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Abstract. Making use of Salagean derivative operator, the authors have intro-
duced and studied new subclass T λ

n,k(α, β,A,B) of normalized and univalent func-
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1. Introduction and Definitions

Let Ak denote the class of functions of the form

f(z) = z +
∞∑

j=k+1

ajz
j (k ∈ N := {1, 2, 3, . . . }), (1.1)

which are analytic in open unit disk

U = {z : z ∈ C and |z| < 1}.

Definition 1 [6]. We define the operator Dn : Ak → Ak, (n ∈ N0 := N ∪ {0})
by

D0f(z) = f(z),

D1f(z) = zf ′(z),

Dnf(z) = D(Dn−1f(z)).
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The operator Dn is known as the Salagean derivative operator.

For the function f(z) given by (1.1), it follows form above definition that

Dnf(z) = z +
∞∑

j=k+1

jnajz
j (n ∈ N0) (1.2)

with the help of the operator Dn we define, the subclass denoted by Aλ
n,k(α, β,A,B)

as follows.

Definition 2. We define the class Aλ
n,k(α, β,A,B) by

Aλ
n,k(α, β,A,B) =

{
f ∈ Ak :

∣∣∣∣ Fn,λ(z)− 1
BFn,λ(z)− [B + (A−B)(1− α)]

∣∣∣∣ < β

}
(1.3)

(z ∈ U ; n ∈ N0; 0 ≤ λ ≤ 1; 0 ≤ α < 1; 0 < β ≤ 1; −1 ≤ A < B ≤ 1; 0 ≤ B ≤ 1)

where, for convenience,

Fn,λ(z) =
(1− λ)z(Dnf(z))′ + λz(Dn+1f(z))′

(1− λ)Dnf(z) + λDn+1f(z)
=
φn,λ(z)
ψn,λ(z)

.

Let Tk denote the subclass of Ak consisting of functions of the form:

f(z) = z −
∞∑

j=k+1

ajz
j (aj ≥ 0; j = k + 1, k + 2, k + 3, . . . ; k ∈ N) (1.4)

and
T λ

n,k(α, β,A,B) = Aλ
n,k(α, β,A,B) ∩ Tk. (1.5)

We note that, in view of above definition of the class T λ
n,k(α, β,A,B), specifying

the parameters k, λ, α, β,A,B and n, we can obtain following subclasses studied by
various authors.

(i) T 0
0,1(α, 1,−1, 1) = T ∗(α) and T 1

0,1(α, 1,−1, 1) = T 0
1,1(α, 1,−1, 1) = C(α)

(Silverman [8]),

(ii) T 0
0,k(α, 1,−1, 1) = Tα(k) and T 1

0,k(α, 1,−1, 1) = T 0
1,k(α, 1,−1, 1) = Cα(k)

(Chatterjea [4] and Srivastava [9]),

(iii) T λ
0,k(α, 1,−1, 1) = P (k, λ, α) (Altintas [1]),
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(iv) T λ
n,k(α, 1,−1, 1) = P (k, λ, α, n) (Aouf and Srivastva [3]),

(v) T λ
n,k(α, β,−1, B) = T λ

n,k(α, β,B) (Srivastava, Patel and Sahoo [10]).

We have established several general properties such as coefficient inequality, dis-
tortion, inclusion properties and other related properties for aforementioned class
T λ

n,k(α, β,A,B).

2. Coefficient Inequalities

In this section, we provide a necessary and sufficient condition for a function f
in Tk to be in T λ

n,k(α, β,A,B).

Theorem 1. Let the function f be defined by (1.4). Then f ∈ T λ
n,k(α, β,A,B)

if and only if

∞∑
j=k+1

jn(1−λ+λj){(j−1)(1+βB)+β(B−A)(1−α)}aj ≤ β(B−A)(1−α). (2.1)

The result (2.1) is sharp.

