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RUSCHEWEYH-TYPE UNIVALENT HARMONIC FUNCTIONS
STARLIKE OF THE COMPLEX ORDER
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ABSTRACT. In this paper, we have defined the class RT}, (v, A, ) by making use
of the Ruscheweyh derivatives and we give necessary and sufficient conditions for
the functions to be in RT}, (v, A, 3).
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1. INTRODUCTION

A continuous function f = u + iv is a complex-valued harmonic function in a
domain D C C if both u and v are real harmonic in D. In any simply connected
domain, we can write f = h + g, where h and g are analytic in D. We call h the
analytic part and g the co-analytic part of f. Clunie and Sheil-Small [2] proved a
necessary and sufficient condition for f to be locally univalent and sense-preserving
in D is that |h/(2)| > |¢/(z)| in D.

Let 'H denote the class of functions f = h 4 g that are harmonic univalent and
sense-preserving in the unit disk 4 = {z : |z| < 1} with f(0) = f.(0) =1 = 0.
Therefore we can express analytic and co-analytic parts of the function f = h+7 as

h(z) =z+ Zanz", g(z) = anz”, |b1] < 1. (1)
n=2 n=1

We can note that H reduces to S, the class of normalized univalent analytic functions
whenever the co-analytic part g = 0.

Let RT» denote the family of functions f = h + g that are harmonic in & with
the normalization

h(z) =z — Zanz", g(z) = anz", anp >0, b, >0, by <1. (2)
n=2 n=1
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For A > -1,y € C\ {0} and 0 < 8 < 1, we let RT}; (7, A, 3) denote the class of all
functions in RT for which

1 2D f(2))
refi (oo s amre 1)) 70 @)
Here, the operator D* f(z) is the Ruscheweyh derivative of ¢(2) = § cn 2" given by
n=1
DW@V‘@i%ﬂK E:B

where * stands for the convolution or Hadamard product of two power series and

A+1DA+2) (A +n—1)

B,(\) = =1 , see [5].
Also if f(z) = h(z) + g(2) then
D f(2) = D h(z) + D*g(2), see [4]. (4)

We note that RT},(7,0,0) is the class of harmonic function in the unit disk studied
by Sibel et al. [6].

Furthermore, let ST5/(7, A, #) denote the subclass at RT} consisting of functions
f =h+79 € RTx that satisfy the following

2((n = 1)1 =B) + (B(n = 1) + y) Bu(Man

+((n+ 1)1 =6) + [(n+1)(1 = B) = 29(1 = B(n + 1)) Bn(A)ba] < 47| (5)

We also consider LR3,(7, A, 8) the subclass of RT} consisting of functions
f =h+7 € RTjy that satisfy the following

s

3 [<n - p) Re,j,”) (14 Bn - 1>|7|] Bu(Nan
n=1
T [<n+ (1 - ) Rj,’” (- Bt 1>>|v|} (Vba < (21 B (©)

The harmonic starlike functions studied by Avci and Zlotkiewicz [1], Jahangiri [3],
Silverman [7], and Silverman and Silvia [8].

The coefficient condition Z n(lan| + |bn]) < 1, with by = 0 is sufficient for

f = h+7 to be harmonic starhke proved by Avci and Zlotkiewicz [1] while Silverman
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[7] proved that this coefficient condition is also necessary if b = 0 and if a,, and b,
in (1) are negative. Jahangiri [3] proved that if f = h 4 g is given by (1) and if

(o]
Z(T \an!+”+o‘lb |>s2, 0<a<l, a =1, (8)

n=1
then f is harmonic, univalent, and starlike of order « in ¢. This condition is proved

to be also necessary if h and g are of the form (2). the case when « = 0 is given in
[8], and for av = by = 0, see [7].

2.MAIN RESULTS
Theorem 1. ST}, (v, \, 5) C RT}, (v, \, ).

Proof. Let f € STj/(v,A,3). We need to show that the condition (3) holds,
therefore

Re{[(y = D)[B2(D*n(2)) = B2(DXg(2)) + (1 = B)D h(2) + (1 = §)DAg(2)]
+2(DMh(2)) = 2(DAg(2))']/W[B2(D h(2)) = B2(Dg(2))' + (1 = B)D h(z)
+(1 = B)D g(2)]} >0, where 0< B <1,7e€C\{0}, A>—1.

Using the fact that Re w > 0 if and only if |w + 1| > |1 — w|, then we have and
by (2)
(27 = D[B2(D*h(2))' = Bz(DAg(2)) + (1 = B)D h(z) + (1 — B) DAg(2)]
+ 2(D*h(2)) = 2(DAg(2))'| = |B2(D*h(2)) — B2(Dg(2))’
+ (1= B)D*h(2) + (1 — B)D*g(2) — 2(D*h(2)) + 2(D*g(2))|
= |(2y = D[Bz = 355, BnBp(Nanz" — 3207 BnBa(A ) nz + (1= B)z
= Yoo = B)Ba(N)an2"™ + 32071 (1 = B) Bp(M)bnz"] + 2 — 3 0% 5 nBn(N)anz"
= D one1 B (A)bnz"|
—\52—220:2 BnBp(A)anz" Zoo 1 BnBr(A)by, 7n+(1_ﬁ)Z_ZZO:Q(l_ﬁ)Bn()‘)anzn
+ 2 ne1 (L= B)Bu(N)bnZ" — 2 + 3250y nBu(Nanz" + 3272 nBn(A)bnz"|
=2vz — 3 025 (2y8n — Bn+ 2y — 296 — 1 + B+ n) Bu(N)an2"
—> 2 (2yBn — pn —2y+ 2y 4+ 1 — B+ n)By(A\)b,zZ"|
— | ZZO:2(” —Bn =14 B)Bp(A)anz" + 220:1(” +1—fBn—B)Bn(A\)b,z"|
> 2y = (o 2((n = 1)(L=B) + (B(n— 1) + )|y Ba(Nan + 3207, (R +1)(1 = B)
+|(n+1)(1 =) —27(1 — B(n + 1))|)Bn(A)b,) > 0. For sharpness consider the

function
N il .
nz; n—1)( /8)_’_(/8(,”_1)_’_1)"”3712
3 29| B
+n:1 D08+ |+ D)1—p) —29(1— B+ 1) ™ (8)

