+ )G - Day
j=k+1

o

—B|(B-A)(1—a)— 3 "= A+ A)H{-A(l—a)+ (j —a)Bla;
j=k+1
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< D A=A - DA+ FB) + (B~ A)(1-a)}a; — f(B—A)(1-a) <0
j=k+1
where we have used (2.1). Hence by Maximum Modulus Theorem f € Tg‘,k(a, 3,

A, B).

Conversely we assume that f € Tﬁ\’k(a, 0, A, B), then

’ Fn,/\(z) —1
BF(2) = [B+ (A - B)(1 - a)]

_ ~ 32k 3= A+ )~ Daje < s
B A (—0) -5y "N+ A A(—a) + G—a)Blaye1| =
zeU
Since |R(z)| < |z| for all z, we obtain the inequality,
2 A=A M)~ a2
R ]:ifl <8
(B-A)(1-a)= > A=A+ {-A0—-a)+(j —a)B}a;z"!
j=k+1
(2.2)

Now we choose value of z on real axis so that Fj, y(z) is real. Upon clearing the
denominator in (2.2) and letting z — 1 through real values. We deduce that

o0

> M= A+ X))~ a;
Jj=k+1

<BB-A)1-a)=8 Y j"(1=A+X){-A(1-a)+(j —a)Bla,.
Jj=k+1
Thus

S M= A+ X){(— D1+ 8B) + B(B - A)(1 - a)}a; < B(B — A)(1 - a).
j=k+1

Finally we note that the function f given by

BB-A)1 -«

J&) =2 oA TG - D+ 6B + B - A - P
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is an extremal function for the assertion of Theorem 1.
Corollary 1. If f € T;L\k,(oz,ﬁ, A, B) then

o BB~ A)(1-a)
P2 a2+ MG - D+ BB) + BB — AT - )

(j > k+1;k € N).
(2.4)
The result (2.4) is sharp and the extremal functions are given by (2.3).

Remark 1. Since l = A+ \j<1—-v+4vjfor0<A<v<1(j>k+1;keN)
we have,

TP (a, B, A, B) C Tp e, 8,A,B) (0<A<v<1).

Furthermore, for 0 < oy < ag < 1, we obtain

T,,i:k(OéQ,B,A,B) g Tyik(alvﬁa Aa B) (0 S aq S Qg < ]-)

Theorem 2. For each n € Ny,
Tri\+1,k(a’ ﬁ) A7 B) C Tri:k:(gv ﬁv A7 B)v
where

(1+pB)(k+a)+B(B—-A)(1—-a)

&= (14 B8B)(k+1)+ B(B— A)(1 — )

The result (2.5) is sharp.

(2.5)

Proof. Suppose f € T£‘+17k(a,ﬁ, A, B). Then by Theorem 1,

Z FTH A=A 1) (1+8B)+B(B—A)(1—a)}a; < B(B—A)(1—a) (2.6)
j=kt1

To prove that f € Tg‘,k(ﬁ, B, A, B), it is sufficient to find the largest £ such that

[e.9]

S =AM - D)1+ 8B)+B(B - A)(1-&)}a; < BB—A)(1-E). (2.7)

j=k+1
Equation (2.7) is true if

(-1 +6B)+6(B—-A)(1-¢)
1-¢

IG=DA+8B) + (B~ A)(1 ~a)]
- 1 -«

(j>k+1;keN),
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that is, if

(1+8B)(j—14a)+B(B-A)1-aq)
(1+6B)j+B(B = A)(1-a)

€< (j>k+1;keN). (2.8)

Since the right hand side of (2.8) is an increasing function of j, letting j = k+ 1 in
(2.8), we obtain

(1+p6B)(k+a)+38(B—-A)(1—«w)
(1+6B)(k+1)+8B-A)1-a)

Finally, the function f given by

£ <

f&) === Gy Ak)ﬁ{(klil_JrAﬁ)](Bl):rOé)(B i 29
is an extremal function for Theorem 2.
Remark 2. Since € > «, it follows from Remark 1 that
To(& B, A, B) € Ty(a, 8,4, B) - (n € No)
and hence that
T (0 8,4, B) € T (€ B, A, B) € Toy(e, B, A, B) - (n € No).
Theorem 3. Let 0 < a; <1(j =1,2) and 0 < 3; < 1(j = 1,2). Then
T (o, Br, —1, Br) = T i (aa, Ba, =1, Ba)  (n € Np) (2.10)
if and only if
SBi+ 1)1 —a1)  Ba(Ba+1)(1 - ) (2.11)
1+ 618 1+ 328>
In particular, if 0 < a <1 and 0 < 8 <1, then
T (. 8,~1,B) = T, (1 — ff%Jr Da 1, 1>
= p (k,A, L ﬁ;rf(;;“ 1)O‘,n> (2.12)

