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ABSTRACT. We will present an approach to deal with a problem of existence of
(not) weakly invertible functions in various spaces of analytic functions in the unit
ball and polydisk based on estimates for integral operators acting between functional
classes of different dimensions.
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1. INTRODUCTION

Let B be as usual the unit ball and S be a unit sphere. Let also U" = {z =
(21,...,2n) ¢ |2j] < 1,7 =1,...,n} be the unit polydisk in n-dimensional complex
space C™ and T™ be a boundary of U™ (see [3,15]). Let further X be some topological
space of analytic functions in U™ or B in which the set of polynomials in 21, ..., z, is
dense. We will assume that the operators S(f)(z) = z1--- znf(21, ..., 2n), ®.(f) =
f(2), z=(#1,...,2,) € U™ or z € B are continuous in X.

Definition 1. Let f € X and assume there exists a sequence of polynomials
{P:}3° such that
lim Py(z1,...,20)f(21,...,20) = 1,

k—o00

on the topology space X, then we say f is weakly invertible in X.

It is well-known that mentioned of definition of weak invertibility is closely re-
lated to problems of completeness of systems of polynomials in weighted classes of
holomorphic functions.

Weak invertibility in one dimension has been studied by many authors (see
[5,16,8], [8-10], [12-13] and references there). In this research area in spaces of
function of one variable the most intensive investigation was done in fundamental

work of Nikolski (see [8]).
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The problem of extension of one variable results to higher dimension appears
naturally. Recently some research was done in this direction (see for example [13]
and references there). Our intension is to provide an approach that will work at
the same time in the unit ball and polydisk and will solve some natural questions
concerning the problem of generalization of one variable results to the case of unit
ball and polydisk.

We use mag,, to denote the volume measure on U™ and m,, to denote the nor-
malized Lebesgue measure on T®. When n = 1, we simply denote U' by U, T?!
by T, mao, by ma, m, by m. Let dv denote the volume measure on B, normal-
ized so that v(B) = 1, and let do denote the surface measure on S normalized

so that o(S) = 1. For & > —1 the weighted Lebesgue measure dv,, is defined by
I'(n+a+1)

AT(atD) 18 @ normalizing constant so that

dvg = co(1 — |2]?)*dv(z) where ¢, =
va(B) =1 (see [15]).

We denote by H(B) the class of all holomorphic functions on B. Let also H(U)
be a space of all holomorphic functions in the unit disk U, and similarly H(U™) be

a space of all holomorphic functions in U".

For @ > —1 and p > 0 the weighted Bergman space AL (B) consists of holomor-
phic functions in LP(B, dv, ), that is, AL(B) = LP(B, dv,) () H(B).

As usual, we denote by @ the vector (aq,...,a,).

For aj > —1,5 =1,...,n,0 < p < o0, recall that the weighted Bergman space
A% (U™) consists of all holomorphic functions on the polydisk satisfying the condition

I, = [ 7P T~ 12 dmans) < .

=1

When a1 = ... = a, = a then we use notation AL (U™).
For any f function from L!'(B) we denote by P[f] the Bergman projection of f
function (see [15], Chapter 2).

2. WEAKLY INVERTIBLE FUNCTIONS IN HIGHER DIMENSIONS

The goal of this section is to provide some generalizations known one dimensional
assertions on weakly invertible functions in higher dimensions. First we present
general arguments then we consider concrete situations. We will shows in particular
that results in weak invertible functions are closely connected with estimates for
analytic functions from spaces of different dimensions and we will provide two results
in this direction. For the proofs of our main results we will need several lemmas.

Lemma A. [15] There exists a positive integer N such that for any 0 <r <1
we can find a sequence {a} in B with the following properties:
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(1) B=J, D(ag,r);
(2)The sets D(ay, 7) are mutually disjoint;

(8) Each point z € B belongs to at most N of the sets D(ay,2r).

We are going to call as usual a; an r-lattice in the Bergman metric or sampling
sequence.

Lemma B. [15] For every r > 0 there exists a positive constant C, such that

A

o _1—|a)? 1—|al?
Cl<—72<C, il ——_—<C
e P " T l={a,2) T "

for all a and z in B such that B(a, z) < r. Moreover, if r is bounded above, then we
may choose C, independent of r.

