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AN APPLICATION OF SALAGEAN DERIVATIVE ON PARTIAL
SUMS OF CERTAIN ANALYTIC AND UNIVALENT FUNCTIONS

S. PorwaL, K.K. DixiT

ABSTRACT. Let ¢ (z) be a fixed analytic and univalent function of the form
o(2) = 24+ S50, crz® and Hy (ck,8) be the subclass consisting of analytic and
univalent functions f of the form f(2) = z + > poyarz® which satisfy the in-
equality > 27, ¢k |ag| < 6. In this paper, we determine the sharp lower bounds

for Re {gpp}{;(é))} and Re { D2 fn(2) }, where f,,(2) = z + > }_, axz* be the sequence

D f(z)
of partial sums of a function f(2) = z + > 7, axz* belonging to the class Hy (c, )
and DP stands for the Salagean derivative. In this paper, we extend the results
of ([1], [2], [3], [6]) and we point out that some conditions on the results of Frasin
(([1],Theorem 2), ([2],Theorem 2.7)) are incorrect and we correct them.

2010 Mathematics Subject Classification: 30C45.

1. INTRODUCTION

Let A denote the class of functions f of the form
f(z) :z—l—Zakzk, (1)
k=2

which are analytic in the open unit disc U = {2z : |2| < 1} . Further, by S we shall
denote the class of all functions in A which are univalent in U. A function f (z) in
S is said to be starlike of order @ (0 < @ < 1) , denoted by S* («) , if it satisfies

Re {ZJ{ES)} > a, (z € U), and is said to be convex of order o (0 < v < 1) , denoted

by K («) , if it satisfies Re {1 + Z]{'/é;)} >a, (zeU).
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Let T* (a) and C'(a) be subclasses of S* () and K («), respectively, whose
functions are of the form

f(z)=2— Zakzk, ax > 0. (2)
k=2
A sufficient condition for a function of the form (1) to be in S* («) is that
(k—a)|ax| <1—« (3)
k=2

and to be in K («) is that

> k(k—a)la <1-a. (4)

k=2

For the functions of the form (2), Silverman [5] proved that the above sufficient
conditions are also necessary.
Let ¢(z) € S be a fixed function of the form

$(z) =2+ " (k=2 >0,k >2). (5)
k=2

Very recently, Frasin [2] defined the class Hy (¢x, d) consisting of functions f (z)
of the form (1) which satisfy the inequality
[ee)
> erlar] <6, (6)
k=2
where § > 0. He shows that for suitable choices of ¢ and 6, Hy (cx,d) reduces to
various known subclasses of S studied by various authors (for detailed study see [2]
and references therein).

In the present paper, we determine sharp lower bounds for Re { 5:}{; ((Zz))} and

n
Re {%p]}l((zz))}, where f,(z) = z + Zakzk be the sequence of partial sums of a
k=2

(o9}
function f(z) = z + Z arz® belonging to the class Hy (¢, 6) and the operator DP
k=2
stands for the Salagean derivative introduced by Salagean in [4]. In this paper, we
extend the results of Frasin ([1], [2]), Rosy et al. [3] and Silverman [6]. Further,
we point out that some condition on the results of Frasin ([[1], Theorem 2], [[2],
Theorem 2.7]) are incorrect and we correct them.
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2. MAIN RESULTS

Theorem 2.1. If f € Hy (cy,6), then

. DPf(2) )  ens1 — (n+1)75
i) Re{ gL} 5 o 2R (e @

and

Dpfn (Z)} > Cn+1 (z c U) (8)

R e R =
kP if  k=2,3,...,n
where ¢, > kPcpi1
(n+1)P
The results (7) and (8) are sharp with the function given by

if k=n+1n+2.

