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ABSTRACT. The purpose of the present paper is to introduce new class M B(a, A,
q,8, A, B) of meromorphic functions defined by using a meromorphic analogue of
the Choi-Saigo-Srivastava operator for the generalized hypergeometric function and
investigate a number of inclusion relationships and radius problem of this class. The
subordination relations, distortion theorems, and inequality properties are discussed
by applying differential subordination method.
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1. INTODUCTION

Let M denote the class of functions of the form
1 o0
k
== 1.1
o=+ o (1.1)

which are analytic in the punctured unit disk
E*={z :zeCand 0< |z| <1} = E\{0}.

If f and g are analytic in F = FU{0}, we say that f is subordinate to g, written f < g
or f(z) < g(z), if there exists a Schwarz function w in E such that f(z) = g(w(z)).

For a complex parameters a1, ...aq and 3y,...8, (8; € C\Zy = {0,-1,-2,...};
j=1,...s), we now define the generalized hypergeometric function

JFalan, ..ag By, ..0,) = ;;) (ﬂ(f;;)k(ﬁ(si)kk'zk (1.2)
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(¢ <s+1;s €e NU{O;N = {1,2,..};2 € E), where (v); is the Pochhammer
symbol(or shifted factorial) defined in (terms of the Gamma function) by

_Tlw+k) (1 if k=0 and v € C\{0}
(W) = I'(v) { v(o+1)..(v+k—1) if ke Nand v € C.

Corresponding to a function

(0, ...aq; By, .04 2) = 27t oFs(an, ...ag; By, ...04; 2). (1.3)

Liu and Srivastava [8] consider a linear operator
H(ai,...aq; 31, ...05) : M — M defined by the following Hadamard product(or
convolution):

H(ew, aq; 81, -05)f(2) = (ay, caq; Br, - 55 2) * f(2). (1.4)

We note that the linear operator H(aq,..aq; 31, ..05) was motivated essentially by
Dzoik and Srivastava [2]. Some interesting developments with the generalized hy-
pergeometric function were considered recently by Dzoik and Srivastava [3,4] and
Liu and Srivastava [6, 7].

Corresponding to the function (ay,...aq; By, ...0,; 2) defined by (1.3), we intro-
duce a function y(o,...aq; By, ...0,; 2) given by

1
(0, ..aq; By, B 2) ¥ a(0y, ..ag; By, ... B 2) = m (A>0). (1.5)

Analogous to H (a1, ..aq; B4, ..0,) defined by (1.4), we now define the linear operator
Hy(an,..aq; B1,..05) on M as follows:

Hy (o, ..aq; 81, --B6) f(2) = Aoy, ...aq; By, .04 2) * f(2) (1.6)

(i, 8, € C\Zy; i=1,..q; j=1,..8 A>0;2 € E*; f € M).
For convenience, we write

H)\yq,S(Oq) = H)\(Oéla Qg ﬁl? ﬁs)
It is easily verified from the definition (1.5) and (1.6) that

2(Hags(on +1)f(2) = arHygs(01)f(2) = (a1 + 1) Hy gs(ar + 1) f(2),  (1.7)

and
Z(H)\,q,S(al)f(z))/ = >\H/\+1,q,8(a1)f(z) —(A+ 1)H,\7q75(oz1)f(z). (1.8)
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We note that the operator (H) , s(a1) is closely related to the Choi-Saigo-Srivastava
operator [1] for analytic functions, which includes the integral operator studied by
Liu [5] and Noor et al [12,13].

Now by using the operator (H) 4 (o ),we introduce some new class of meromor-
phic functions.

Definition 1.1.Assume that 4 > 0, >0, -1 < B <1, A# B, A € R,we say
that a function f(z) € M is in the class M B(a, A, q, s, A, B) if it satisfies:

1+ Az

(1) (2(Hx g5 (1) f (2)) ez ((Hor,g,6 (1) f(2)) (2(Hag s (1) f ()7 < 1X B

z € E. In particular, we let MB(a, \,q,8,1—2p,—1) = M B(a, A\, q, s, p) denote the
subclass of MB(a, \,q,8,A,B) for A=1—2p, B=—1 and 0 < p < 1.1t is obvious
that f € MB(a, A\, q,s,p) if and only if f € M and satisfies

(1=0)(2(Hng,s (1) f () +az((Has1,q.5(01) £ (2)) (2(Hygs(01) f(2) 7 > p, 2 € B.