Proof. Assume that the inequality (2.1) holds true. Then for |z| = r < 1, we
observe that

|φn,λ(z)− ψn,λ(z)| − β|Bφn,λ(z)− {B + (A−B)(1− α)}ψn,λ(z)|

=

∣∣∣∣∣∣−
∞∑

j=k+1

jn(1− λ+ λj)(j − 1)ajz
j−1

∣∣∣∣∣∣
−β

∣∣∣∣∣∣(B −A)(1− α)−
∞∑

j=k+1

jn(1− λ+ λj){−A(1− α) + (j − α)B}ajz
j−1

∣∣∣∣∣∣
≤

∞∑
j=k+1

jn(1− λ+ λj)(j − 1)aj

−β

(B −A)(1− α)−
∞∑

j=k+1

jn(1− λ+ λj){−A(1− α) + (j − α)B}aj


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≤
∞∑

j=k+1

jn(1−λ+λj){(j− 1)(1+βB)+β(B−A)(1−α)}aj −β(B−A)(1−α) ≤ 0

where we have used (2.1). Hence by Maximum Modulus Theorem f ∈ T λ
n,k(α, β,

A,B).

Conversely we assume that f ∈ T λ
n,k(α, β,A,B), then∣∣∣∣ Fn,λ(z)− 1

BFn,λ(z)− [B + (A−B)(1− α)]

∣∣∣∣
=

∣∣∣∣∣ −
∑∞

j=k+1 j
n(1− λ+ λj)(j − 1)ajz

j−1

(B−A)(1−α)−
∑∞

j=k+1 j
n(1−λ+ λj){−A(1−α) + (j−α)B}ajzj−1

∣∣∣∣∣ < β,

z ∈ U

Since |<(z)| ≤ |z| for all z, we obtain the inequality,

<


∞∑

j=k+1

jn(1− λ+ λj)(j − 1)ajz
j−1

(B −A)(1− α)−
∞∑

j=k+1

jn(1− λ+ λj){−A(1− α) + (j − α)B}ajzj−1

 < β

(2.2)
Now we choose value of z on real axis so that Fn,λ(z) is real. Upon clearing the
denominator in (2.2) and letting z → 1 through real values. We deduce that

∞∑
j=k+1

jn(1− λ+ λj)(j − 1)aj

≤ β(B −A)(1− α)− β
∞∑

j=k+1

jn(1− λ+ λj){−A(1− α) + (j − α)B}aj .

Thus
∞∑

j=k+1

jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}aj ≤ β(B −A)(1− α).

Finally we note that the function f given by

f(z) = z − β(B −A)(1− α)
jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}

zj (2.3)
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is an extremal function for the assertion of Theorem 1.

Corollary 1. If f ∈ T λ
n,k(α, β,A,B) then

aj ≤
β(B −A)(1− α)

jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}
(j ≥ k + 1; k ∈ N).

(2.4)
The result (2.4) is sharp and the extremal functions are given by (2.3).

Remark 1. Since 1− λ+ λj ≤ 1− υ + υj for 0 ≤ λ ≤ υ ≤ 1(j ≥ k + 1; k ∈ N)
we have,

T υ
n,k(α, β,A,B) ⊆ T λ

n,k(α, β,A,B) (0 ≤ λ ≤ υ ≤ 1).

Furthermore, for 0 ≤ α1 ≤ α2 < 1, we obtain

T λ
n,k(α2, β, A,B) ⊆ T λ

n,k(α1, β, A,B) (0 ≤ α1 ≤ α2 < 1).

Theorem 2. For each n ∈ N0,

T λ
n+1,k(α, β,A,B) ⊂ T λ

n,k(ξ, β,A,B),

where
ξ =

(1 + βB)(k + α) + β(B −A)(1− α)
(1 + βB)(k + 1) + β(B −A)(1− α)

(2.5)

The result (2.5) is sharp.

