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ABSTRACT.Let x? denote the space of all double gai sequences. Let A2
denote the space of all double analytic sequences. This paper is to introduce a
new class of sequence spaces namely the semi difference Orlicz space of A%, It

is shown that the intersection of all semi difference Orlicz space of A% is I C n?
and A2 C 1.
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1. INTRODUCTION

Throughout w, y and A denote the classes of all, gai and analytic scalar
valued single sequences, respectively.
We write w? for the set of all complex sequences (7,,,), where m,n € N, the
set of positive integers. Then, w? is a linear space under the coordinate wise
addition and scalar multiplication.

Some initial works on double sequence spaces is found in Bromwich[4].
Later on, they were investigated by Hardy[8], Moricz[12], Moricz and Rhoades[13],
Basarir and Solankan[2], Tripathy|[20], Colak and Turkmenoglu[6], Turkmenoglu|[22],
and many others.

Let us define the following sets of double sequences:
M, () = {(@mn) € W : SUPmpen |Z | ™ < oo},
C, (t) := {(xmn) €w? : p— liMpmnoo | Tmn — '™ =1 for somel € (C} ,
Cop (1) := {(xmn) Ew?:p—liMpn oo |Z | ™ = 1} ,
Lo (1) = {(Tmn) € W 2 307 3002 [@mn| ™™ < 00},
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Cop (8) := €, (1) (VM (£) and Copp () = Cop (£) (1 Mu (1);

where t = (t,,,) is the sequence of strictly positive reals t,,, for all m,n € N
and p — limy, n—oo denotes the limit in the Pringsheim’s sense. In the case
tmn = 1 for all m,n € N; M, (t),C, (t), Cop (t) , Lu (), Cpp (t) and Copp (¢) re-
duce to the sets My, €,, Cop, Lo, Cpp and Copp, respectively. Now, we may sum-
marize the knowledge given in some document related to the double sequence
spaces. Gokhan and Colak [27,28] have proved that M, (¢) and C, (t), Cyp, (¢)
are complete paranormed spaces of double sequences and gave the a—, f—, y—
duals of the spaces M, (t) and Cy, () . Quite recently, in her PhD thesis, Zel-
ter [29] has essentially studied both the theory of topological double sequence
spaces and the theory of summability of double sequences. Mursaleen and
Edely [30] have recently introduced the statistical convergence and Cauchy
for double sequences and given the relation between statistical convergent and
strongly Cesaro summable double sequences. Nextly, Mursaleen [31] and Mur-
saleen and Edely [32] have defined the almost strong regularity of matrices
for double sequences and applied these matrices to establish a core theorem
and introduced the M —core for double sequences and determined those four
dimensional matrices transforming every bounded double sequences x = (x ;)
into one whose core is a subset of the M —core of x. More recently, Altay and
Basar [33] have defined the spaces BS, BS (), CS,, €S, CS, and BV of double
sequences consisting of all double series whose sequence of partial sums are in
the spaces M,,, M, (t) , Cp, Cpp, €, and L,,, respectively, and also examined some
properties of those sequence spaces and determined the a— duals of the spaces
B8, BV, €8y, and the 3 (¥) — duals of the spaces €8, and C8§, of double series.
Quite recently Basar and Sever [34] have introduced the Banach space L, of
double sequences corresponding to the well-known space ¢, of single sequences
and examined some properties of the space L,. Quite recently Subramanian
and Misra [35] have studied the space x3, (p, ¢, u) of double sequences and gave
some inclusion relations.
We need the following inequality in the sequel of the paper. For a,b,> 0 and
0 <p<1, we have

(a+0b)F <al +0° (1)

The double series anom:l ZTmn 18 called convergent if and only if the double

sequence (spy,) is convergent, where s, = > ;""" ;(m,n € N) (see[l]).
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A sequence = (Zpy)is said to be double analytic if supm, |Tmn|™" < co.