164



S. B. Joshi, G. D. Shelake - Some families of univalent functions associated with...

Proof. Suppose f € Tg‘,k(al,ﬂl, —1, B;1) and let the condition (2.11) hold true.
Then

i JU A=A+ — 1)1+ B2B2) + B2(B2 + 1)(1 — a2)}

Ba2(Bs + 1)(1 — a) 4

j=k+1

_ N OG- DA+ BB+ BB+ DA - 1)}
- Z B1(Br+1)(1 —ay) i <1

j=k+1

which shows that f € Té p(a2, B2, —1, By), by Theorem 1. Reversing the above steps,
we can similarly prove that, under the condition (2.11),

feT)(az, B2, —1, Bs) = f € T (o, B, —1, By).

Conversely, the assertion (2.10) can easily be shown to imply the condition (2.11).
Also observe that (2.12) is a special case of (2.10) when,

a1 = @, /61:/67 B1:B7 /62:]-7 BQZ]-

Remark 2. For B; = 1 and Bs = 1 the result of Theorem 3 was obtained by
Srivastava, Patel and Sahoo [10].

Similarly we can prove following theorem.

Theorem 4. Let0<a<1,0<3; <1,-1<A; <Bj<1and0< B; <1(j =
1,2). Then
Ty (o, B1, AL, Br) = T (e, B2, Ag, B2) - (n € Np) (2.13)

if and only if

Pr(Br— A1) _ Ba(B2 — Az)

= 2.14
1+ 51By 1+ 2Bs (2.14)
In particular, if 0 < <1,-1<A<B<1,and 0< B <1 then
B-A-1-08B
TT/L\,k(a7ﬁ7A7 B) = Tri\,k(aaﬁa _17 1+ ﬂA ) (TL S N()) (215)

3. INCLUSION PROPERTIES ASSOCIATED WITH MODIFIED HADMARD PRODUCTS
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Let f be defined by (1.4) and let

g(z) =z — Z bjz (bj>0;j=k+1,k+2k+3,...; keN) (3.1)
j=k+1

Then the modified Hadmard product (or convolution) of f and g is defined by

(fxg)(z)=2— ) ajbe (3.2)
Jj=k+1
(aj>0;0;>0; j=k+1,k+2k+3,...; keN).

Theorem 5. Let the function f defined by (1.4) and the function g defined by
(8.1) belong to the class T?i"k(oz,ﬂ, A, B). Then the modified Hadmard product f * g

defined by (3.2) belongs to the class Tri\,k(n’ﬁv A, B), where

(k+1)"(1+ Xe){(1 + BBk + B(B — A)(1 — a)}?
B —B(B—A)(1 —a)*{(1+ BBk + B(B — A)}
T )"+ A{( + BBk + B(B — A)(1 - )} — (BB~ A)(1 - a))?

This result is sharp.

Proof. Suppose f,g € Tﬁ:k(a, B, A, B). Then we need to find largest n such that

[e.9]

> =AM+ M){(G — 1)1+ 8B)+B(B - A)(1—n)}azb; < B(B—A)(1—-n) (3.3)
j=k+1

Since

o0

D =X+ X){( — D1+ BB) + B(B - A)(1 - a)}a; < B(B - A)(1 - a)
Jj=k+1

and

o0

D M= A+ MG~ 1)1+ 6B) + BB~ A)(1 - a)}b; < B(B — A)(1 - )
j=k+1

by the Cauchy — Schwarz inequality, we have

i J"A=A+MHG - +8B) + (B - A)(1 —a)}
B(B—A)1-a)

ajbj S 1 (3.4)
j=k+1
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Thus it is sufficient to show that
(j—1)(1+BB)+ (B —A)(1—n)

(1—n) %

That is,

 A-n){(G- DO +BB) + BB - A1 -a)) |
O S Ty (G- )11 0B) BB - A1 —q)y UZFTERFEN.