Proof. Suppose f ∈ T λ
n+1,k(α, β,A,B). Then by Theorem 1,

∞∑
j=k+1

jn+1(1−λ+λj){(j−1)(1+βB)+β(B−A)(1−α)}aj ≤ β(B−A)(1−α) (2.6)

To prove that f ∈ T λ
n,k(ξ, β,A,B), it is sufficient to find the largest ξ such that

∞∑
j=k+1

jn(1−λ+λj){(j−1)(1+βB)+β(B−A)(1− ξ)}aj ≤ β(B−A)(1− ξ). (2.7)

Equation (2.7) is true if

(j − 1)(1 + βB) + β(B −A)(1− ξ)
1− ξ

≤ j[(j − 1)(1 + βB) + β(B −A)(1− α)]
1− α

(j ≥ k + 1; k ∈ N),
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that is, if

ξ ≤ (1 + βB)(j − 1 + α) + β(B −A)(1− α)
(1 + βB)j + β(B −A)(1− α)

(j ≥ k + 1; k ∈ N). (2.8)

Since the right hand side of (2.8) is an increasing function of j, letting j = k + 1 in
(2.8), we obtain

ξ ≤ (1 + βB)(k + α) + β(B −A)(1− α)
(1 + βB)(k + 1) + β(B −A)(1− α)

.

Finally, the function f given by

f(z) = z − β(B −A)(1− α)
(k + 1)n(1 + λk){k(1 + βB) + β(B −A)(1− α)}

zk+1 (2.9)

is an extremal function for Theorem 2.

Remark 2. Since ξ > α, it follows from Remark 1 that

T λ
n,k(ξ, β,A,B) ⊂ T λ

n,k(α, β,A,B) (n ∈ N0)

and hence that

T λ
n+1,k(α, β,A,B) ⊂ T λ

n,k(ξ, β,A,B) ⊂ T λ
n,k(α, β,A,B) (n ∈ N0).

Theorem 3. Let 0 ≤ αj < 1(j = 1, 2) and 0 < βj ≤ 1(j = 1, 2). Then

T λ
n,k(α1, β1,−1, B1) = T λ

n,k(α2, β2,−1, B2) (n ∈ N0) (2.10)

if and only if
β1(B1 + 1)(1− α1)

1 + β1B1
=
β2(B2 + 1)(1− α2)

1 + β2B2
. (2.11)

In particular, if 0 ≤ α < 1 and 0 < β ≤ 1, then

T λ
n,k(α, β,−1, B) = T λ

n,k

(
1− β + β(B + 1)α

1 + βB
, 1,−1, 1

)
= p

(
k, λ,

1− β + β(B + 1)α
1 + βB

, n

)
(2.12)
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Proof. Suppose f ∈ T λ
n,k(α1, β1,−1, B1) and let the condition (2.11) hold true.

Then
∞∑

j=k+1

jn(1− λ+ λj){(j − 1)(1 + β2B2) + β2(B2 + 1)(1− α2)}
β2(B2 + 1)(1− α2)

aj

=
∞∑

j=k+1

jn(1− λ+ λj){(j − 1)(1 + β1B1) + β1(B1 + 1)(1− α1)}
β1(B1 + 1)(1− α1)

aj ≤ 1,

which shows that f ∈ T λ
n,k(α2, β2,−1, B2), by Theorem 1. Reversing the above steps,

we can similarly prove that, under the condition (2.11),

f ∈ T λ
n,k(α2, β2,−1, B2) ⇒ f ∈ T λ

n,k(α1, β1,−1, B1).

Conversely, the assertion (2.10) can easily be shown to imply the condition (2.11).
Also observe that (2.12) is a special case of (2.10) when,

α1 = α, β1 = β, B1 = B, β2 = 1, B2 = 1.

Remark 2. For B1 = 1 and B2 = 1 the result of Theorem 3 was obtained by
Srivastava, Patel and Sahoo [10].

Similarly we can prove following theorem.

Theorem 4. Let 0 ≤ α < 1, 0 < βj ≤ 1,−1 ≤ Aj < Bj ≤ 1 and 0 ≤ Bj ≤ 1(j =
1, 2). Then

T λ
n,k(α, β1, A1, B1) = T λ

n,k(α, β2, A2, B2) (n ∈ N0) (2.13)

if and only if
β1(B1 −A1)

1 + β1B1
=
β2(B2 −A2)

1 + β2B2
. (2.14)

In particular, if 0 < β ≤ 1,−1 ≤ A < B ≤ 1, and 0 ≤ B ≤ 1 then

T λ
n,k(α, β,A,B) = T λ

n,k(α, β,−1,
B −A− 1− βB

1 + βA
) (n ∈ N0). (2.15)

3. Inclusion Properties Associated with Modified Hadmard Products
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Let f be defined by (1.4) and let

g(z) = z −
∞∑

j=k+1

bjz
j (bj ≥ 0; j = k + 1, k + 2, k + 3, . . . ; k ∈ N) (3.1)

Then the modified Hadmard product (or convolution) of f and g is defined by

(f ∗ g)(z) = z −
∞∑

j=k+1

ajbjz
j (3.2)

(aj ≥ 0; bj ≥ 0; j = k + 1, k + 2, k + 3, . . . ; k ∈ N).

