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SOME PROPERTIES OF AN INTEGRAL OPERATOR DEFINED
BY BESSEL FUNCTIONS
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ABSTRACT. In this paper we will study the integral operator involving Bessel functions
of the first kind and of order v. We will investigate the integral operator for the classes
of starlike and convex functions in the open unit disk.
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1. INTRODUCTION

Let A be the class of functions of the form
f(2) :z—i—Zanz", (1.1)
n=2

analytic in the open unit disc £ = {z : |z| < 1} and S denote the class of all functions
in A which are univalent in E. Also let C (a) and S* («)) be the subclasses of S
consisting of all functions which are respectively convex and starlike of order «
(0 < a < 1). The Bessel functions of the first kind of order v is defined by

®©  4\n p 2n+v
- SEUE e

n=0
where I' (.) denotes the gamma function. Sazédsz and Kupan [10] have studied the
univalence of normalized Bessel functions
47 (=1)" ke
(v+1)...(v+n)

9o (2) = 2T (v + 1) 2172, (z1/2> =z+ E ' (1.3)
n!
n=1

Later, Selinger [9], Sazdsz and Kupdan [10], Baricz and Ponnusamy [1] obtained the
conditions for starlikeness of (1.2) by using different techniques.
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Recently, Baricz and Frasin [2] have investigated the univalence of the integral
operator given by

z n 1 l/ﬁ
- o, (1)~
PO = Fapnarans @) =18 [0 (250) ey )
0 =

For the integral operator of the form (1.4) which involve analytic functions of the
form (1.1), see [3, 4, 5, 8].

In the present paper, we will find the order of starlikeness and convexity for the
above integral defined by (1.4) using the result given by Sazasz and Kupén [10].

2. PRELIMINARY LEMMAS

In order to derive our main results, we need the following lemmas.

Lemma 2.1 [10] If v > @ — 1, then the function g, defined by (1.3) is starlike
of order % in E.

Lemma 2.2 [7] Let u = uj +iug, v = v; + vz and ¥ (u,v) be a complex valued
function satisfying the conditions:

(i) ¥ (u,v) is continuous in a domain D C C?,

(7) (1,0) € D and Ret (1,0) > 0,

(7i1) Rew) (iug,v1) < 0, whenever (iug,v1) € D and vy < —% (1 + u%) .
If h(z) =1+ci1z+--- is a function analytic in E such that (h(z),zh'(2)) € D and
Re (h(z),zh/(z)) > 0 for z € E, then Reh(z) >0 in E.

3. MAIN RESULTS

Theorem 3.1. Let gy, (2) € S* (%) , for all v; > § —1,9=1,2,...n. Then
F (z) € S*(6) with aq,...an, 3 are positive real numbers such that

where

n n 2
—(Z&—m+0+ <ZE—%+Q—%ﬁ
i=1 i

43 ’

0<s<1. (3.1
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Proof. Let
2F' (2)
F(2)

Differentiation of (1.4) and by using(3.2), we have

)

(F(2))”

=(1-9)p(z)+9. (3.2)

=(1-9)p(z)+4. (3.3)

Differentiating (3.3) logarithmically, we obtain

n

Lz, (2) (1-0)2p(2) | =1
;ai g2 TP AT G s +;i —B(1-9).

Since gy, (z) € S* (%) , for all v; > § —1,i=1,2,...n, by Lemma 2.1, it follows
that

n

1 z ’/Uz z 1_5 2 / P n 1
Zl“R gg <(Z>) - {m Ot <§ = 5)2(395 " Ea —A0- 5>} '
(3.4)

We now form the functional ¢(u, v) by choosing u = p(z), v = zp(z) in (3.4) and note
that the first two conditions of Lemma 2.2 are clearly satisfied. We check condition
(131) as follows.

w(u,v):ﬁ(l—é)qu(1(:)(2:)_6—%;;01—6(1—6).

Now
n

. . . (1—5)1}1 1 1
711(2“2,01)—5(1—5)@“24'MW5+2;%—5(1_5)-

Taking real part of ¢ (iuz,v1), we have
n

0(1—9 1 1
Re (iug, v1) = (1 _(5)2 u%) 3_152 + 52071. —B1-9).
i=1

Applying v < —% (1 + u%) and after a little simplification, we have

) A—}—Bu%
<2772
Re(iug,v1) < 50
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where

A = 42 <i;—25(1—5)> —6(1-19),

=1

B = (1-0) (znjl—mu—(s)) _5(1—4),

—
=1
C = (1-0)%ud+02

The right hand side of (3.5) is negative if A < 0 and B < 0. From A; < 0, we
have the value of § given by (3.1) and from B < 0, we have 0 < § < 1. Since
all the conditions of Lemma 2.2 are satisfied, it follows that p(z) € P in E and
consequently F' (z) € S* (9).

Corollary 3.2. Let g,, (z) € S* (%) , for all v; > @ —1,i=1,2,...n, and let
a1 =ay=...=a,=a. Then F(z) € S*(§1), «, B be positive real numbers such
that n < 2a3, where

2
(28 +y/ (528 +1) 480
443 ’
Corollary 3.3. For n =1 in Theorem 3.1, F, o 3 (2) € S* (02) , «, [ be positive
real numbers such that 1 < 2a3, where

01 =

0<6 <1. (3.6)

1 1 2
—(=—-26+1 —i-\/ = —28+1)" 483
5y = (G ) (G ) , 0<68y < 1. (3.7)
43
Corollary 3.4. For n =1, § =1 in Theorem 3.1, F, o (2) € S*(d3), « be
positive real numbers such that 1 < 2a, where

~G-) G- )7
(53: 4 ’

0< (53 < 1. (37)

Theorem 3.5. Let g,, (z) € S* (%) , for all v; > @ —1,i=1,2,...n. Then
F (z) € C(n) with oy, ag, . ..oy are positive real numbers such that 0 < n < 1, where

Ien1
i=1 ¢
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Proof. Differentiating (1.4) for 8 = 1, we have
n =
F'(2) = H <9U1(z)> L (3.9)
i=1 i
Now differentiating (3.9) logarithmically, we obtain

2F'(2) =1 (2g,(2)
e ‘Zaz-(gw(z) 1)'

=1

This implies that

Since gy, (z) € S* (%) , for all v; > V3 _ 1,7=1,2,...n, by Lemma 2.1, it follows

that .
2F" (2) I« 1 "1
e D D= ) N 1
Re <1+ ) > > 2021:% - ( z;a> (3.10)
that is
2F" (2) 1 1
1 -y — . 11
Re( ) ) > 2';% (3.11)

This shows that F'(z) € C (1), where the value of 7 is given by (3.8).
Corollary 3.6. For n =1 in the above theorem, then F, , (2) € C (1), where

171_ 2a'
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