1
Lemma C. ([7], page 126) Let Qp(p) = {z = (z1,...,2n) € R™: (31, |xilP)?
p}, p €[1,00), h be a positive measurable function and p < 1. Then

h(||z||)dz = C(m pm—lh dt,
/Qm(p) (llzl) <>/t (1)t

0

1
where ||z|| = (327, |ziP)? and C(m) is a constant depending on m.

Lemma 1. Let f € H(B) and F(z1,...,2m) = Co [5 )(1—|2])*dma(2)

a+ +n a >
Hk 1(1 (2,2k))
—1, Cy is a constant of Bergman representation formula (see [15]).

1) Let p<1. Then FF € H(Bx --- x B) and

!F(zl,...,zm)lpéC/B |f(w)P(1 — |w|)* d;i(wz ’

[Tty 11—z, w)| P

where t =p(n+a+1)—(n+1),2;,€B,j=1,...,m, t > —1.

2) Letp>1, 7 :p(inﬂpfo‘ —T), T <0, T+ 1= >0, 4 L=

m T

Then F € H(Bx --- x B) and v

[f (w)P(1 = Jw))*(1 = [21*)7 - (1 = [zm]*)”
|F(21, -, 2m ’P</ T 1= G, w)

dv(w),

where z; € B,j =1,.
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Proof. Using known properties of sampling sequence {ax} we get the following
chain estimates (p < 1) from Lemma A and Lemma B and the fact that

oo P oo
<Zak> <Y ab,ar>0,p<,

k=1 k=1

|F(z1,. -y 2m) [P

174N

k>0

1 — |w|)® P
Z max |f( </ (1= Juwl atntl dv(w)>
D(ag,T) D(ay,T) H:;n:]_ |1 — (w, Z]>| m

_ par P
< 3 o [y plLo 0Dl D)
(a m oy _ |
k=0 DT Hj:l 11— (ak, zj)|
Then using the relation
11— (w, z)| < |1 — (ak, 2)|, w € D(ag, T), z € B, (see [15], page 63)
and Lemma 2.24 from [15] and Lemma A we finally get

(1 —Jap)P*(1 — |ag| P D
atn+1

1= |ag) "D TTL 11— (ak, 2)[ 0 F

Flets. o om)P < CZ/D( @)

k>0
|F(@)P(1 — |@]) do(@)
< —,
B /Hk_1|1—<Zk,w>|“*rﬁ*P

where t =p(n+a+1)—(n+1).
For p > 1 the proof is based on Holder inequality applied twice and the estimate
(see [15], Theorem 1.12):

(L —1z])" c
/]3H_<de(z) S (1 — |w’)317n717v’ w e B, v > —1, S1 >v+n+ 17

applied m times for s; = Top'm we have

p [f(w)P(A = [w])*
|F(z1y .y zm)[P < C’( H?—l 1= (o w) dv(w))

- \w|) = dv(w) v C(L x Iy)
(/ Hk 1 |1 (21, w)|
el (f )

|f (w ‘p 1— w1 — 2127 (1 = |zm|?)"
. / Hk:l ‘1 - <Zk, w>’p7'1 d’U(w),
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a+n+1

mp T2), 7 < 0. Lemma 1 is proved.

where z; € B,j =1,...,m, 7 = p(

Repeating arguments of proof of lemma 1 we can easily obtain it is complete
analogue when integrals by ball will be replaced by integrals by polydisk.

The following lemma follows directly from classical Holder’s inequality for n
functions and the well known one dimensional result (n = 1 case).

Lemma 2. Let t > —1, 8; > 2 j=1,... . n. Then

— [w])'d|w| C ‘
= — ,zjeU e?eT.
/ H; 1 ‘1 = lwlzete)% [T 11— e

Proposition 1. Let X,Y be normed subspaces of H(D?), f € X, f(z) # 0,z €
D2, Let also X C H®(D?), X C Y, assume also that the set of polynomials {p,} are
dense in'Y and all bounded functionals on'Y can be represented by Cauchy duality

(see [3]). Let

k1 k
f(z) = Z Uk ka2 297 ’amlmm‘ < Cmim;
k1,k220

for some fized s € (0,+00). Let

—+o00
mi _msa k1
E Ay me (2] " 25 2 )My m2 =0;

m1,m2=0

(k1,k2) € Z2 implies (1) = 0, and also ||2]" 25|y < m;]C 7, for some N large
enough, mi,me > 1,q > N. Then f is weakly mvertzble mY.