Theorem 5. Let the function f defined by (1.4) and the function g defined by
(3.1) belong to the class T λ

n,k(α, β,A,B). Then the modified Hadmard product f ∗ g
defined by (3.2) belongs to the class T λ

n,k(η, β,A,B), where

η =

(k + 1)n(1 + λk){(1 + βB)k + β(B −A)(1− α)}2

−β(B −A)(1− α)2{(1 + βB)k + β(B −A)}
(k + 1)n(1 + λk){(1 + βB)k + β(B −A)(1− α)}2 − {β(B −A)(1− α)}2

This result is sharp.

Proof. Suppose f, g ∈ T λ
n,k(α, β,A,B). Then we need to find largest η such that

∞∑
j=k+1

jn(1−λ+λj){(j−1)(1+βB)+β(B−A)(1−η)}ajbj ≤ β(B−A)(1−η) (3.3)

Since
∞∑

j=k+1

jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}aj ≤ β(B −A)(1− α)

and
∞∑

j=k+1

jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}bj ≤ β(B −A)(1− α)

by the Cauchy – Schwarz inequality, we have

∞∑
j=k+1

jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}
β(B −A)(1− α)

√
ajbj ≤ 1 (3.4)
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Thus it is sufficient to show that

(j − 1)(1 + βB) + β(B −A)(1− η)
(1− η)

ajbj

≤ (j − 1)(1 + βB) + β(B −A)(1− α)
(1− α)

√
ajbj (j ≥ k + 1; k ∈ N),

That is,√
ajbj ≤

(1− η){(j − 1)(1 + βB) + β(B −A)(1− α)}
(1− α){(j − 1)(1 + βB) + β(B −A)(1− η)}

(j ≥ k + 1; k ∈ N).

Since (3.4) implies that√
ajbj ≤

β(B −A)(1− α)
jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}

(j ≥ k + 1; k ∈ N),

Thus we have to show that

β(B −A)(1− α)
jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}

≤ (1− η){(j − 1)(1 + βB) + β(B −A)(1− α)}
(1− α){(j − 1)(1 + βB) + β(B −A)(1− η)}

(j ≥ k + 1; k ∈ N).

Or, equivalently

η ≤

jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}2

−β(B −A)(1− α)2{(j − 1)(1 + βB) + β(B −A)}
jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}2 − {β(B −A)(1− α)}2

(j ≥ k + 1; k ∈ N) (3.5)

Since the right hand side of (3.5) is an increasing function of j, by letting j = k+ 1
in (3.5), we obtain

η ≤

(k + 1)n(1 + λk){(1 + βB)k + β(B −A)(1− α)}2

−β(B −A)(1− α)2{(1 + βB)k + β(B −A)}
(k + 1)n(1 + λk){(1 + βB)k + β(B −A)(1− α)}2 − {β(B −A)(1− α)}2

which proves the main assertion of Theorem 5.
The sharpness of the result follows if we take

f(z) = g(z) = z − β(B −A)(1− α)
(k + 1)n(1 + λk){k(1 + βB) + β(B −A)(1− α)}

zk+1. (3.6)
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Theorem 6. Let the function f and g belongs to the class T λ
n,k(α, β,A,B).

Then the modified Hadmard product f ∗ g belongs to the class T λ
n,k(ρ, 1,−1, 1) or

equivalently, p(k, λ, ρ, n), where

ρ =
(k + 1)n(1 + λk){(1 + βB)k + β(B −A)(1− α)}2 − (k + 1)β(B −A)(1− α)2

(k + 1)n(1 + λk){(1 + βB)k + β(B −A)(1− α)}2 − β(B −A)(1− α)2
(3.7)

The result (3.7) is the best possible for the function f and g defined by (3.6).