In this paper, we will discuss the subordination relations, inclusion relations, distor-
tion theorems and inequalities properties of M B(a, A, q, s, A, B).

2.PRELIMINARY RESULTS

To establish our main results we need the following Lemma.
Lemma 2.1 [10, 11]. Let the function h(z) be analytic and convex (univalent) in
E with h(0) = 1. Suppose also that the function ®(z) given by

‘I’(z):l—l—clz—i—cQzQ—i—...

is analytic in E. If

< h(z) (z € B; Rey > 0; v #0), (2.1)
then

B(:) < W(:) = L /ﬂ—lh(t)dt <h(z) (z€B),
0

and ¥(z) is the best dominant of (2.1).
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3.MAIN RESULS

Theorem 3.1. Letp >0,aa>0,-1<B<1,A€R, f(2) € MB(a, \,q,s,A, B).
Then )
p A [ 14+ Azu Ay 1+ Az
~ 1+ Bzu" du<1+Bz'
0

(2H)q,s(a1) f(2))

Proof. Consider the function ¢(z) defined by

(zHxgs(1)f(2)" = ¢(2), z€E. (3.1)

Then ¢(z) is analytic in E with ¢(0) = 1.Differentiating (3.1) with respect to z
and using the identity (1.8) in (3.1), we have

(1 = a)(2(Hngs(a1) f(2)* + az((Has1,q,s(0) f(2)) (2(Hxgs (1) f(2))H 7

Now by using Lemma 2.1 for v = “)‘, we deduce that

o
z

SRRy ESTES
(ZH/\,q,S(al)f(Z)) gb(z) = a z 1+ Btt dt

0

1
PA 1+ Azu w14 Az

—— "y < )
« 1+Bzuu 1+ Bz
0

Corollary 3.2.Let > 0,00 > 0,p # 1.If

14+ (1—-2p)z

(1—a)(2(Hy gs(c1) f(2))F+az((Hai1gs(a1) f(2) (2(Hyg.s(r) f ()1 < —

z € E, then

1

2H) q,s(00) f(2))" < p+ c _;)AM /
0

z € FE.

1
i Zuu%fldu,
1—2z2u

Corollary 3.3.Let > 0, > 0, then

MB(a, A\, q,8,A,B) C MB(0,\,q,s,A,B).
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Theorem 3.3. Let f € MB(0,\,q,s,p) for z € E.Then f € MB(«a, \,q,s,p)
for |z| < R(a, A\, i), where

Ap

. (3.2)
a+Va?+ A2

R(a, A\, p) =

Proof. Set
2Hg(0n) () = (1= p)h(2) + p, =€ E.

Now proceeding as Theorem 3.1, we have

(1= ) (2(Hxgs(01) f(2)* + az((Hat1,g,(01) f(2)) (2(Hag,s () £ ()"

== {ua) + e )} (33)

Using the following well known estimate [9]

o8 () < T2y Refh(2)), (Il =r < 1)
in (3.3), we get

{(1 = a)(z(Hxgs(a1) f(2))" + az((Hrg1,q,s(00) f(2))(z(Hg,s(a1) f ()" = p}
L—=p

_ Re {h(z) + ;Lzh/(z)} > Re {h(z) 3 !zh’(z)\}

> Re h(z) {1 - M(21a_rr2)}

The right hand side of this inequality is positive if 7 < R(a, A, i), where R(a, A, u)
is given by (3.2). Consequently it follows from (3.3) that f € M B(a, A, q, s, p) for
|z| < R(a, A\, pr).Sharpness of this result follows by taking h;(z) = 2, i = 1,2 in

1-27
(3.3).
Theorem 3.3. Let 0 < ag < a1 Then

MB(a1, M\, q,s,A,B) C MB(ag, A\, q,s,A, B).