Proof.  To prove our assertion it is enough to show that for every bounded
linear functional ¢ on Y such that ¢(g) = 0 for every g € {p,f} we have p(1) = 0.
According to Lemma 2 of [19], we have D¥tk2 f =)y 1 f where

C

U € H(D?), |t (21, 22)] < H§:1(1 — |Zj|)2kj+1;

D.,f = 550 (2, DAf(2) = DDA £(2),

hence for every sequence of polynomials {p,} € P (P is a set of polynomials) we
have

lpmf = D*flly < Cllf = llpm — villy,

hence choosing {p,,} so that p,, — ¥y, we have if ¢ LE(f) then o(DFF2f) =
0, (k1,k2) € Zi. To end the proof we note that since functionals on Y are represented
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by formulation of theorem as usual by Cauchy duality (see [3]) we will have the
following chain of estimates and equalities.

First

p(DFf) = lim | D f(pO)g(p)ds =0

where g(z) = p(e,), e,(§) = 1_—&75,2 € D2. Then

o9
(,Dkl,ka) - hni Z am17m2s0(21n1z;n2)m/1€1m pk1+k2 =0.
= m1,ma=0

Now it is easy to see that the last series converges uniformly using conditions
from formulation. Since

(21"25)

oo | < llellllzr™ 25"l

we will have by conditions of the proposition

k
(Dkl,sz Z P— 21711 Z;m) ma? =0,

mimo>0

hence (1) = 0 and Proposition 1 is proved.

Remark 1. Note this scheme based on duality in the unit disk appeared in [§]
and were used before by Beurling see [8].

Remark 2. The same arguments based on duality we provided in Proposition
1 can be used also in the case of unit ball for determination of weak invertibility in
unit ball case.

Theorem 1. There exists a function f, fe H>(D?), f(z) £0,z € D? which is

not weakly invertible in X C H(D?), where X is some normed subspace H(D?), if
for every f € X, f(z,2) € Y(D), Y C H(D) and if for any fy

heY, folm) =3 bt 312 o
k=0 o ¥

for some fized positive sequence {ou}p2 ), o < g1 < ... such that Y 32, lzg’“ <
+00.

Proof. According to [20], there exists a function f(z) = j%g

3, fLe H(D), f> €
H>(D), f2 #0, z € D so that

[e'e) ' 1
=> C_pe ™ 0 € [-mx], |C_y <7;
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where £ = 1,2,..., 00 < agp41 < ..., > 0,7 = 1,2,... and the series for f

absolutely converges. Moreover, > 77, h;gk < +00. Obviously
2

21+ 29

5 ), z = (21, 29) € D2

fFe H®D?), fo#0, 2 € D?, f(21,22) = fol

Since f(z,z) = fa(z) and for

9=29(z2), |9llym) < Cllg(z1,22) | xm2), g € HD?).

All we have to show that there exists such {ay} so that g is not weakly invertible in
Y (D). For that reason we note only that obviously it is enough to present a linear
bounded functional ¢ € Y* so that p(2*f5) =0, k =0,1,2,..., 2 € D and ¢(1) # 0.
Let g(z) = 3200, C_xz*"1, 2 € D, then g € H*(D). Obviously if
1 [" , ‘
p(G) = Tim o [ Gpe)g(pe™"*)ds, G €Y.

—Tr

Then ¢ € Y* (¢ is a linear bounded functional on Y'), moreover, it is an easy
exercise to show that ¢(z¥f2) = 0, k = 0,1,2,..., ¢(1) = C_1 # 0. Indeed it is
almost obvious

! / g(e)de = C1 #0, p(* fo) = / e mHDE £ (€)dE = 0, m = 0,1,2, ...
T T

p(1) = o

and also by condition in formulation of the theorem we have
If

GeY, G(z)= Zbkzk, then |bg| - |C_j—1| < <. ||
k=0 Ok

So -
@(G) = lim | G(p)g(€)d¢ = lim > hCpipf, GeY
T I

p—170

converges uniformly and ¢ € Y*. The proof of Theorem 1 is complete.

Remark 3. General assertions we provided in Proposition 1 and Theorem 1
can provide various concrete examples of not weakly invertible functions from H°
for various concrete X classes in higher dimension.

Remark 4. The problem of weak invertibility of every nonzero function f, f €
X CY, X,Y C HD) in one variable were considered intensively in [8].