The vector space of all double analytic sequences will be denoted by A% A
sequence T = (X, ) is called double gai sequence if ((m + n)! ]a:mn|)1/ "0
as m,n — oo. The double gai sequences will be denoted by x2. Let ¢ =
{all finitesequences} .

Consider a double sequence x = (z;;). The (m,n)™ section zI™" of the se-
quence is defined by zl™" = 3" im0 S5 for all m,n € N; where Sy; denotes

the double sequence whose only non zero term is a ﬁ in the (7, j)th place
for each 7,7 € N.

An FK-space(or a metric space)X is said to have AK property if (Sn,)
is a Schauder basis for X. Or equivalently zl™" — z.

An FDK-space is a double sequence space endowed with a complete metriz-
able; locally convex topology under which the coordinate mappings z = (x) —
(Zmn)(m,n € N) are also continuous.

Orlicz[16] used the idea of Orlicz function to construct the space (LM).
Lindenstrauss and Tzafriri [10] investigated Orlicz sequence spaces in more
detail, and they proved that every Orlicz sequence space £;; contains a sub-
space isomorphic to £, (1 < p < 00) . subsequently, different classes of sequence
spaces were defined by Parashar and Choudhary [17], Mursaleen et al. [14],
Bektas and Altin [3], Tripathy et al. [21], Rao and Subramanian [18], and
many others. The Orlicz sequence spaces are the special cases of Orlicz spaces
studied in [9].

Recalling [16] and [9], an Orlicz function is a function M : [0, 00) — [0, c0)
which is continuous, non-decreasing, and convex with M (0) = 0, M (z) > 0,
for > 0 and M (z) — oo as * — oo. If convexity of Orlicz function M is
replaced by subadditivity of M, then this function is called modulus function,
defined by Nakano [15] and further discussed by Ruckle [19] and Maddox [11],
and many others.

An Orlicz function M is said to satisfy the Ay— condition for all values of

u if there exists a constant K > 0 such that M (2u) < KM (u) (u > 0). The
Ay— condition is equivalent to M (fu) < K¢M (u), for all values of u and for
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f>1.

Lindenstrauss and Tzafriri [10] used the idea of Orlicz function to con-
struct Orlicz sequence space

Uy = {:U € w: Z?’ZIM(@) < oo, forsomep > 0},

p

The space £); with the norm

ol = ing {p>0: 3, a1 () <1},
becomes a Banach space which is called an Orlicz sequence space. For M (t) =
t? (1 < p < 00), the spaces ), coincide with the classical sequence space .
If X is a sequence space, we give the following definitions:
(1) X = the continuous dual of X
(i) X = {a = (amn) : 2 o0 et |mnmn| < 00, foreachz € X} ;

(i) X7 = {a = (@mn) : 2 5% pei GonTonn i convegent, foreachx € X} ;

(iv) X7 = {a = (@mn) : SUPmn > 1 ‘Z%ff:l rmnTomn

< 00, foreachx € X} ;

(v)let X beanF K — space D ¢; then X7 = {f(%mn) . fe X’};

(vi)X? = {a = (Amn) © SUPmn |amna:mn\l/m+n < 00, foreachx € X} :

X XP X7 are called a— (or Kéthe—Toeplitz)dual of X, 3— (or generalized—
Kdéthe — Toeplitz)dualof X,y — dualof X, § — dualof X respectively. X* is
defined by Gupta and Kamptan [24]. It is clear that x* C X” and X* C X7,
but X* C X7 does not hold, since the sequence of partial sums of a double
convergent series need not to be bounded.