Proof. Proceeding as in proof of Theorem 5, we get

ρ ≤ jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}2 − jβ(B −A)(1− α)2

jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}2 − β(B −A)(1− α)2

(j ≥ k + 1; k ∈ N) (3.8)

The right hand side of (3.8) being an increasing function of j, by letting j = k + 1
in (3.8), we obtain (3.7). This completes the proof of Theorem 6.

Theorem 7. Let the function f defined by (1.4) and the function g defined by
(3.1) belong to the class T λ

n,k(α, β,A,B). Then the function h defined by

h(z) = z −
∞∑

j=k+1

(a2
j + b2j )z

j

belongs to the class T λ
n,k(σ, β,A,B), where

σ =

(k + 1)n(1 + λk){(1 + βB)k + β(B −A)(1− α)}2

−2β(B −A)(1− α)2{(1 + βB)k + β(B −A)}
(k + 1)n(1 + λk){(1 + βB)k + β(B −A)(1− α)}2 − 2{β(B −A)(1− α)}2

This result is sharp for the functions f and g defined by (3.6).

Proof. Suppose f, g ∈ T λ
n,k(α, β,A,B). Then by Theorem 1, we have

∞∑
j=k+1

(
jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}

β(B −A)(1− α)

)2

a2
j

≤

 ∞∑
j=k+1

jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}
β(B −A)(1− α)

aj

2

≤ 1

(3.9)
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Similarly, we have

∞∑
j=k+1

(
jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}

β(B −A)(1− α)

)2

b2j ≤ 1 (3.10)

It follows from (3.9) and (3.10) that

∞∑
j=k+1

1
2

(
jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}

β(B −A)(1− α)

)2

(a2
j + b2j ) ≤ 1

Therefore we need to find largest σ such that

jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− σ)}
β(B −A)(1− σ)

≤ 1
2

(
jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}

β(B −A)(1− α)

)2

(j ≥ k + 1; k ∈ N),

that is,

σ ≤

jn(1− λ+ λj){(1 + βB)(j − 1) + β(B −A)(1− α)}2

−2β(B −A)(1− α)2{(1 + βB)(j − 1) + β(B −A)}
jn(1− λ+ λj){(1 + βB)(j − 1) + β(B −A)(1− α)}2 − 2{β(B −A)(1− α)}2

(j ≥ k + 1; k ∈ N) (3.11)

Since the right hand side of (3.11) is an increasing function of j, we have

σ ≤

(k + 1)n(1 + λk){(1 + βB)k + β(B −A)(1− α)}2

−2β(B −A)(1− α)2{(1 + βB)k + β(B −A)}
(k + 1)n(1 + λk){(1 + βB)k + β(B −A)(1− α)}2 − 2{β(B −A)(1− α)}2

Thus the Theorem 7 is proved.

4. A Family of Integral Operators

Theorem 8. Let the function f defined by (1.4) be in the class T λ
n,k(α, β,A,B),

and let c be a real number such that c > −1. Then the function F defined by

F (z) =
c+ 1
zc

z∫
0

tc−1f(t)dt (c > −1; f ∈ Ak) (4.1)
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belongs to the class T λ
n,k(κ, β,A,B), where

κ =
(1 + βB){k + (c+ 1)α}+ β(B −A)(1− α)

(1 + βB){k + c+ 1}+ β(B −A)(1− α)

This result is sharp for the functions f defined by (2.8).

Proof. Form (4.1) we have,

F (z) = z −
∞∑

j=k+1

(
c+ 1
c+ j

)
ajz

j .

We need to find largest κ such that

{(j − 1)(1 + βB) + β(B −A)(1− κ)}(c+ 1)
(1− κ)(c+ j)

≤ (j − 1)(1 + βB) + β(B −A)(1− α)
1− α

(j ≥ k + 1; k ∈ N)

or, equivalently,

κ ≤ (1 + βB){(j − 1) + (c+ 1)α}+ β(B −A)(1− α)
(1 + βB){c+ j}+ β(B −A)(1− α)

(j ≥ k + 1; k ∈ N). (4.2)

The right hand side of (4.2) being an increasing function of j, we have

κ ≤ (1 + βB){k + (c+ 1)α}+ β(B −A)(1− α)
(1 + βB){k + c+ 1}+ β(B −A)(1− α)

,

which completes the proof of Theorem 8.

