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ABSTRACT. In the present paper and by making use of the generalized Salagean
derivatives, we have introduce and study a class of analytic function and prove the
coefficient conditions, distortion bounds for the function in our class and some other
interesting properties are also investigated.
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1. INTRODUCTION

Let H be denote the family of all complex-valued, harmonic orientation-
preserving, univalent function f in the open unit disc U = {z : |z| < 1} for which
f(0) = f'(0) =1 =0. Each f € H can be expressed as f = h+ g, where h and g are
the analytic and the co-analytic part of f, respectively. Then for f = h+g € H we
can write the analytic functions i and g as

h(z) =z + Zanz", g(z) = anz", |b1] < 1. (0.1)
n=2 n=1

Firstly, Clunie and Sheil-Small[2] studied the class H together with some geo-
metric subclasses and obtained some coefficient bounds. Since then, there has been
several articles related to H and it is subclasses (see eg.[1],[2],[3],[4]).

The differential operator D* was introduced by[5], and generalized by[1]. Ja-
hangiri and et. al. [3] defined the modified Salagean operator of f as

D*f(z) = D*h(z) + (=1)*D*g(2), (0.2)
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where -
DFh(2) = 2 + Z n*a,2",
n=2
DFg(z) = anbnz", keNo=1{0,1,2,...}.
n=1

Here, we define the modified generalized Salagean operator of f as

Df(2) = DXh(2) + (=1)*D3g(2), (03)
where
Dih(z) = 2 + i(l + (n — 1)NFa,z", Dhg(z) = i(l + (n — 1)A)¥b, 2"
n=2 n=1

For0<a<1,ke N;A>0and z € U, let H(k,«) denote the family of harmonic
functions f of the form (0.1)such that

( DYf(z)

W) >, (04)

where DY is defined by (0.3).
We denote the subclass H ™ (k, ) consists of harmonic functions fi = h + g in
H~ (k,«) so that h and g, are of the form

h(z)=2=)Y anz" and ge(z) = (1)1 b2",
n=2 n=2

where ap, by, >0, |b,| < 1.
For the harmonic function f of the form (0.1) with b3 = 0, Avci and Zlotkiewich
o0

in [1] show that if > n(lan| + [ba|) < 1, then f € SH(0), where SH(0) = H~(0,0).
n=2
If > " n’(lan| + [bn]) < 1, then f € KH(0), where KH(0) = H~(1,0).
n=2
For harmonic functions f of the form (0.4) with £ = 0, Jahangiri[3] showed
that f € SH(«) if and only if

Y (n—a)an] +> (n+a)ba| <1-a
n=2 n=1
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and f € H™ (1, «) if and only if

n(n—a)lan| + > n(n+a)lbe| <1-a.

n=2 n=1

2.COEFFICIENT CONDITIONS

First we state and prove a sufficient coefficient condition for the class H(k, «).

Theorem 1. Let f = h+g be given by (0.1). If

Z{\If(k,n,aﬂanl +O(k,n,a)|bs|} <2, 0.5)
n=1
where
U(k,n,a) = (1+(n— 1))\)k —a(l+(n— 1))\)k+1
o 1 — Y
O(k,n,a) = (1+ (n— DAF + a(l + (n — )A)k+L
o B l—« 9

ap=1, 0<a<l1, kEeN,

then f is sense preserving in U and f € H(k,«).
Proof. According to (0.2) and (0.3) it is sufficient to show that

R(

DEf(2) — aDY f(2)
DY f(z)

)20

If r =0, obvious.
Now, if 0 < r <1, we have

R(

DEf(2) — aD5M f(2)
DYt f(2)

) =

2(1—a)+ i[(l +(n— DA — a1 + (n — DA a, 2"
R—= = = +
24 (14 (n = DN an2" + (1)F D (14 (n = DA D27

n=2 n=1
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z:1+n—1 F+a(l+ (n—1)N))p,z"
+ n=l ] =
2+ Z(l + (?’L N 1) k+1a P + kJrl Z kJrlEZ*n

(1—a)+ i[(l +(n—DN* — a1+ (n—1D)A))a, 2"t
U .
1+ Z(l + (TL o 1))\)k+1anzn—1 + (_1)k+1 Z(l + (n _ 1) k—l—lb —n—1