Since (3.4) implies that

BB —-A)(1-a)
"= A+ A0 - DA+ 6B) + B(B - A)(1 — )}
Thus we have to show that
BB —-A)(1-a)

F"1=A+ XN -1 +6B)+B(B—-A)(1-a)}
(1-—n{G-1)A+8B)+B(B-A)1A-a)} .
(T—a){(—V(L+8B)+ BB - A -y} UZFTEEEN.
Or, equivalently

F* A=A+ X){( — DA +8B) + (B - A)(1 - a)}?
< —B(B — A)(1 - aP{( = 1)(1+BB) + B(B - A)}
T AT G- DA+ 6B) 1 BB - A1)} — {B(B - A1 —a))?

(j>k+1;keN) (3.5)

(j>k+1;k eN),

ajbj S

<

Since the right hand side of (3.5) is an increasing function of j, by letting j = k + 1
in (3.5), we obtain

(k+1)"(1 4+ Xe){(1+ BB)k + B(B — A)(1 — a)}?
3 (B = A)(1 = ){(1+ BB)k + 6(B — A)}
"= G DR+ MR+ BB)E+ BB — A)(1 = a)}2 — (B(B — A)(1 — )}

which proves the main assertion of Theorem 5.
The sharpness of the result follows if we take

B B B(B—-A)(1 - a)
1) =9() =2~ G T T 0B) T B — Ay 30

167



S. B. Joshi, G. D. Shelake - Some families of univalent functions associated with...

Theorem 6. Let the function f and g belongs to the class Tr’;k(a,ﬂ, A, B).

Then the modified Hadmard product f x g belongs to the class Tg‘k(p, 1,-1,1) or
equivalently, p(k, X\, p,n), where

(k+1)"(1+Xe){(1 + BBk +B(B—A)(1—a)}? - (k+1)8(B — A)(1 — a)?

(k+1)"1+X){(1+8B)k+B(B—-A)(1—-—a)}?—3(B—-A)(1- a)2( )
3.7

The result (3.7) is the best possible for the function f and g defined by (3.6).

Proof. Proceeding as in proof of Theorem 5, we get

_ =24 MG = 1A+ BB) + BB — A)(1 = a)}* = jB(B - A)(1 - )’
P= (=AM — 1)1+ BB) + BB - A)(1—a)}2— B(B— A)(1 - a)?

(j>k+1L;keN) (3.8)

The right hand side of (3.8) being an increasing function of j, by letting j = k + 1
in (3.8), we obtain (3.7). This completes the proof of Theorem 6.

Theorem 7. Let the function f defined by (1.4) and the function g defined by
(3.1) belong to the class Tg"k(a,ﬁ,A, B). Then the function h defined by

o0

h(z) =2z — Z (a? + b?)zj

j=k+1
belongs to the class Tak(a,ﬂ,A, B), where
(k+1)"(1 4+ Xe){(1 + BBk + B(B — A)(1 — a)}?

—25(B — A)(1 — a)*{(1 + BB)k + B(B — A)}
(h+ (1 + AR){(1 + BBk + B(B — A)(1 - a)}? — 2(B(B — A)(1 - a)}?

This result is sharp for the functions f and g defined by (3.6).

g =

Proof. Suppose f,g € Tg‘k(a,ﬁ, A, B). Then by Theorem 1, we have

o (ML= A A6 - DA+ BB) + BB~ AL - a)}*
5 ( )

2 BB~ A)(1 - a) j

2
) ( 3 jn(l)\+)\j){(j1)(1+BB)+B(BA)(1a)}aj) -

2 3B —A)(1-a)

(3.9)

168



S. B. Joshi, G. D. Shelake - Some families of univalent functions associated with...

Similarly, we have

%) ‘n _ . . _ — 2
3 <J (1 A+AJ){(Jﬁ(;)UX)/(BlB)Z)ﬂ(B A){ )}> <1 (3.10)

j=k+1

It follows from (3.9) and (3.10) that

01 /(1= A+ )G —1)(1+ 8B B—A)(1—-a)}\?
3 <] ( - ]){(]ﬁ(B)(_X)(ﬁl_)l‘)ﬁ( )( )}> (@+1)<1

j=k+1
Therefore we need to find largest o such that

F"A=A+ MG -0 +6B)+8(B-A)(1-0)}

B(B—-A4)(1-o0)
1 <j”(1—A+Aj){(j— 1)(1+ﬁB)+ﬂ(B—A)(1—a)}>2
=2 BB —A)(1-a)
(j=>k+1;keN),

that is,

FMA =X+ XA +BB)(j - 1)+ B(B - A)(1 — a)}?
< —28(B - A)1 - a)*{(1+6B)(j — 1) + B(B - A)}
M= A+ A+ 6B) - D)+ BB - A) (1 - o) - 2{B(B - A)(1 - a)}?