Theorem 9. Let the function F given by

F (z) = z −
∞∑

j=k+1

djz
j (dj ≥ 0; j = k + 1, k + 2, k + 3, . . . ; k ∈ N)

be in the class T λ
n,k(α, β,A,B), and let c be a real number such that c > −1. Then

the function f defined by

f(z) =
c+ 1
zc

z∫
0

tc−1F (t)dt (c > −1;F ∈ Ak) (4.3)
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is univalent in |z| < R, where

R = inf
j≥k+1

(
jn−1(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}(c+ 1)

β(B −A)(1− α)(c+ j)

)1/(j−1)

(4.4)
The result (4.4) is sharp.

Proof. We find form (4.3) that,

f(z) =
z1−c(zcF (z))′

c+ 1
= z −

∞∑
j=k+1

(
c+ j

c+ 1

)
djz

j

In order to obtain desired result, it is sufficient to show that

|f ′(z)− 1| < 1 whenever |z| < R,

where R is given by (4.4).

Now

|f ′(z)− 1| ≤
∞∑

j=k+1

j

(
c+ j

c+ 1

)
dj |z|j−1.

Thus we have |f ′(z)− 1| < 1 if

∞∑
j=k+1

j

(
c+ j

c+ 1

)
dj |z|j−1 < 1. (4.5)

But, by Theorem 1, we know that

∞∑
j=k+1

jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}
β(B −A)(1− α)

dj ≤ 1.

Hence (4.5) will be satisfied if

j(c+ j)
c+ 1

|z|j−1 <
jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}

β(B −A)(1− α)
,

That is, if

|z| <
(
jn−1(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}(c+ 1)

β(B −A)(1− α)(c+ j)

)1/(j−1)

(j ≥ k + 1; k ∈ N). (4.6)
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Therefore the function f given by (4.1) is univalent in |z| < R, where R is defined
by (4.4). The sharpness is follows if we take

f(z) = z − β(B −A)(1− α)(c+ j)
jn−1(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}(c+ 1)

zj

(j ≥ k + 1; k ∈ N). (4.7)

5. Applications of Fractional Calculus

In this section we prove distortion theorem for functions belonging to the class
T λ

n,k(α, β,A,B), which involve operators of fractional calculus defined as follows.

Definition 1 [5]. The fractional integral of order µ is defined, for a function f ,
by

D−µ
z f(z) =

1
Γ(µ)

z∫
0

f(ζ)
(z − ζ)1−µ

dζ (µ > 0), (5.1)

where f is analytic function in a simply connected region of the complex plane con-
taining the origin, and the multiplicity of (z−ζ)1−µ is removed, by requiring log(z−ζ)
to be real when z − ζ > 0.

Definition 2 [5]. The fractional derivative of order µ is defined, for a function
f , by

Dµ
z f(z) =

1
Γ(1− µ)

d
dz

z∫
0

f(ζ)
(z − ζ)µ

dζ (0 ≤ µ < 1), (5.2)

where f is constrained, and the multiplicity of (z − ζ)−µ is removed, as in Defini-
tion 1.

Definition 3 [5]. Under the hypothesis of Definition 2, the fractional derivative
of order n+ µ is defined, for a function f , by

Dn+µ
z f(z) =

dn

dzn
{Dµ

z f(z)} (0 ≤ µ < 1;n ∈ N0). (5.3)

Theorem 10. Let the function f defined by (1.4) be in the class T λ
n,k(α, β,A,B).
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Then

|D−µ
z (Dif(z))|

≥ r1+µ

Γ(2 + µ)

1− β(B −A)(1− α)Γ(2 + k)Γ(2 + µ)
(k + 1)n−i(1 + λk){(1 + βB)k + β(B −A)(1− α)}

Γ(k + 2 + µ)

rk


(|z| = r < 1;µ > 0; i ∈ {0, 1, . . . , n}) (5.4)

and

|D−µ
z (Dif(z))|

≤ r1+µ

Γ(2 + µ)

1 +
β(B −A)(1− α)Γ(2 + k)Γ(2 + µ)

(k + 1)n−i(1 + λk){(1 + βB)k + β(B −A)(1− α)}
Γ(k + 2 + µ)

rk


(|z| = r < 1;µ > 0; i ∈ {0, 1, . . . , n}) (5.5)

The results (5.4) and (5.5) are sharp.