—DFY [+ (n = DN+ a(l+ (n— DA bzt
+ n=1 } —
1+§:u+mn—1Mﬁﬂmﬂm4+(—n“4§:a+«n—1»ﬁ“@?%1

_ =)+ A(2)
_%[1+B@ I
For z = re'© we have
A(re®®) = i[(l +(n—DAN* —ad + (n — DN a,rmtem Do
n=2

kz (14 (n—1)A +a(1+(n—1))\)’“+1]b 1 7(n+1)9’
n=1

B(re®) =
Z(l + (n— DN lg,rn—tem=10 L (_q)k+1 Z(l + (n— DA FF1p, e (nH1)07
n=2
Setting
(1 —a)+ A(2) —(1-a)
1+ B(z)
Hence we want to show that |w(z)| < 1.
By (0.5), we can write

14+ w(z)
1—w(z)

fw(2)] = | A(z) = (1 = @) B(2) =
A(z)+ (1 —a)B(2) +2(1 — «)
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Z[(l + (n— DN = (14 (n— DN)FH g, rnlem—DOi
n=2

| <

2(1 - a) +ZCkna)anr”1(”1®Z —1)* S Dk, n, )b Lo (DO
n=2 n=1

[(1+ (n = DA + (1 + (n — 1A FFp,rn~te= (DO
1 |
2(1—a)+ ZC’ kyn, @)anr™ e O (1) ST D(k,n, a)br e (DO

n=1

Mg

(=D*

n

Z [(1+ (n—DN* — 1+ (n — DA |a,|rm?

+

41— a) = > [Ck,n, &)|an| + D(k,n, o) ba|r™ ]
n=1
YL+ (= DN+ (14 (n = DN b !
+-= — <

41— a) = Y [C(k,n, &)|an| + D(k,n, o)|bu|lr" !

n=1

o)

DA+ (=N = 1+ (0= DA an|

n=1

< +

[e.e]

4(1 — ) Z (k,n,a)lan| + D(k,n, a)|by|]

i[u + (n— DNF+ (14 (n = DN |by|
+ n=1 _ < 1,
41 — ) Z (k,n,a)lan| + D(k,n,a)|by|]
n=1
where
Clk,n,0) = (14 (n — DA + (1 = 20)(1 + (n — 1))
and

D(k,n,a) = (1+ (n — A" + (=1)(1 — 2a)(1 + (n — AL,
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For sharpness, we take the functions

=z+ Z Tk xnz + Z o ynz", (0.6)

o oo
where k£ € N and Z |zp| + Z lyn] = 1. The functions of the form (0.6) are
n=2 n=1
in H(k, ) because

> {W(k,n, a)lan| + Ok, n, 0)[bn|} =

n=2
o0 o0
=14 loal+)_lval =2
n=2 n=1

Theorem 2. Let f,, = h+ 7, be given by (0.4). Then f, € H™ (k,a) if and only
if
> {W(k,n, a)an + Ok, n,a)b,} < 2, (0.7)

n=1

where a; = 1,0 < a < 1,k € N. Proof. Since H™ (k,«) C H(k,«) then the ”if” part

of theorem follows from Theorem No.1. For ”only if ” part, we need to prove it:
for fi of the form (0.4), we note the condition

DX fi(2)
"o
is equivalent to
(1—a)z— i[(l + (n— DA — a1 + (n — DA Ha, 2"
R{—— n=2 4 (0.8)
2= (14 (n— 1N au2" 4 (-1)% Z (1+( M)+, zn
n=2
1)1 i[u + (n— DN + a1 + (n — )N )b, 2"
2= (1+ (n— DN a2 + (1)) (1 + (n— A,z
n=2 n=1
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The above required condition (0.8) must hold for all values of z € U. Upon
choosing the values of z on the positive real axis , where 0 < z = r < 1, we must
have

(1—a) Z (n—1) )k —a(l+ (n— 1))\)k+1]anr"_1
1=3"(1+ (= DN a4+ 3 (1 + A)it1p,, 1
n=2 n=1

— i[u + (=N + a1+ (n— D)N)Fp, !
+

o0

1 _ Z(l + (n _ 1))\ k’+1 TL 1 + Z 1 + k+1bnrn71

n=2

If (0.7) does not hold consequently also (0.9) does not hold and so that the
numerator in (0.9) is negative. This is not possible and the proof is complete.