(j>k+1:keN) (3.11)

Since the right hand side of (3.11) is an increasing function of j, we have
(k+1)"(1+ Xe){(1 + BB)k + B3(B — A)(1 — a)}?
—26(B — A)(1 — a)*{(1 + BB)k + B(B — A)}
(k+ 1)1+ X){(1+8Bk+3(B—A)(1—a)}2—2{B3(B—A)(1—a)}?

Thus the Theorem 7 is proved.

o<

4. A FAMILY OF INTEGRAL OPERATORS

Theorem 8. Let the function f defined by (1.4) be in the class Tg"k(a,ﬁ, A, B),
and let ¢ be a real number such that ¢ > —1. Then the function F' defined by

z

/tc_lf(t)dt (c>—1;f € Ay) (4.1)

0

c+1
ZC

F(z)=
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belongs to the class T7;\7k(/<c,6,A,B), where

(14 BB){k+ (c+1)a}+ B(B—A)(1— )
(1+8B){k+c+1}+3(B—-A)(1—a)

This result is sharp for the functions f defined by (2.8).

Proof. Form (4.1) we have,

We need to find largest x such that
{(-1)A+6B)+8(B—-A)1—-kK)}c+1)

(1—=k)(c+7)
< (j— 1)(1+,BB)1‘+;/Z(B_A)(1_O‘) (j>k+1:keN)

or, equivalently,

< BB = 1) + (c+ o} + (B - A)(1 - a)
- (1+6B){c+j}+B(B—-A)(1-a)

(j>k+LkeN). (42)

The right hand side of (4.2) being an increasing function of j, we have

o« A+ BB){k+ (c+1)a}+ (B - A)(1 - a)
T A48B{k+c+1}+B(B-A)(1-a) ’

which completes the proof of Theorem 8.

Theorem 9. Let the function F given by

Fz)=z- Y djzd (dj>0;j=k+1L,k+2k+3,...; keN)
j=k+1

be in the class T;l\’k(a, B, A, B), and let ¢ be a real number such that ¢ > —1. Then
the function f defined by

z

F(2) = Cjcl /tc—lp(t)dt (c>—1.F € Ay) (4.3)
0
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is univalent in |z| < R, where

R (jnl(l —A+MNH{G-1)(1+6B)+8(B—A)1—a)}(c+ 1)>1/(j1)
k41 B(B—A)1—a)(c+7)

(4.4)
The result (4.4) is sharp.

Proof. We find form (4.3) that,

(2) = 2(F(2) L i <c+j> 02

c+1 ot c+1

In order to obtain desired result, it is sufficient to show that
|f'(z) — 1] < 1 whenever |z| < R,
where R is given by (4.4).

Now

e Y g (Sl

j=k+1
Thus we have |f/(z) — 1] < 1 if

. [c+j .
> i (E) kb <1 (15)

j=k+1

But, by Theorem 1, we know that

= 3= A+ A~ 1)1+ 8B) + BB~ A)(1 - a)}
2
B(B—A)1-a)

dj < 1.
j=k+1

Hence (4.5) will be satisfied if

Jetd) 1 o "= A+ MG~ DL +8B) + BB - A)(1 - a))
el B(B—A)(1-a) ’

That is, if

] < (jn—l(l A+ MG -1)A+8B)+B(B—A)(1—a)}c+ 1))1/(]'1)
B(B - A)(1 = a)(c+j)

(j > k+1;keN). (4.6)
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Therefore the function f given by (4.1) is univalent in |z| < R, where R is defined
by (4.4). The sharpness is follows if we take

PR B(B = A)(1 - a)(c+) y
P = NG = D0+ BB) + 5(B — A)(1 - a)}e+ 1)

(j>k+1;keN). (4.7)

5. APPLICATIONS OF FRACTIONAL CALCULUS

In this section we prove distortion theorem for functions belonging to the class
T é‘ w(a, B, A, B), which involve operators of fractional calculus defined as follows.

Definition 1 [5]. The fractional integral of order u is defined, for a function f,
by

. (o
DJFf(z) = / d¢ > 0), 5.1
=1 | =gt 6> (5.1)
where [ is analytic function in a simply connected region of the complex plane con-
taining the origin, and the multiplicity of (z—C)'™# is removed, by requiringlog(z—()
to be real when z — ¢ > 0.

Definition 2 [5]. The fractional derivative of order p is defined, for a function
[ by

D) = e | e 0<u<) 5:2)
0

where f is constrained, and the multiplicity of (z — {)™* is removed, as in Defini-
tion 1.