Proof. Let f(z) € MB(a, ), q,s, A, B). Then by Theorem 3.1 we have f(z) €
MB(0,\,q,s,A,B).

{(1 = a2)(z(Hxgs(a1) f(2))" + azz((Has1,g,5(01) £ (2)) (2(Hxgs (1) f(2)# 7}
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= %2 {1 )2 (Hago00) [P+ 12((Fprn(00) ) g F2)P )
1= 2By (o ) <

We see thatf(z) € M B(ag, A\, q,s, A, B).
Corollary 3.4. Let 0 < as < ay, 0 < py < py.Then
MB(ai, A, q,8,p9) C MB(ag, A\, q,8,p;)-

Theorem 3.5. Let >0, >0,-1<B< A<, f(2) € MB(a,\, q,8,A, B).
Then

1
)\M 1— Au >\u
e “ldu < Re (zH) 4 s(c1) f(2))"
0
Mo [1+ A
el + Au s
a/ +Bu du, z € F, (3.4)
0

and the inequality (3.4) is sharp, with the extremal function defined by

1 n

1A 14 Azu -

H)q.s(a1) f(2) ! a/ 1T+ B du (3.5)
0

Proof. Since f(z) € MB(«a, A, q, s, A, B), according to Theorem 3.1 we have

1
,u)\ 1+ Azu 21 1+ Az
Hy g5 o d .
(Hgolan) )P < 12 [ LEEE 8 gy < 1

0

Therefore it follows from the definition of subordination and A > B that

Re(zHy 4s(1)f(2))" < supRe )\'LL/HAzuukaHldu

IN
>~
SRR
o _
0
o
ko]
=
¢)
—
—_
+
b
N
N
H—/
IS
>
=
S
S
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Also
1
A [ 14+ Azu xe
w i A e
Re(zHA,q,s(Oa)f(Z)) > ZIQEJRQ a /1+Bzuu du
0
A ; 1+ A
> M/lnfRe TAL g
« zeE 1—|—BZ'LL
0
\ 1
K du.
«
0

Note that the function H) 4 s(c1)f(2) defined by (3.5) belongs to the class M B(c, A,
q,8, A, B), we obtain the inequality (3.4) is sharp.Now by using the lines of proof of
Theorem 3.5 we have the following results.

Theorem 3.6. Let p >0, >0,-1< A< B<1, f(2) € MB(a, A\, q,8, A, B).

Then L
Au we tdu < Re(zH :
! u < Re(zHy 45(a1)f(2))
0

1
)\
K a“fldu, z€eFE, (3.6)

«

0
and the inequality (3.6) is sharp, with the extremal function defined by (3.5).
Corollary 3.7. Let p > 0,0 >0,0<p <1, f(2) € MB(a, \,q,s,A,B). Then

1

Mo [1=(1=20)u ’

a/ T 1du<Re(zH,\qs(041)f( )
0

<)\M/1+(1—2p) 2 “du, z € E, (3.7)

laY 1—u
0

and inequality (3.7) is equivalent to

1
(I—p)Ap [1—u ru_
p+ . /1+uua ldu < Re (zHy g,5(a1) f(2))"
0

1
1—p)A 1
< p—l-( ) M/ +uu%ﬂ_1du,zeE.
« 1—u

0

257



Ali Muhammad - On certain class of meromorphic functions defined by...

Theorem 3.8.Let > 0,0 > 0,—1 < B < A<1, f(2) € MB(a, A\, q,8,A, B).

Then )
A ; 1-A ’
Au [ 1= Au sy
5 / T B du p < Re(zH) qs(a1)f(2))
0

NS

1 2

Mo [ 1+Au xw g

— o E

a/l—i—Buu U, z e L,
0

(3.8)

and the inequality (3.8) is sharp with the extremal function defined by equation (3.5).

Proof. By Theorem 3.1 we have

1+ Az

{Hrgsla)f ()} < o

Since —1 < B < A <1, we have

—A 1+ A
05 15 < {Hgslan )} < 1o

Hence the result follows by Theorem 3.5.

Note that the function H)y g s(a1)f(2) defined by (3.5) belongs to the class
MB(a, A, q,s,A, B), we obtain that the inequality (3.8) is sharp.Now by using the

lines of proof of Theorem 3.8 we have the following result.