The notion of difference sequence spaces (for single sequences) was intro-
duced by Kizmaz [36] as follows

Z(A)={x=(xp) €ew: (Axy) € Z}

for Z = ¢, ¢y and {,, where Az, = xp — x4 for all k € N. Here w, ¢, ¢y and
l+ denote the classes of all, convergent,null and bounded sclar valued single
sequences respectively. The above spaces are Banach spaces normed by
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||| = |z1] 4 suprs>1 | Az

Later on the notion was further investigated by many others. We now
introduce the following difference double sequence spaces defined by

Z(A) ={x = () € W*: (Azppy,) € Z}

where Z = A27X2 and Axmn = (J:mn - xmn+1) - (xm—l—ln _xm—s—ln—l-l) -
Tmn — Tmntl — Tmain + Tmainsr for all myn € N,
As in single sequences (see [23, Theorem7.2.7])
(i) X7 ¢ X7 (i)If X has AD, X? = X/; (iii) If X has AD, X? = X/,

2. DEFINITIONS AND PRELIMINARIES

Let w? denote the set of all complex double sequences x = (xmn)fno?n:l and
M :[0,00) — [0,00) be an Orlicz function, or a modulus function.

X3 = {:p € w?: (M <((m+n)”mzm‘)l/m+n>> — 0asm,n — oo forsomep > 0} and

|1/m+n

A2, = {x € w? : SUPm>1 (M <|I’”"T)> < oo forsomep > O} :

Define the sets x3, (A) = {z € w? : Az € x3,} and A3, (A) = {z € w? : Az € A3},

The space A%, (A) is a metric space with the metric

i 1/m+n
inf {p >0 SuUpmp>1 (M (|Ammn P Aymnl)) < 1} (2)

The space x3, (A) is a metric space with the metric

| . 1/m+n
(3)

Because of the historical roots of summability in convergence, conservative
space and matrices play a special role in its theory. However, the results seem
mainly to depend on a weaker assumption, that the spaces be semi conserva-
tive. (See [23]). Snyder and Wilansky [37] introduced the concept of semi con-
servative spaces. Snyder [38] studied the properties of semi conservative spaces.

253



N.Subramanian, U.K.Misra - The Semi Orlicz Space Of A2

In the year 1996 the semi replete spaces were introduced by Chandrasekhara
Rao and Srinivasalu [39]. K.Chandrasekhara Rao and N.Subramanian [40] and
[41] introduced the concept of semi analytic spaces and the semi Orlicz space of
analytic sequences. Recently N.Subramanian, B.C.Tripathy and C.Murugesan
has [42] introduced the concept of the semi Orlicz space of ¢s() dj.

In a similar way, in this paper we define semi difference Orlicz spaces of
A?, and show that semi difference Orlicz space of A? is I C n* and A% C I.

3. MAIN RESULTS

Proposition 1. x3,(A) has AK-property

Proof: Let x = (x,,,) € x3;(A) and take x[™" = 22?205171'3'%@']' for all m,n € N.
Hence

d (x,a:[“s]) =inf {supmn {((m +n)! |A$mn|)1/m+" m>r+1,n>s+ 1} < 1} —

0 as m, n — oo. Therefore, xI"*) — x as r, s — oo in x3,(A). Thus x%,(A)
has AK. This completes the proof.

Proposition 2.3, C x3,(A)

Proof: Let x € x3,. Then we have the following implications

(M (<<m+n>z|xmn|>”m+”>> 0 as m,n — oo.

P
o (M (e —rnne) = @nin—emen D) < <<m+n>uxmn\>”m+n))+
’ - p
(]\/[ <((m+n+1)!lxmn+1\)”m+"“)) 4 <M (((m+n+1)!|xm+ln|)1/m+n+l))

o P

+ (M < (mAn+2)|zmi1ng )t/ ™2 ) )

p
— 0 as m,n — oo

N (M (((m+n)!\Axmn|)l/m+"> — 0 as m,n — oo.