Proof. We observe that

f(z) ∈ T λ
n,k(α, β,A,B) ⇔ Dif(z) ∈ T λ

n−i,k(α, β,A,B)

and that

Dif(z) = z −
∞∑

j=k+1

jiajz
j (i ∈ N0)

Then from Theorem 1, we have

(k + 1)n−i(1 + λk){(1 + βB)k + β(B −A)(1− α)}
∞∑

j=k+1

jiaj

≤
∞∑

j=k+1

jn(1− λ+ λj){(j − 1)(1 + βB) + β(B −A)(1− α)}aj

≤ β(B −A)(1− α),
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so that
∞∑

j=k+1

jiaj ≤
β(B −A)(1− α)

(k + 1)n−i(1 + λk){(1 + βB)k + β(B −A)(1− α)}
. (5.6)

Consider the function G(z) defined by

G(z) = Γ(2 + µ)z−µD−µ
z (Dif(z))

= z −
∞∑

j=k+1

Γ(j + 1)Γ(2 + µ)
Γ(j + 1 + µ)

jiajz
j

= z −
∞∑

j=k+1

Φ(j)jiajz
j ,

where
Φ(j) =

Γ(j + 1)Γ(2 + µ)
Γ(j + 1 + µ)

(j ≥ k + 1; k ∈ N;µ > 0).

Since Φ(j) is a decreasing function of j, we get

0 < Φ(j) ≤ Φ(k + 1) =
Γ(k + 2)Γ(2 + µ)

Γ(k + 2 + µ)
(j ≥ k + 1; k ∈ N;µ > 0). (5.7)

Thus by using (5.6) and (5.7), we see that

|G(z)| ≥ r − Φ(k + 1)rk+1
∞∑

j=k+1

jiaj

≥ r − β(B −A)(1− α)Γ(2 + k)Γ(2 + µ)
(k + 1)n−i(1 + λk){(1 + βB)k + β(B −A)(1− α)}Γ(k + 2 + µ)

rk+1

(|z| = r < 1;µ > 0; i ∈ {0, 1, . . . , n})

and

|G(z)| ≤ r + Φ(k + 1)rk+1
∞∑

j=k+1

jiaj

≤ r +
β(B −A)(1− α)Γ(2 + k)Γ(2 + µ)

(k + 1)n−i(1 + λk){(1 + βB)k + β(B −A)(1− α)}Γ(k + 2 + µ)
rk+1

(|z| = r < 1;µ > 0; i ∈ {0, 1, . . . , n}),
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which proves the inequalities (5.4) and (5.5) of Theorem 10.
The inequalities (5.4) and (5.5) are attained for the function f(z) given by

Dif(z) = z − β(B −A)(1− α)
(k + 1)n−i(1 + λk){(1 + βB)k + β(B −A)(1− α)}

zk+1 (k ∈ N).

(5.8)
This completes the proof of Theorem 10.

Corollary 2. Let the function f defined by (1.4) be in the class T λ
n,k(α, β,A,B).

Then

|D−µ
z f(z)|

≥ r1+µ

Γ(2 + µ)

1− β(B −A)(1− α)Γ(2 + k)Γ(2 + µ)
(k + 1)n(1 + λk){(1 + βB)k + β(B −A)(1− α)}

Γ(k + 2 + µ)

rk


(|z| = r < 1;µ > 0) (5.9)

and

|D−µ
z f(z)|

≤ r1+µ

Γ(2 + µ)

1 +
β(B −A)(1− α)Γ(2 + k)Γ(2 + µ)

(k + 1)n(1 + λk){(1 + βB)k + β(B −A)(1− α)}
Γ(k + 2 + µ)

rk


(|z| = r < 1;µ > 0) (5.10)

The estimates in (5.9) and (5.10) are sharp for the function f given by (5.8) with
i = 0.

