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SUBORDINATION RESULTS FOR A CLASS OF NON-BAZILEVIC
FUNCTIONS WITH RESPECT TO SYMMETRIC POINTS
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ABSTRACT. In this article, we investigate a new class of non-Bazilevi¢ functions
with respect to k-symmetric points defined by a generalized differential operator.
Several interesting subordination results are derived for the functions belonging to
this class in the open unit disk.
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1. INTRODUCTION AND PRELIMINARIES
Let H(a,n) denote the class of functions f(z) of the form
f(z2)=a+anz"+an1 2"+, (zelU), (1)

which are analytic in the unit disk &/ = {z € C: |z| < 1}. In particular, let A be
the subclass of H(0,1) containing functions of the form

f) =2+ an2". (2)
n=2

We denote by S, §*, K and C, the classes of all functions in 4 which are, respec-
tively, univalent, starlike, convex and close-to-convex in Y. Let f(z) and g(z) be
analytic in #. Then we say that the function f(z) is subordinate to ¢g(z) in U, if
there exists an analytic function w(z) in U with w(0) =0, |w(z)| <1 (2 € U),
such that f(z) = g(w(z)) (z el).
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We denote this subordination by f(z) < g(z). Furthermore, if the function g(z) is
univalent in U, then f(z) < g(2) (2 €U) <= f(0) = g(0) and f(U) C g(Uh).

Let k be a positive integer and let ¢ = exp(%). For f € Alet

fr(z) =

x| =

k—1
S e f(ela). (3)
j=0

The function f is said to be starlike with respect to k-symmetric points if it satisfies

Re(?f(?) >0, zel. (4)

We denote by Sgk) the subclass of A consisting of all functions starlike with respect to
k-symmetric points in ¢. The class S§2) was introduced and studied by K. Sakaguchi

[8]. If j is an integer, then the following identities follow directly from (3).
fe(e?2) = & fi(2),

FU(2) = iz = 1 3 F(ee).

= (5)
A ) 1=t .
) = () = 3 3L )
j=0

If we replace z by €7z in (4) and take the sum with respect to j from 0 to k — 1,

then we obtain f1(2)
zf(z

Re k ) >0, z€U.
< fr(2)

This shows that if f € Sgk) , then fr € S*. Using this together with the condition
(4) we see that functions in S are close-to-convex. We also note that different

subclasses of S, §’“) can be obtained by replacing condition (4) by

() w0

where h(z) is a given convex function, with h(0) =1 and Re h(z) > 0.
We will make use of the following definition of fractional derivatives by S. Owa [6].
The fractional derivative of order ¢ is defined, for a function f, by

sp_ L d [T
DG = s | e 0<5<) (6
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where the function f is analytic in a simply connected region of the complex z-
plane containing the origin, and the multiplicity of (z — &)™ is removed by requiring
log(z — &) to be real when (z — &) > 0. It follows from (6) that

D6 n _
X T Tat1-0)

(0<d<1l,neN={1,2,...1}).

Using D’ f, S. Owa and H. M. Srivastava [7] introduced the operator Q9 : A — A,
which is known as an extension of fractional derivative and fractional integral as
follows: Q°f(2) =T(2—-06)2°DS f(2) = 2+ 322, %1;(26)5) anz". Here we note
that Q°f(2) = f(2).

In [2] F. M. Al-Oboudi and K. A. Al-Amoudi defined the linear multiplier fractional
differential operator DT"s as follows:

DY f(2) = f(2),

Dy’ f(2) = (1= N £(2) + A 2(Qf(2))'
=D(f(2)), (0<4&<0, A>0),

DY’ f(2) = DY(Dy° (2)),

DY f(z) = DY (DY f(2)), m € N. (7)
If f(z) is given by (2), then by (7), we have

S m
Dy —z—l—Z( nﬂfé))[u(n—l)x]) anz".

It can be seen that, by specializing the parameters the operator DT’(S f(2) reduces to
many known and new integral and differential operators. In particular, when § =0
the operator Df\”’a reduces to the operator introduced by F. AL-Oboudi [1] and for
0 =0, A = 1 it reduces to the operator introduced by G. S. Salagean [9]. Further we
remark that, when m =1, A = 0 the operator DT"S f(2) reduces to Owa-Srivastava
fractional differential operator [7].