P
= € x}(A) = xi € x3 (D)
Now take
1, 1, .1
1, 1, .1
If (M <(m+n)!xmn>> — 1* —
P
1, 1, .1

Then 1* € x3,(A). but 1* ¢ x3,. Hence the inclusion x3, C x3,(A) is strict.
This completes the proof.

s 2 B _ A2
Proposition 3.(x3,(A))" = A
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Proof:Step 1. x4, C x3;(A), by Proposition 4.2
= (Gi(A)" < (3" But (x3)" = A

(x3(A))7 € A2 (4)
Step2. We observe that x3,(A) C T'3,(A).
= ([3,(A))7 € (x3,(A). But (I%,(A))” £ A2,

A2 C (x3(A)” (5)

From (4) and (5) we get (y%,(A))” = A2 This completes the proof.
Proposition 4.x3, (A) is solid

Proof:Let |Zmn| < |[Ymnl ?/n%y = (Ymn) € X3r (). .
Then {M (“mw)mx””‘) >} < {M <((m+")!mym"|) )}, becuase M is

p p
non-decreasing.

But {M (w)} € x?, because y € x3, (A) .

That is {M <((m+")!mym"‘)l/m+n)} — 0asmn — oo, and {]\/[ <((m+n)!\Ammn|)1/m+n>} —

p p
0Oasmn — oo. Therefore x = {x;,,} € X3, (A). This completes the proof.

Proposition 5.(x3, (A))" = A2 for p =, 3,7, f
Step 1: (x3, (A)) has AK by Proposition 4.1. Hence by Lemma 2 (i) we get
(ks (A))7 = O (A) . But (xar (A))” = A? Hence

(X3 (A) = A2 (6)

Step 2: Since AK implies AD. Hence by Lemma 2(iii) we get (x3, (A))B _
(X3, (A))? . Therefore

(X3 (4))7 =A% (7)

Step 3:(x%; (A)) is normal by Proposition 4.4. Hence by Proposition 2.7 [24].
We get

(i (8)" = (xr (4)" = A7 (5)
jF\I;OIH (6),(7) and (8) we have (x3, (A))" = (3, (A))” = (G (A) = (G, (A) =
Le.mma 1.[23, Theorem 8.6.1] Y D X & Y/ C X/ where X is an AD-space
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and Y an FK-space.
Proposition 6.Let Y be any FK-space D ¢. Then'Y D x4, (A) if and only if
the sequence ™ is weakly A%
Proof: The following implications establish the result Y D x3%, (A) & Y/ C
(X2, (A)), since X2, (A) has AD by Lemma 4.6.
& YT C A2 since (x2, (A)) = A2
& for each f €Y', the topological dual of Y.f (3(™)) € A%
s f (%(m”)) is A2,
& ") is weakly A2. This completes the proof.
Proposition 7.For every p = (pun) . [A; (0))” = (A3, @)]" = (A%, ()] =
s ()
Zo o | NMFER/Pmn
where My (P) = Nyen—1 {:U = Zmn D m (]\/[ <%>> < oo} .

Proof: (1) First we show that n2, (p) C [A2, (p)]”.
Let z € 3, (p) and y € A3, (p). Then we can find a positive integer N such

pmn pmn
that (|ymn|1/m+"> < max (1, SUDmn>1 <|ymn|1/m+n) ) < N, for all m,n.

Hence we may write

‘xmnymn‘
S o Tt | < S bl < 5y (M (2222221) )
|z | N7/ Pmn
N )

Since = € 13, (p) . the series on the right side of the above inequality is conver-
gent, whence z € [A2, (p)]” . Hence 1%, (p) C [A2, (p)]”.

Now we show that [A2, (p)]” C 7%, (p) -

For this, let z € [A2, (p)]”, and suppose that = ¢ A2, (p). Then there

exists a positive integer N > 1 such that ) <M (M)) = 00.

If we define Ymn = Nm+n/pmnsgnxmnm7n = 1; 27 Tty then Y € A?\J (p) :
But, since
TmnlYmn LTmn m+n/pmn
S tmntinn| = S (M (E22220)) = 57, , (a1 (e )) -

we get © & [A%, (p)]ﬂ , which contradicts to the assumptlon xz € [A3 (p

Therefore z € 72, (p) . Therefore [A2, (p)]” = n2, (p).
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(ii)and (iii) can be shown in a similar way of (i). Therefore we omit it.