Next we determine the extreme points of the closed convex hull of H™ (k, )
denoted by clco H™ (k, av).

Theorem 3.Let fi, be given by(0.4). Then fi € H™ (k,«a) if and only if

fi(z) = Z[xnhn(z) + YnGk, (2)],
n=1
where ]
= n =< TL, = 27 )
hi(z) =2z, hp(z)==2 ) a)z n 3
and 1
= S L L =1,2,..

00 00
CUnZO, yn207 xlzl_zxn_zyn-
n=2 n=1

In particular, the extreme points of H™ (k,«) are {h,} and {gx, }

Proof. Suppose fi can be expressed as following

oo

fi(z) = Z[wnhn<z) + Yngk, (2)] =

n=1
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oo o0

— 1 k 1

= 2@t yn)2 Z\I'(k,n,a)xnz + Z@kna)yn
n=1 n=2 n=1

Then
1
E: k:noz (kna +E@kno¢ (k‘na)yn):

:an+2yn:1—xlsl,
n=2 n=1

therefore fy(2) € clcoH™ (k, ).
Conversely, let fr(z) € clcoH™ (k, a). Letting

(o.] o
1 = 1—an—2yn.
n=2 n=1

Let x, = ¥(k,n,a)a, and vy, = O(k,n,a)b,,n = 2,3,... We get the required
representation, since

—z—Zanz + ( kle*":

1 o
:Z_;::z\l’(k,n,a)xnz +(=0" 1Z@kna nt =
:Z_Z(Z_ Zz_gk yn—

n=2 n=1

=[1- an — Zyn]z + anhn(z) + Zyngkn(z) =
n=2 n=1 n=2 n=1
n:l

Theorem 4. Let for j = 1,2,...,m, f; € H (k,«) , then the function F(z) =
Zdjfj(z) also belongs to H™ (k,«), where

—z—Zamz +Zbdz J = Zd]

Jj=1
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Proof. For every j € {1,2,...,m} we have

e}
(W(k,n,a)an; + O(k,n,a)b, ;] <2, (0.10)

n=1

and we can write

m

F(2)=> difi(z) =2=> (O djan;)+ > (O dibn).
=1 '

n=2 j=1 n=1 j=1
Now, by making use of (0.10) we can write

[e.e]

Z[\P(k’ n, a)(z d]'an,j) + O(k, n, a)(z djbnyj)] =

n=1 j=1 j=1

m [ee]
=YD (T(k,n,a)an; +O(k,n,a)by,;)]d; <2,
7j=1 n=1

and this give the result.
The following theorem gives the distortion bounds for functions in H~ (k, @)
which yields a covering results for this class.

Theorem 5. Let f,, € H™ (k,«). Then for |z| =r < 1 we have

’fk(z)‘ < (1 + bl)r + [cp(k,n, a) - Q(k’na O‘)bl]r2

and
f1(2)] = (1= b0)r = [p(k,n, @) = Qk, n, )by ]r?
where
11—«
ka1 ) = 3 F a1 g
and
Q(k,n,a) = lta

(1+ X)F — a1 + X)k+1"
The above results are sharp for the functions

l—«
14+a’

fe(z) = 2z + 012+ [p(k,n,a) — Q(k,n,a)b|z%, 0<b <

fu(2) = 2 — b1Z — [p(k,n, @) — Q(k,n, a)bi|Z2, % < by <1, z=r respectively.
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Proof. We have

(o) o0
1fr(2)] =1z =D anz" + (=1)F 1Y b7 <
n=2 n=1
o oo x
< r—l—Zanr"—l—an?‘" = T+blr+2(an+bn)rn <
n=2 n=1 n=2

Srbir+ Y (an+by)r? =

n=2
o 1
=(1+b k § — (a4 by)r? <
(14 b1)r + ¢ ’n’a)nZQLP(k,n,a)(a +bp)r” <

< (1+b)r+ ¢(k,n, oz)rz[z V(k,n,a)a, + O(k,n,a)by] <

n=2
< (T+b)r+ [p(k,n,a) — Qk,n, a)bl]r2.

The proof for the left hand side of inequality can be done using similar arguments.
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