)
f(z) =2+ — PRy 9)

where 0 < 6 S m

Proof. To prove (i) part, we define the function w (z) by

1+w(z) _ Cnl DPf(z) B Cnt1 — (N4 1)P§
l—w(z) (n+1)P5 | Drf,(2)

n
_ Cn+1
1+kaakzk Ty —ZJrl p(S Z kPayzF1
k=2

1+ Z kPagzF1
k=2

It suffices to show that |w (2)| < 1. Now, from (10) we can write

Cn+1 -1
(n+1)p5 Z Kaye*

m .
P, k-1 Cn+1 P k-1
2+ 2;_2]6 aipz + n+ l)pék_gn lk: apz

Cn+1

w(z) =

Cn+1
kP
n+ 170 Z |a|
k=n+1

Cn+1
2—2ka]ak] (n 175, Z kP |ak|

Hence we obtain |w (z)] <
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Now |w(2)| < 1if 2(n01fp6 Z kP lag| <2 — Zka |ag| or, equivalently,
k=n+1

ka|ak]+ n+1p5 Z kP |ag| < 1. (11)

k=n+1

It suffices to show that the L.H.S. of (11) is bounded above by > /7, % |ax],
which is equivalent to

cp — OkP (n+ 1)Pcy, — cpi1kP
Z( : )ak+ Z ( nfl)pé“ )\ak\zo. (12)

k=2 k=n+1

To see that the function given by (9) gives the sharp result we observe that for
z=re

DPf(z) _

Cn+1 — O0(n+ 1)P
D) — 1+c+1(n—|—1)pzn—>1_ n

Cn+41

cﬂ(n—l—l) , when r — 17.

To prove the (ii) part of this theorem, we write

1+w(z) _ i+ (n+1)P6 [Dpf(z) _( Cn+1 )]
1 —w(z) (n+1)Pd Drf, (z) Cnt1 + (n+1)P§

n
— Cn+1
1+Zk:pakzk L _le& Z kPayz 1
k=2

1+ Z kPayz 1

cnt1 + ( n—}—l”é s
( (n+ 2 K

where |w (z)| < b= n+1 < 1. This last in-
Cn+1 —
2—221&%\ n+1p5 Z kP |ay|
equality is equivalent toz kP |ag| + (—t;llpd Z kP |ag| < 1. Making use of (6)

k=2
to get (12). Finally, equality holds in (8) for the functlon f (%) given by (9). This
completes the proof of Theorem 2.1.
Taking p = 0 in Theorem 2.1, we obtain the following result given by Frasin in [2].
Corollary 2.2. If f € Hy (cg,9) , then

Re{ /() } > G170, (z € U) (13)

fn (Z) Cn+1
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" i 2)
n \% Cn+1
Re > , zeU 14
{f(z)}_cn+l+5 ( ) 14)
5 if k=23,.n
> Y Y )
where ¢ > { i1 if Ee=n+ln42. The results (13) and (14) are sharp

with the function given by (9).
Taking p = 1 in Theorem 2.1, we obtain
Corollary 2.3. If f € Hy (ck,9) , then

f(z) Cny1 —(n+1)6
Re{f;l (2)} = Cntl ) (ze€U) (15)
and £
n \# Cn+1
Re{f/@)}:>cm+1+(n+-né’ (z€U), (16)
where

kS if  k=2,3,...n

cr > ke 17
b= r k=n41,n+2. (7
n+1

The results (15) and (16) are sharp with the function given by (9).
Remark 2.1. Frasin has shown in Theorem 2.7 of [2] that for f € Hy (ck,9) ,
inequalities (15) and (16) hold with the condition

ko if k=23 ...n

> c
k= k5<1—|— n_:11> if k=n+1n+2..
n

(18)

But it can be easily seen that the condition (18) for k¥ = n + 1 gives cpp1 >

(n+1)d (1 + (7?:31) 5) or, equivalently 6 < 0, which contradicts the initial assump-
tion 0 > 0. So Theorem 2.7 of [2] does not seem suitable with the condition (18) and
our condition (17) remedies this problem.
[(A+B)k—(a+B)] (k+Ar-1

l-a < k
—1<a<1landd =1 in Theorem 2.1, we obtain the following result given by Rosy
et al. in [3].