4. PROPERTIES OF SEMI DIFFERENCE ORLICZ SPACE OF A?

Definition 1. An FK-space AX is called "semi difference Orlicz space of A*”
if its dual (AX)f C A2 In other words AX is semi difference Orlicz space of
A2 f £(S0) € A2Yf € (AX) for each fized m,n

Example:x3, (A) is semi difference Orlicz space of A% . Indeed, if x3, (A)
is the space of all difference Orlicz sequence of double gai sequences, then by
Lemma 5.3 (x2, (A)) = A2,

Lemma 1.(x2, (A))) = A2,

Proof: (X% (A))ﬁ = A? by Proposition 4.3. But (x3, (A)) has AK by Propo-
sition 4.1. Hence (X3, (A))ﬁ = (X% (A))f. Therefore (x3, (A))f = A? This
completes the proof. We recall

Lemma 2. (See 23, Theorem 4.3.7) Let z be a sequence. Then (zﬁ, P) isan AK

sup

space with P = (P, : k= 0,1,2,...), where Py (x) =m |> ", zpax|, P, (x) =
|x,|. For any k such that z, # 0, P, may be omitted. If z € ¢, Py may be
omitted.

Proposition 1. Let z be a sequence 2° is semi difference Orlicz space of A?
if and only if z is A%

Proof: Step 1. Suppose that 2” is semi difference Orlicz space of A%, 2” has
AK by Lemma 5.4. Therefore Z%% = (%)’ by Theorem 7.2.7 of Wilansky [23].
So ZP is semi difference Orlicz space of A? if and only if 2% C A% But then
2z € 2°% C A%, Hence z is A2

Step2: Conversely, suppose that z is A2 Then 2% > {A2}and

298 {A2}" = A2 But (zﬁ)f = 258, Hence (Zﬁ)f C A% Therefore 27 is semi
difference Orlicz space of A%, This completes the proof.

Proposition 2. Every semi difference Orlicz space of A* contains X3,

Proof: Let AX be any semi difference Orlicz space of A% Hence (AX )f C A%
Therefore f (%(m")) € AWf e (AX ), . So, {%(m”)} is weakly A? with respect
to AX. Hence AX D x3, (A) by Proposition 4.7. But x3%, (A) D x3,. Hence
AX D x3,. This completes the proof.

Proposition 3. The intersection of all semi difference Orlicz space of A2.
{AX,p :m,n =1,2,...} is semi differene Orlicz space of A%

Proof: Let AX = ()7 _, AX,,,. Then AX is an FK-space which contains

m,n=1
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¢. Also every [ € (AX), can be written as f = ¢g11 + ... + Gmn, Where
Jmn € (Aan)/ for some mn and for 1 < mn < 4,j. But then f(3™") =
g1 (S™) + ...+ G () . Since AX,,,, (m,n =1,2,...) are semi difference
Orlicz space of A% it follows that g; (3™") € A%. for all i = 1,2,...mn.
Therefore f (3™") € A2YmnandVf. Hence AX is semi difference Orlicz space
of A2.This completes the proof.

Proposition 4. The intersection of all semi difference Orlicz space A? is
ICn?and A2 C 1.

Proof: Let I be the intersection of all semi difference Orlicz space of A%. By
Proposition 5.5 we see that the intersection

Tc({#:2en?} = (N} =2 9)

By Proposition 5.7 it follows that I is semi difference Orlicz space of A%, By
Proposition 5.6 consequently

(A =A*cCI (10)

From (9) and (10) we get I C n? and A? C I. This completes the proof.

Corollary: The smallest semi difference Orlicz space of A% is I C 7n? and
A*C I
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