139



A.R.S. Juma - Ruscheweyh-type univalent harmonic functions starlike of the...

where s,,,t, are non-negative and »_ s, + >_ ¢, = 1 and all the functions of the
n=2 n=1
form (8) are in RT}; (7, A, B), since
> Q=11 —=8)+ (B(n— 1) + DY) Ba(Nan + Y _((n+1)(1 - )
n=2 n=1

H(n+ 1)1 = B) = 29(1 = B(n+ 1)) Bu(Nby =271+ D sn+ > _tn) =4]7].
n=2 n=1

Theorem 2. RTY (v, \,B) C LR},(7, A, B).
Proof. Let f € RT;,(v, A, 3), then from the condition (3) we have

e {1 ( 2(D*h(2)) — 2(DAg(2))’ B 1)} -
7 \B2(DM(2)) = B=(DAg(2)) + (1= B)DMh(z) + (1 = 5) DAg(2)

By using (2), we obtain Re{%([z — > onBp(N)anz" — > 07 nBp(N)b,z"] /|82 —

D oneg BnBr(Nanz" = 3207 AnBp(A)bnz" + (1 - B)2
=3 (1= B)Bp(Nanz"+ > 07 1 (1 = 8)Bn(A)byz"] — 1} > —1, then, we have

o0 o0

|~ 2 (0= B =14 B)Bu(Nan" — 3 (n— fn+ 1= B)Bu(A)ba="
Re ——=— n=2 > —1.
Toa- 2 (B4 1= )Ba(Nanz" + 3 (1= = ) Bu(\)bn?"
Choosing z — 17~ on the real axis, we obtain
> (1= 11— B)Ba(Nan + 3 (0+ (1= HBVE0
n:io nzloo Re () <1,
1= 3 (14 Bn = 1)Bu(Nan + 3 (1= B(n + 1)) Ba(N)b 7
thus,
> (n—1)(1 = B)Ba(Nan + Y _(n+1)(1 = B)Bu(A)by
n=2 n=1
2 0 0
< (1 =304 Bl 1) BaNan + D20~ B+ 1>)Bn<A>bn> ,
n=2 n=1
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then we get 30, | (n — 1)(1 = B)%2 4 (14 B(n — D)|y]| Ba(Nan

n [(n—l— 1)(1 - B — (1 - B(n + 1))w|] Bn(A\)bn < 2|7|. Then by (6) we have

f € LR (v, A, B).

Theorem 3. STj/(v, A, 3) = RT}(7, A, B) = LR;,(7, A, B), where 0 < v < 1,0 <
B<1and > —1.

Proof. If v € (0,1], then the condition (5) and (6) are equivalent and here ST5 (v, A, 5) =
LR3,(7, A, 3). By making use the previous two theorems, we get the result and this
complete the proof.

Theorem 4. LR4,(v,\B) € RT5 (v, A\ B), if Re(y) < 0 and Re(v) # —% or

v € (3,00).

Proof. Consider the function f(z) = z — %HZQ,)\ > —1,f € LR}/(7, A, B), since

202 [(n = D= BYEE + (14 B(n — 1) 1l] Ba(Va

[+ 1)1 = B — (1= B(n+ Dl | Ba(Wba = Iyl +(1-8) 52 +(1+8) 1| =

2+ B + (1= HHEE < (2+ B)ly| when 5 € C\ {0} and Re(y) <0.
Also, let r = Re(y) < 0 and ¢ be negative real number such that

(1-75)+2r(1+ p)(1 —t) > 0. If we choose z :A%, then z € U and
A _ 2 1 2(D* f(2))’ _
by D f(z) = z — z°, we have 1 + 5 (ﬁz(D*f(z))'Jr(lf,B)D)‘f(z) - 1) =t < 0, then

f(2) € RT3 (v, A, B).-
By the same way, let f(z) =z + %HZQ, then if v € <w, oo), we obtain

f € LR (v, A, B), since

- R

> [0 =9 4 (14 50 - )| Baan

n=1

B g

+ [(n+1)(1 =73 7 (1= B+ 1) 7] Ba(A)bn

—31- 87 4 3800] < 2+ Bl
Now let ¢ be a negative real number such that 3(1 — 3) + v(t — 1) < 0, choose
z = —%, then 2z € U and by definition of f we have

1 2(DM () N )_
v+ (s e ~1) =1 <O

therefore f & RT}, (v, A, B).

Theorem 5. RTj/(v, )\ B) € ST} (v, N, (), whenever v < —1,A > —1 and
B €l0,1).
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Proof. Consider the function fy(z) = z — IT\Z A>—1and o > (*ﬂ)JW’
then f € RT} (v, A, B), since
1 2(DA o (2))
reLs (ﬁz(Dw IR -1)}
oz(1 —
:R6{1+7(0z l—i—ﬁ —1 }
We have also
> R2((n =11 =B) + (B(n— 1) + DY) Ba(Nan + (n + 1)(1 — )
n=1

+H(n+ 1)1 =) = 29(1 = B(n + 1))]) Bn(A)bn]
=2yl +[2(1 = B) +2(8 + V) llo > 4)~],

because o > 0 > 1, then f & ST5 (v, A, B).

ol
1-6)+~(1+8)
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