The following proposition use ideas we indicate above for the study of weak

invertibility of generalization of exp(Zfl) function on polydisk. In unit disk the

z—1
z+1
z—1

weak invertibility of exp(2X;) was studied in [8] systematically.

99



R. Shamoyan, H. Li - The weak invertibility in the unit ball and polydisk and...

Proposition 2. Let A be an increasing positive function on [0,1), log(A(r)) =
(log 1—;,), ¥ = logp and v is convex near +0o and let

/01 <log)\(r)>édr < oo, /U MDA = [2D*dma(z) o ) we U, a0 > —1.

1—r 11— (w,z)|*+2

then the ® function, ® = T.Y(fo) (this is expanded Bergman projection from [4]),
a>-1,n>1,fo(z) = eitT ,z € U, is not weakly invertible in

Ap,(N) ={f e HU") : sup |~f(z)\ < o0}, Az H ) %

Proof. Since ® = T2(fo), using Holder’s inequality for n functions we get

(6) @[] 4,,0) < Cllfolla, )

It is easy to note that
1 Pafo = Ulayo) < CillPa® = 1|4, 0y, Pr=Pulz,-+,2), Po=Palz1,++ ,2n).

It remains to use the fact that fy is not weakly invertible in Aj(\)(see [8]).
Proposition 2 is proved.

Remark 5. For n = 1 Proposition 2 were obtained in [8].

Remark 6. Various other assertions can be obtained similarly for ® = T.%( fy)
function concerning it is weakly invertibility based on results of [8] for n = 1.

Remark 7. If exp(£t}) is not weakly invertible in X (U), then

zp+1
Zk 051 atedin 4

1 1
e ) and fO = eXp( atotzm
n

)

fo = exp(———

are not weakly invertible in Y/ (U™) or Y (B) as soon as
lg(z,---, 2)l[x < Cllg(z1,- -+ zn)llys g € H(B) or g € H(U").

The Proposition 2 we formulated gives such an example.

We easily can note that any theorem on traces and diagonal map in AL, H?, Q,,
Bloch type classes (see [3],[4] and references there) can be applied in problems con-
nected with weak invertibility in higher dimension.

In recent note [9] a result of the similar nature was proved. Namely it was proved
by authors in [9] that f € H2(U"), n € N, then f € H?>"(B) and there holds
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sw [ 15667 a©) <0 sw ([ 1ioerane)

0<r<1 S o<r<1
Note for n = 1 the estimate we provided above is obvious. We add now new

results in this direction connecting analytic spaces of different dimensions and at the

same time generalizing some previously known one dimensional estimates.
Theorem 2. 1° Letp € (0,00),t > —1, a = —1—1—%, k=1,...,n, f€ HU").

Then
/ o 2)P(L = |2])dmaz)

SC/O /0 /T(l—minrk li[ L—r)f(ri&, ... m&)Pdm(&)dry - - - drp;

2° Let B=a—n, 3> -1,pe (0,1], f € HB). Then

/m(l) < sup (P[f])(Rl,...,Rn)>p<1 - (g}ﬁ)é)adm..dm

geTn
<c /B F@)P(1 — Jw]) do(w);
3° Letp<1l,a>n-—1, f € HU"). Then

1
| a-nrswiseorar<c [ s rpH 1 fugl) 2 dman ().

0

Proof. 1° The following dyadic decomposition of subframe and polydisk were

introduced in [3] and will be also used by us.

1 1
Uk’l,.. Konyl1,enl Uk1 Ip X=X Uk:n,ln = {(7‘151, cee 77_n£n) 1Tj € (1 - @, W]’
7l w(l; +1) I . .
Bp=012. o <GS~ =28 b =1y
‘We have
2k
L1t P = el amat) £ Y b ( / AP [ () )
k>0 j
2t (ky+...+kn)t ky+...+k
so X Y (e vep)y
k1,.. 7,Ig,n>() mmk ZEU]"kh“"k"
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2mink:j_1
<C Z Z zmink]-n2k1+..‘+kn2—(zg_lk]-)(fl—&-fl)/ |f(2)[Pdma(2)
]{;17 7]4; >()]__2mmkj ijkl 44444 kn