Theorem 3.9.Let > 0,0 > 0,—1 < A< B <1, f(2) € MB(a, A\, q,s, A, B).

Then

2

)\M/ ! +Auu%*ldu < Re(zHy4s(a1)f(2))

NS

1
1-A
)\,u/ uu%ﬂ*ldu, zel,

and the inequality (3.9) is sharp, with the extremal function defined by (3.5).

(3.9)

Theorem 3.10.Let 4 > 0,0 > 0,—1 < B< A<1, f(z) € MB(a, \,q,s, A, B).

(i) If a =0, when |z| =r <1, we have

1 1
1—Ar\=» 1+ Ar\»
-1 <|H <p1
" <1—Br> S s/ =\ 15,
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and inequality (3.10) is sharp , with the extremal function defined by

1
14+ Az\*»
H =z : 11
rasan i) = (1557) (311
(ii) If a #0, when |z| =r < 1, we havee
1
A 11 A ’
— —ArU Aw
r ;/I—Bruu “ldu < [Hyg,sf(2)]
0
A i A
_ uw [ 14+Aru g
<r b= d E 3.12
- « /1+Bru v rEs (3:12)

and inequality (3.12) is sharp with the extremal function defined by (3.5).

Proof. (i) If &« = 0. Since f(z) € MB(a, N\, q,8,A,B), -1 < B < A <1, we
obtain from the definition of M B(a, \, q, s, A, B) that

1+ Az

(Hagsl0)f () < 1

Therefore it follows from the definition of the subordination that

14+ Aw(z)

(zHyqs(a1) f(2)) = T4 Bu(s)’

where w(2) = 12 + c22? + ... is analytic E and |w(z)| < |z|, so when |z| = r < 1,
we have

|1+ Aw(z) 1+ Alw(z)] 1+ Ar
CHenf O = |1 g | < T g < Lo
and _
— Ar
[(zH) q,s(a1) f(2))[" > Re (2H) g5 (1) f(2))" > T

It is obvious that (3.10) is sharp, with the extremal function defined by (3.11).
(ii) If o # 0. according to Theorem 3.1 we have

1
A 1+ A 1+ A
Al + Zuu%_ldu< + Az

Qo 1+ Bzu 1+ Bz
0

(2H)q,5(c1) f(2))" <
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Therefore it follows from the definition of the subordination
A / 1
(s galan) f)) = 20 [ gt
0

where w(z) = c12 + 2% + ... is analytic £ and |w(z)| < |z|, so when |z| = r < 1,
we have

1+ Aw(z)u

-1
o d
1+ Bw(z)u u v

IN

1
|(2H g5 (1) f(2)) " Acf/ ‘
0
)\i ; 1+ Au|w(z)|

LAY Sy
a J 14 Bu|w(z)|
0

IN

IA

—_— @ u’

)\u/l—i—Aur iy
1+ Bur
0

and
A ; 1-A
— AUT Ap _
(gl fE)" = Re (sHhgulan f@) = 2 [ 1200 au,
0

Note that the function defined by (3.5) belongs to the class M B(a, A, q, s, A, B), we
obtain that the inequality (3.12) is sharp.By applying the techniques that we used
in proving Theorem 3.10 we have the following theorem.

Theorem 3.11.Let p > 0, > 0,-1 < A< B <1, f(z) € MB(a, A\, q,8,A, B).

(i) If « =0, when |z| =r <1, we have

1 1
1+ Ar\» 1— Ar\ =
! < H < -1 .
(1+BT‘) — | )\,q,sf(z)‘ =T (1—BT‘> (3 13)

and inequality (3.13) is sharp , with the extremal function defined by (3.11).

(i) If a #0, when |z| =r < 1, we have

m

1
_ A l—i—Aru A
! ,U/ “ 1du < ‘H)\,q,sf(z”
0

o 1+B7“u
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1
1 w

A 1-A
<p ! C/j/l_B:ZuAa“_ldu , 2z€FE, (3.14)
0

and inequality (3.14) is sharp with the extremal function defined by (3.5).
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