Definition 3 [5]. Under the hypothesis of Definition 2, the fractional derivative
of order n + p is defined, for a function f, by
dn

D) = o

(DEF(2)} (0< < lineNy). (5.3)

Theorem 10. Let the function f defined by (1.4) be in the class Tr’;k(a, B,A,B).
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Then
|D;#(D' f(2))|
e BB~ A)(1 — )2+ K2+ ) ,
“T(24p) (k+1)"" {1+ X){(1+BB)k + B(B — A)(1 — )}
I'(k+24u)
(lz2| =r<1;u>0;ie€{0,1,....,n}) (5.4)
and
|D;#(D' f(2))|
< rlta m B(B—A)(1—a)T(2+k)(24 u) rk
T2+ p) (k+1)"" (1 4+ Me){(1 + BB)k + B(B — A)(1 — a)}
L(k+2+p)
(lzl =r<1l;u>0;1€{0,1,...,n}) (5.5)

The results (5.4) and (5.5) are sharp.
Proof. We observe that
f(z) € Ty, 3,A,B) &  D'f(2) € T 4(a, 3, A, B)

and that

Dif(z) =z — Z jlaj2? (i € No)
j=k+1

Then from Theorem 1, we have

(k+ )" "1+ M) {(1+ BBk + BB - A)(1—a)} > jla

Jj=k+1
< Y A=A+ A6 - DA+ BB) + B(B — A)(1 - a)lay
j=k+1

< ﬁ(B - A)(l - Oé),
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so that

BB—-A)1-a)

Jzk;rlj 4= (k+ 1)1+ Xe){(1+ B8B)k+B(B—A)(1—-a)}’

(5.6)

Consider the function G(z) defined by

G(z) = T(2+p)z"D;*D'f(2))

_ %_22 L(Gj+1)r 2+#%%ﬂj
S TU+1+p)
o
= z— Y ¥(j)ila,
j=k+1
where
L@+ D2+ p)
LG +1+p)

Since ®(j) is a decreasing function of j, we get

®(j) = (J>k+1LkeN;u>0).

T(k+2)0(2 + p)
T(k+2+p)

0<®(j) <P(k+1) = (j>k+1LkeN;u>0).  (5.7)

Thus by using (5.6) and (5.7), we see that

|G(2)| > r— ®(k + 1)rkH! i J'a;
j=k+1
B(B — A)(1 - a)T2 + KT+ ) -

>r—

(k+ 1) (1 + MNo){(1+ BBk + B(B — A)(1—a)}T(k+2+ 1)

(Jz| =7 < 1L;p>0;i€{0,1,...,n})

and
G(2)] < r+@(k+1)rF > jila;
Jj=k+1
<4 B(B—A)(1—a)l2+K)(2+p) k1

(k+ D)1+ M) {(L+ BBk + B(B - A1 —a Tk +2+ 1)

(Jz| =7 < L;p>0;i €{0,1,...,n}),
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which proves the inequalities (5.4) and (5.5) of Theorem 10.
The inequalities (5.4) and (5.5) are attained for the function f(z) given by

B(B—A)(1-a) k+1

D) =2 = G T T (L5 3B)k + BB — A =)}

(k € N).
(5.8)
This completes the proof of Theorem 10.

Corollary 2. Let the function f defined by (1.4) be in the class Tr’;k(a,ﬂ, A, B).
Then

[D;#f(2)]
- pltr - B(B—A)1—a)l(2+k)T(2+ u) rk
(24 p) (k+1)"1+Xe){(1+B)k+B(B—A)(1—a)}
I'k+2+p)
(lz2| =7r<1;u>0) (5.9)
and
|DHf(2)]
it - B(B—A)(1—a)l(2+4k)T(2+ p) !
(24 p) (k+1)"1+X){(1+6B)k+B(B—-A)(1—-a)}
L(k+24p)
(lz2|=r<1;n>0) (5.10)

The estimates in (5.9) and (5.10) are sharp for the function f given by (5.8) with
1 =0.