Taking p =0, ¢, = , where A\ > 0, 6 > 0,

Corollary 2.4. If f of the form (1) and satisfy the condition ch lag| < 1,
k=2

where ¢, = 1

l—«

[u+5ﬂpwa+ﬁﬂ<k+x—l>7meAzaﬂzofﬂga<1.
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Then () .
z Cn+1 —
Re > , zeU 19
(o e 1
" i 2)
n\? Cn+1
Re > , zeU). 20
{f(z)}_cn+1+1 ( ) (20)
The results (19) and (20) are sharp with the function given by
1
F) =2t ——amt, (21)
Cn+1

[(+B)k—(a+B)] (kK +A—1
-« k
1 and § =1 in Theorem 2.1, we obtain

. Taking p=1,¢; = ),whereAZO,ﬁZO,—1§a<

Corollary 2.5. If f of the form (1) and satisfy the condition ch lag| < 1, where

k=2
Ck:wyw<k+2—1>, (A>0, 520, -1<a<1),
Then f’() ( 1)
z Cn+1 — n +
>
Re{fuz)}— o #EY) 22
and f’()
n (2 Cn+41
R > , elU). 23
e{f’(Z)}_cn+1+(n+1) zel) (23)
where

CkZ{ ko if k=2,3,...n

Kentd if k=n+1,n+2..

The results (22) and (23) are sharp with the function given by (21).
Takingp=0,ct = p —aur , 0 =1—a ,where 0 < a <1, >0, up. >0, and
Ak > px (k> 2) in Theorem 2.1, we obtain the following result given by Frasin in [1].
Corollary 2.6. If f of the form (1) and satisfies the condition Yy o (A — apg) |ax| <
1 — «, then

(24)

f(z) Mgl — Qfing1 — 1+«
Re{fn (Z)} = )\n+1 — Qfin41 ) (Z € U) (25)
and b )
n 2 n+1 — Qhln41
el G e e e (20
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where
11—« if k=2,3,....n

Ao — apu, > .
k a“k—{AnH—aunH if k=n+1n+2..

The results (25) and (26) are sharp with the function given by
11—«
2)=z4 — "L 27
() Ang1 — Qfln g1 27)

Takingp=1,ck = A —aur , 0 =1—awhere 0 <a <1, >0, up >0, and
Ak > pr (k> 2) in Theorem 2.1, we obtain

Corollary 2.7. If f of the form (1) and satisfies the condition Z (A — apg) |ak| <

k=2
1 — « then
f(z) } Ant1 — Qg1 — (n+1) (1 — @)
Re {f’//z (Z) 2 )\n+1 — Oln+1 ’ (Z € U) (28)
and e .
n\* n+1 — Oln41
Re{f’(z)}z)\n+1—aun+1+(n+1)(1_a)v (ze€U) (29)
where

E(l—a) if k=2,3,....n

An — Qg > _
k aﬂk_{]%w if k=n+1,n+42..

(30)

The results (28) and (29) are sharp with the function given by (27).

Remark 2.2. Frasin has obtained inequalities (28) and (29) in Theorem 2 of
[1] under condition

k(1—a) if k=23 ...n

M1 — > .
s O"“"f“—{ k(1 —a)+ Mneitine) Gr g =y 1042

(31)

But when we critically observe the proof of Theorem 2 of [1], we find that last
inequality of this theorem

A — o, (A —ap Ang1 — Qflpy1
E — -k E —_ 1+ — )k > 0.
k:2< l -« >|ak|+k:n+1< l -« +(n+1)<1—04) ax] =

(32)
We easily see that the inequality (32) of [[1] ,Theorem 2] can not be hold for the
function given by (27) for supporting the sharpness of the results (28) and (29). So
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the condition 2.25 of Theorem 2 in [1] is incorrect and correct results are mentioned
in Corollary 2.7.

Remark 2.3. Takingp=0,¢c, = (k—a),cx=k(k—a),0=1-a,0<a <1
in Theorem 2.1, we obtain Theorem 1-3 given by Silverman in [6].

Remark 2.4. Takingp=1,¢c, = (k—a),cxr=k(k—a),d=1-a,0<a<1
in Theorem 2.1, we obtain Theorem 4-5 given by Silverman in [6].
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