[} : —-n t+ 2
< 0 [ 1P TI0 - =)0 min )" (2) o= 1+ 22,
un k=1

where we used the fact that

up | < okt | ) P
2€Uj ky ... kn T kpsekn
which follows from subharmonicity of [f(2)[P, 0 < p < co and where U7, —are

enlarged dyadic cubes (see [3]). We used at the last step also the fact tha7t U: et e
is a finite covering of polydisk U™ (see [3]).
2° According to Bergman representation formula (see [11,15]) in the unit ball we

e bt
f(w)(1 = |w|)Pdv
f(zl""v C/ 1_ ,G—H’H—l )
where 3 > —1, fcanbelarge enough, z = (21, - - , n) € B.
For p <1 consider the same integral but with (21,---,2,) € U™, 377, 2|2 < 1,

it follows from Lemma 1 we will have

» FrOP(1 = )P DE D do (&) dr
(;EUYQI(P[JC])(RM R ) / / (1—r(30 1R2)%)(6+n+1) '

Then using Lemma C for p = 2 and

- (= (R B2 23 e
Al = (= e HH-—}IR all <1

we can easily get what we need.

3° can be obtained similarly as 2°; but instead of integral representation in the
unit ball we have to use known integral representation in the polydisk. The proof
of 3° follows from Lemma 1 for p <1 and Lemma 2. Indeed,

flwi, -+ s wn) Ty (1 = |wg )P dmay, (w)
un [Ty (1 — (wg, 2x))P+2 '

Let z = (21, , 2,) be in B so that |z;] < 1,5 =1,2,--- ,n. Then by Lemma 1
for large enough (3

f(zlv"' ’Zn):Cﬁ

)P < Cﬂ/n |f ()P Ty (1 — i) P22 dima, (w)

sup f(Zl,"',Z )
€es | " [Teza (1 - rlwy|)0+2)p
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|zj| = 7, z; = r&;. It remains to use Lemma 2. Theorem 2 is proved.

Remark 8. All estimates of Theorem 1 are obvious for n = 1 and p = 1 or coincide
with classical assertions from the theory of analytic functions of one variable (see
[15).

We showed above that one dimensional results provide new assertions on weakly
invertible function in standard Bergman spaces in the unit ball. Under some addi-
tional conditions on general positive Borel measure in the unit ball we may state
that our functions are weakly invertible in general mixed norm spaces in the unit ball.

We denote by (A%); the space of all holomorphic functions in the unit ball such
that

)P(1 —
Hpr // AP(L— |z dv(z)do(§) <oo,neN,0<p<oo, a>-—1,
(4% Foey  (L—1z])"

where B )
&) = {2 €B: [1—€2] < t(1— [2])7, t > 1}

enlarged approach region.

Lemma 3. ([15]) Suppose r > 0,p > 0 and o« > —1. Then there exists a
constant C > 0 such that

P < 7= ,zf)n+1+a / RN

for all f € H(B) and z € B.
Lemma 4. Leto>1,t>0,(€ S T'x(¢ )—{z |1 — &z <J(1—]z]) }.
Then there exist o(o, t) > 1 such that D(z, t) C I'5(&) for all z € T'5(§).

Proof. Let w € D(z,t), z € [y (€). We will show that w € T'(¢) for some & > 1.
Since z € T'x(€), then |1 — £z| < o(1 — |2]), hence

’1 - <§,Z>‘ + ’<E,Z> - <ng>’ < 0(1 - ‘Z‘) + |Z _w‘
o(l = |wl) + (o +1)]z —wl.

1= (& w)]

<
<

We will show |z —w| < o1(1 — \w|)% for some o; > 1. This is enough since
w € D(z,t) is the same to z € D(w,t) we have by exercise 1.1 from [8]:

‘Pw(z) B C|2 + |Qz(w)|2

< 1.
R%0? R20q
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where
(1-R?>)w 1— |wl?
= h = - = —
R = tanh(t), ¢ IR o1 =7 “ R
(z, w)w (z,w)w
P’w = ) w —
@)= 5 Qus) =2 - S
Hence
|z —w| < C1| |z — Pyl + {2, wjw —cl+|c—wl|);
|wl?
1 — R? Cy
‘C_w|§‘w’<1_ 1—R2lw\2> S 1ot leh =S

It is enough to show

— |wl? 2
= | R <~ )
Note
]z—w]2<03(\c—w!2+ L <z,w>w‘ (z,w)w 2).
|w|? jwl?
Hence
lz—w]®> < Cu(lc—w]? + R%01) g04(Sz(lwl,R)2+]T(_l];m?)