Throughout this paper, we assume that

N
—_

f(N 65 2) = e (DY fele) =2+,  (fe€A).

| =
<.

I

o

85



C. Selvaraj, K. A. Selvakumaran - Subordination results for a class of non...

Clearly, for k = 1, we have f{"(X,6;2) = Df\n’(sf(z). Let P denote the class of analytic
functions h(z) with h(0) = 1, which are convex and univalent in ¢/ and for which
Re{h(z)} >0, (ze€lU).

We now introduce the following subclass of A:

Definition 1.1. A function f € A is said to be in the class N*(X,6,7; ) if and
only if

(Dmvéﬂz))’(z)m Zo(),  (zel) ®)
A (N, 05 2) ’ '

where 0 <y <1, ¢ € P and fi" (X, d;2) # 0 for all z € U\ {0}.
1

We remark that for the choice of ¢(z) = . + z’ m =0, k=1 the class

—z
NN, 8,7; @) reduces to N(7), (0 < v < 1) introduced by Obradovié¢ in [5]. He
named this class of functions as non-Bazilevic¢ type.
In this paper, we derive some sufficient conditions for functions belonging to the
class NJ" (), 0,7; ¢). In order to prove our results we need the following lemmas.
Lemma 1.2. [10] Let h be conver in U, with h(0) = a,d # 0and Red > 0. If
p € H(a,n) and

pe)+ 2 L,
then
p(2) < q(2) < h(z),
where

n 20/n

a(z) = —2 / h(t) 1@/ =1 g
0

The function q is convexr and is the best (a, n)-dominant.
Lemma 1.3. [3] Let h be starlike in U, with h(0) = 0. If p € H(a,n) satisfies

2p/(2) = h(2),

then ;
p(2) < q(z) =a+ nl/ h(t)t~!dt.
0

The function q is conver and is the best (a, n)-dominant.
Lemma 1.4. [4] Let q(z) be univalent in the unit disc U and let 0(z) be analytic in
a domain D containing q(U). If zq¢'(2)0(q(2)) is starlike in U and

2p'(2)0(p(2)) < 2¢'(2)0(q(2))

then p(z) < q(z) and q(z) is the best dominant.
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2. MAIN RESULTS

Theorem 2.1. Let f € A with f(z) and f'(z) # 0 for all z € U\{0} and let h
be convex in U, with h(0) = 1 and Reh(z) > 0. If

{(DT"V(z))’(W) ””}2 [3 gy 4 EDHE)

—2(1+7)W < h(2),
then s
m,0 z —= zZ) = z
O 1) (frggy) <) = VAE, (10)
where

and the function q is the best dominant. .
g
Proof. Let p(z) = (D)\m"sf(z)),<z> (zeU;z#0;f € A).
fit (A, 6; 2)
Then p(z) € H(1,1) with p(z) # 0 in Y. Since h is convex, it can be easily verified
that @ is convex and univalent. We now set P(z) = p?(z). Then P(z) € H(1,1)
with P(z) # 0 in U. By logarithmic differentiation we have,

2P'(z)  [2(DY°f(2)" (055 2)
P() _2[(DT’5f(z))' (-]

Therefore, by (9) we have

/

I\

P(2) + zP'(2) < h(z). (11)
Now, by Lemma 1.2 with § = 1, we deduce that

P(z) < Q(2) < h(2),

and @ is the best dominant of (11). Since Re h(z) > 0 and Q(z) < h(z) we also have
ReQ(z) > 0. Hence, the univalence of @) implies the univalence of ¢(z) = /Q(z),
and

P*(2) = P(2) < Q(2) = ¢*(2),

which implies that p(z) < ¢(z). Since @ is the best dominant of (11), we deduce
that ¢ is the best dominant of (10). This completes the proof.
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Corollary 2.2. Let f € A with f(z) and f'(z) # 0 for all z € U\{0}. If Re(¥(z)) >
a, (0<a<1), where