Theorem 11. Let the function f defined by (1.4) be in the class Tﬁ\,kz(% B, A, B).
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Then
|DY(D' f(2))]
Lot L BB —-A)1-a)l'(2+k)I(2—p) Tk
T2 - p) (k+1)" (1 4+ Xe){(1 + BB)k + B(B — A)(1 — )}
Fk+2—p)
(lz|=r<1;0<pu<1;i€{0,1,...,n—1}) (5.11)
and
|DY(D'f(2))]
oot L+ BB —-A)1A-a)l'(2+ k)2 - p) Tk
T2 —p) (k+ 1" (1 4+ Xe){(1 + BB)k + B(B — A)(1 — )}
Fk+2—p)
(lz|=r<1;0<pu<1;i€{0,1,...,n—1}). (5.12)

The results (5.11) and (5.12) are sharp.
Proof. Consider the function H(z) defined by

H(z) = r<2—u>z~D5<Dif<z>>

M)-z‘ j
= Zz — Z ]CL]’Z
0 J+1 u)
= Y we
j=k+1

where
N PE+D02 —p)
YO =T o)

Since ¥(j) is a decreasing function of j, we get

J>k+LEeN,0<pu<l).

L'(k+2)T(2—p)
I'(k+2—p)

0< V() <U(k+1)= G2k+LkeN;0<pu<1). (513)
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Thus by using (5.6) and (5.13), we see that

HE)| > r— Wkt A S i,
j=k+1
o B(B — A)(1 — a)T(2 + k)T(2 — ) -
=T et (L + (L + BBk + BB — A) (1 — )T (k+2— 1)

(o] =r < 1,0< p< ;i€ {0,1,...,n—1})

o0
|H(2)| < r+ U(k+ 1)rkt! Z jla;
j=k+1

. BB — A)(1— )2+ T2~ ) it
- (E+ 1)1+ X){(1+ Bk +3(B—-A)(1—a)}l'(k+2—p)

(|Z’:T<1,0§ﬂ<172€{07177n_1})7

The inequalities (5.11) and (5.11) are attained for the function f(z) given by (5.8).
This completes the proof of Theorem 11.

Corollary 3. Let the function f defined by (1.4) be in the class Tg‘,k(a, B, A, B).
Then

DY f(2)]
Lo | BBoAQ-aresRre-w
“T2-p (k+1D)"A+X){(1+ Bk +5(B—-A)(1—-a)}
Fk+2—p)
(lzl=r<1;,0< <) (5.14)
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and
|DLf(2)]
- rl=r 14 B(B—A)(1—-—a)T'(24+ kT2 —p) rk
RN CEY) (k+1)"(L+ M) {(1 + BBk + B(B — A)(1 — )}
Fk+2—p)
(lz2f=r<L,0<p<1) (5.15)

The estimates in (5.14) and (5.15) are sharp for the function f(z) given by (5.8)
with ¢ = 0.

REFERENCES

[1] O. Altintas, On subclass of certain starlike functions with negative coefficients,
Math. Japon., Vol. 36, (1991), 489-495.

[2] M. K. Aouf, On fractional derivative and fractional integrals of certain sub-
classes of starlike and convex functions, Math. Japon., Vol. 35, (1990), 831-837.

[3] M. K. Aouf and H. M. Srivastava, Some families of starlike functions with
negative coefficients, J. Math. Anal. Appl., Vol. 203, (1996), 762—690.

[4] S. K. Chatterjea, On starlike functions, J. Pure Math., Vol. 1, (1981), 23-26.

[5] B. Ross, A brief history and exposition of the fundamental theory of fractional
calculus, Fractional Calculus and its Applications (Ed. B. Ross), Springer-Verlag,
Berlin, Heidelberg and New York (1975).

[6] Gr. St. Salagean, Subclasses of univalent functions, Complex Analysis, Fifth
Romanian-Finnish Sem., Lect. Notes in Math., Vol. 1013, Springer-Verlag, (1983),
362-372.

[7] A. Schild and H. Silverman, Convolution of univalent functions with negative
coefficients, Ann. Univ. Mariae Curie-Sklodowska Sect., Vol. A 29, (1975), 99-106.

[8] H. Silverman, Univalent functions with negative coefficients, Proc. Amer.
Math. Soc., Vol. 51, (1975), 109-116.

[9] H. M. Srivastava, S. Owa and S. K. Chatterjea, A note on certain classes of
starlike functions, Rend, Sem. Mat. Univ. Padova, Vol. 77, (1987), 115-124.

[10] H. M. Srivastava, J. Patel and P. Sahoo, Some families of analytic functions
with negative coefficients, Math. Slovaca, Vol. 51, No. 4, (2001), 421-439.

S. B. Joshi and G. D. Shelake

Department of Mathematics

Walchand College of Engineering

Sangli (M.S), India 416 415

e-mails: joshisb@hotmail.com, shelakegd@rediffmail.com

178