AN
2
7/~
&
+

Hence |z —w| < C5(1 — ]w|)% N
Lemma 5. Let p be a positive Borel measure in B. Let D(w, t) C T'x(&), w €
I'-(&), where 1,0, &, t are from Lemma 4. Let f € H(B). Then

£Eduz) _ | )
/w ey ST B oy T )

Proof. Since X p(,(w) = XD(w,t)(Z)v z,w € B, t > 0. Using Lemma 3, Lemma
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4 and Fubini theorem, we have

|f(2)]du(z) 1 ) dolw dp(z)
/&>um> S(jn@uva<L@Jﬂ>W<0@vw

1
S / W / | F (W)X D, 1) (2)dv(w)dp(z)
/g(é /7_ 2n+1|f( )|XD(w,t)(Z)dU(w)d,u(z)

émﬂlw;%ﬂﬂm(AW@W“OMW)

Theorem 3. Suppose a > —1, 1 < g <p<oo,t>1, u be a nonnegative Borel
measure in B. Then the following s true.

{A<A£’ﬁ]ﬁgwddaf<cwwwp

D
vt dv(2) ®-1q
B :/ (/ du(w)>p e L ra (S)
X I5(6) \JD(z,) (1- ‘Z‘)n+(n+1)p%

forany o >1,90 > 0.
Proof. Let us consider first p = oo case. The proof follows directly from Lemma
6 that we proved above. Let f € H(B). Then we easily have by Lemma 6

s = [ (o G0 ) 40 =€ ([ Tipen) )

e rﬂmz(ﬂm@wwowﬂm-

M) < (supl ) - K o)

This is enough since Ko 4(1) = K(p).
Let ¢ > 1,1 < p < 00. Then again using Lemma 5 and Hoélder inequality, we
have the following chain of estimates.

Hence

_ ’ 2)|du(z) <fD(z5 dp(w ))dv(z)
S0 = /];t €3] (1 — |z)" C/ (1 — |z])2n+1

!

) C</F”(E)w> .{/fa(E)WﬂZ'WI(/z)(z,s)du(w))pm
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Hence again using Holder inequality, ¢ = (n+ 1)p/, = + = =1,

1,1
p ' p

(8t £.0000€) < CUFI

Lemma 6. ([15]) For every r > 0 there exists a positive constant C, such that

1—
cl< L
T l— 22 T

<G,
for all a and z in B such that B(a,z) < r.

Theorem 4. Let a > —1,qg < p < 00,0 < q < 1. Let u be a nonnegative Borel
measure in B. For any fived o > 0,

{/S</Fg(§ ) )> da(ﬁ)}; < Clflla W
(2 / W) = Jas© <oty @

Js % EFT(ﬁ

for any T > 0, 6—lattice {z;}, s = %’Hl—i—n, where p be a positive measure on B, do
the normalized rotation invariant Lebesgue measure on S, I'5(&) is the corresponding
Koranyi approach region with vertex & on S, i.e.

L&) ={2€B: 1— (2,0 <o(l—|z), o >1}.

Proof. Let first condition (2) holds. D(z;,0)(T'x(§) # 0 implies z; € r,(¢)
for some 7 > 1 (Note this for n=1 was proved in [30]). Hence for any function f,
f € H(B), we have the following chain of estimates, let D; = D(z;,9),

| (2lditz) 1 (2)ldn(z) uDy
fo air 5 € 3 |Gy <CZ<Sup\f ) g

J D3 (Tw(6)70 2€D — Izl

5> ((sup 173 ) 1= )5

zeD i
1 / 1
. dlle > “« —_——
(1—|zj|)(o‘+"+1)(;_1)+"< D(2;.6) w) (1 — |z[)otntt
at+n+1
Sy sup [£(2)|(1 = |550)
jy 2yl (e) <P

1
</D<Zj,a> (1= |z =%t
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Hence we only need to show that

a+n+1

(I—=lz]) » sup [f(2)|

ZGD]'

is in {? and it is norm dominated by C|| f|| 4». This is obvious for A5® = H>°, where
H® is the class of all bounded analytic functions in B. For p < oo, we have using
Lemma A, Lemma 3 and Lemma 6

S |zj|>a+"“< up (2 ) < OZ / w)Pdva(w) < ClFI7

; (25 ,26

This is what we need.

Theorems 3 and 4 for n=1 unit disk case are known see [15].
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