Theorem 11. Let the function f defined by (1.4) be in the class T λ
n,k(α, β,A,B).
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Then

|Dµ
z (Dif(z))|

≥ r1−µ

Γ(2− µ)

1− β(B −A)(1− α)Γ(2 + k)Γ(2− µ)
(k + 1)n−i(1 + λk){(1 + βB)k + β(B −A)(1− α)}

Γ(k + 2− µ)

rk


(|z| = r < 1; 0 ≤ µ < 1; i ∈ {0, 1, . . . , n− 1}) (5.11)

and

|Dµ
z (Dif(z))|

≤ r1−µ

Γ(2− µ)

1 +
β(B −A)(1− α)Γ(2 + k)Γ(2− µ)

(k + 1)n−i(1 + λk){(1 + βB)k + β(B −A)(1− α)}
Γ(k + 2− µ)

rk


(|z| = r < 1; 0 ≤ µ < 1; i ∈ {0, 1, . . . , n− 1}). (5.12)

The results (5.11) and (5.12) are sharp.

Proof. Consider the function H(z) defined by

H(z) = Γ(2− µ)zµDµ
z (Dif(z))

= z −
∞∑

j=k+1

Γ(j + 1)Γ(2− µ)
Γ(j + 1− µ)

jiajz
j

= z −
∞∑

j=k+1

Ψ(j)jiajz
j ,

where
Ψ(j) =

Γ(j + 1)Γ(2− µ)
Γ(j + 1− µ)

(j ≥ k + 1; k ∈ N; 0 ≤ µ < 1).

Since Ψ(j) is a decreasing function of j, we get

0 < Ψ(j) ≤ Ψ(k + 1) =
Γ(k + 2)Γ(2− µ)

Γ(k + 2− µ)
(j ≥ k + 1; k ∈ N; 0 ≤ µ < 1). (5.13)
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Thus by using (5.6) and (5.13), we see that

|H(z)| ≥ r −Ψ(k + 1)rk+1
∞∑

j=k+1

jiaj

≥ r − β(B −A)(1− α)Γ(2 + k)Γ(2− µ)
(k + 1)n−i(1 + λk){(1 + βB)k + β(B −A)(1− α)}Γ(k + 2− µ)

rk+1

(|z| = r < 1; 0 ≤ µ < 1; i ∈ {0, 1, . . . , n− 1})

and

|H(z)| ≤ r + Ψ(k + 1)rk+1
∞∑

j=k+1

jiaj

≤ r +
β(B −A)(1− α)Γ(2 + k)Γ(2− µ)

(k + 1)n−i(1 + λk){(1 + βB)k + β(B −A)(1− α)}Γ(k + 2− µ)
rk+1

(|z| = r < 1; 0 ≤ µ < 1; i ∈ {0, 1, . . . , n− 1}),

The inequalities (5.11) and (5.11) are attained for the function f(z) given by (5.8).
This completes the proof of Theorem 11.

Corollary 3. Let the function f defined by (1.4) be in the class T λ
n,k(α, β,A,B).

Then

|Dµ
z f(z)|

≥ r1−µ

Γ(2− µ)

1− β(B −A)(1− α)Γ(2 + k)Γ(2− µ)
(k + 1)n(1 + λk){(1 + βB)k + β(B −A)(1− α)}

Γ(k + 2− µ)

rk


(|z| = r < 1; 0 ≤ µ < 1) (5.14)
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and

|Dµ
z f(z)|

≤ r1−µ

Γ(2− µ)

1 +
β(B −A)(1− α)Γ(2 + k)Γ(2− µ)

(k + 1)n(1 + λk){(1 + βB)k + β(B −A)(1− α)}
Γ(k + 2− µ)

rk


(|z| = r < 1; 0 ≤ µ < 1) (5.15)

The estimates in (5.14) and (5.15) are sharp for the function f(z) given by (5.8)
with i = 0.
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