S yms ey 2 147y 2 22(DY f( )” 2(f (0, 6;2))
\IJ(Z)_{(DA f&) <f;§”(>\,5;z)> } [3”% (Dmﬁf( N U T s )

el 0 () ) e

1
where p(a) = [2 (1 —).log2 + (2a — 1)] 2, and this result is sharp.
Proof. Let h(z) = (1+) with 0 <a <1. Then from Theorem 2.1, it follows
that Q(z) ia convex and Re Q(z) > 0. Also we have,

min Re q(z —mlnRe\/ =v/Q(1) =[2(1-a).log2+ (2a — 1)] 2.

|z|<1

t\.’)\»—t

This completes the proof the corollary.
By setting m = 0, and v = 0 in Corollary 2.2, we have the following corollary.
Corollary 2.3. Let f € A with f(z) and f'(z) # 0 for all z € U\{0}. If

2
2f!(2) 2f"(2) zf1.(2) zf'(2)
Re{<fk(z)> [3+2 e 27 ]} >a, (0<a<l),then Re{ INE) } > (),
where p(a) = [2(1 — a).log2 + (2a — 1)] %, and this result is sharp.

Theorem 2.4. Let f € A with f(z) and f'(z) # 0 for all z € U\{0} and h be
starlike in U, with h(0) = 0. If

m,e . " m P !
A z )
then / . 147 z ]’L(t)
(DT £(2)) <W> < q(z) = exp </0 - dt), (13)

and q is the best dominant.

, 5 1+~
Proof. Let p(z) = (Df\n’(sf(z)) <f ey )> (zeU;z#0;f € A).

Then p(z) € H(1,1) with p(z) # 0 in Z/{ Thus we can define an analytic function
P(z) =logp(z). Clearly P € H(0,1), and by (12) we obtain

2P'(2) < h(z). (14)
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Now by using Lemma, 1.3 we deduce that P(z) < Q(z) = [~ h(t) dt, and @ is the best
dominant of (14). Converting back we obtain p(z) = exp P( ) < expQ(z) = q(2),

and since @ is the best dominant of (14), we deduce that ¢ is the best dominant of
(13). This completes the proof.

By setting m = 0 in Theorem 2.4, we have the following corollary.

Corollary 2.5. Let f € A with f(z) and f'(z) # 0 for all z € U\{0} and h be
starlike in U, with h(0) = 0. If

2f"(2) ( B Zfé(z)) .
702 +(1+v)(1 () =< h(z) (zel;v>0),
1+
then f'(z) <f1j2)> ! < q(z) = exp <f ), and q 1is the best dominant.

Theorem 2.6. Let f € A with f(z) and f'(z) # 0 for all z € U\{0} and q(z) be
univalent in the unit disc U with ¢'(z) #0 inU. If Zg(g) is starlike in U and

(DY £ (2))" AN 2d ),
ooy P - Tas g ) < Gewzon 09

14~
then (DTJJC(Z))/(JW) < q(2), and q(z) is the best dominant.

sUy

1+
Proof. L = (D™ f(2)) (e 20 .
roof. Let p(z) = (DY"°f(z)) <f,gn()\,5;z) (z€eU;z#£0;f € A)
By setting 6(w) = £, a # 0, it can be easily verified that f(w) is analytic in
m,8 " m . !
C — {0}. Then we obtain a22&) — CL[Z(DA f(z)), + (147 (1 — 72(@” (/\’6.72)) )] <
{0} ) D) (1+9) T2

a zj(i)) Now, the assertion of the theorem follows by an application of Lemma 1.4.

By setting m = 0 in Theorem 2.6, we have the following corollary.
Corollary 2.7. Let f € A with f(z) and f'(z) # 0 for all z € U\{0} and q(z) be
univalent in the unit disc U with ¢'(z) #0 inU. If z;;(g) 1s starlike in U and

)\ | 2 (2)
£i(2) ) =)

2f"(2)
f'(2)

+(1+7)<1— (= €t 7 > 0),

14+~
then f’(z)( z ) < q(z), and q(z) is the best dominant.
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