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ON P-VALENT STRONGLY STARLIKE AND STRONGLY CONVEX
FUNCTIONS
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ABSTRACT. In this paper, we define some new classes S*(a,c, A, p,a, 3) and
C(a,c, A\, p,, B) of strongly starlike and strongly convex functions or order cand
type B by using Cho- Kown -Srivastava integral operators. We also derive some
interesting properties, such as inclusion relationships of these classes.
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1. INTRODUCTION

Let A(p) denote the class of functions f(z) normalized by

oo
P+ apn Tt peN={1,2,3,..}. (1.1)
k=1

which are analytic and p-valent in the unit disk £ = {z: z € C and |2| < 1}.
A function f(z) € A(p) is said to be in the class S*(p, 5) of p-valently starlike
function of order 3 in FE if it satisfies the following inequality:

zf'(2)
Re(f(z)>>ﬁ,zeE,O§6<p. (1.2)

The class S*(p, #) was introduced and studied by Goodman [4], see also [11]. For
recent investigation and more detail the interested reader are refers to the work by
[12, 13]. Also, we note that S*(p,0) = S, where S} is the class of p-valently starlike
functions in E.
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A function f(z) € A(p) is said to be in the class C'(p, 5) of p-valently convex
function of order 3 in FE if it satisfies the following inequality:

2f"(2)
f'(2)

The class C(p, 5) was introduced and studied by Goodman [4], see also [10]. Also
we note that C(p,0) = Cp, where C), is the class of p-valently convex functions in
E.

A function f(z) € A(p) is said to be strongly starlike of order o and type [ in
FE if it satisfies the following inequality:

Re<1+ >>6,zeE,0§6<p. (1.3)

zf'(2) am
arg<f(z) —ﬁ>‘<2,zEE,0§a<pandO§ﬁ<p. (1.4)

We denote this class by S*(p, a, 3).A function f(z) € A(p) is said to be strongly
convex of order o and type [ in FE if it satisfies the following inequality:

2f"(2)
f'(z)
We denote this class by C(p, a, 3).

It is obvious that f(z) € A(p) belongs to C(p,a, () if and only if # €
5*(p, a, 3). Also, we note that S*(p, o, ) = S*(p, B) and C(p, o, 8) = C(p, B).

In our present investigation we shall make use of the Gauss hypergeometric
functions defined by

arg<1+ —ﬁ>’<o;ﬂ,zEE,0§a<pand0§ﬂ<p. (1.5)

— (a)k (b)x 2*
Fi(a,b;c;2) = —_— 1.6
Filabies) = 0r (1.6)
where a,b,c € C, ¢ ¢ Zy = {0,—1,—2, ...} and (k),, denote the Pochhammer symbol
(or the shifted factorial) given, in terms of the Gamma function I', by

_Dk+n) [ k(k+1)...(k+n-1) n €N,
(k)"_f‘(k)_{l n=0.

We note that the series defined by (1.6) converges absolutely for z € E and hence
represents an analytic function in the open unit disk E, see [14].
We define a function ¢,(a, c; 2) by

a k zptk

opla,c;z) = 2 + Z ()<C)k7 aeR; ceR\Z; ={0,-1,-2,..} (z€E).
k=1
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Using the function ¢,(a, ¢; 2), we consider a function q&j,(a, ¢; z) defined by

Zp
(1 — 2) P’

¢p(a, G Z) * QZ)L(CL, G Z) = KRS E7

where A > —p. This function yields the following family of linear operators
L(a,e)f(z) = ¢}(a,c;2) * f(2), z € E, (L.7)

where a, ¢ € R\Z, . For a function f(z) € A(p), given by (1.1), it follows from (1.7)
that for A > —p and a, c € R\Zj

Da,c)f(z) = 2P+ i Wap+k ZPF (1.8)
= zPQFIC, A+p;a;z) « f(z), z€ E.
From equation (1.8) we deduce that
2L (a, o) f(2)) = (A +p)[H (a,0) f(2) = AL (a,0) f(2), (1.9)

z(Ig‘(a +1,0)f(2))= aI;‘(a, c)f(z) — (a— p)IZ;\(a +1,¢0)f(2). (1.10)
We also note that

z
L(p+1,1)f ofdet L(p,)f(z) = I(p+ L1 f(2) = f(2),
’ 2 2 ¢

Lp D)f(2) = Zf,f”, L V() = Bl

Bp+1,1)f(z) = L2O pn(a,0) f(z) = D71 f(2), n €N, n > —p,
where D"*P~lis the Ruscheweyh derivative of (n + p — 1)th order, see [5].

The operator II’)\(a, c) (A > —p,a, c € R\Z; ) was recently introduced by Cho
et.al [1], who investigated (among other things) some inclusion relationships and
argument properties of various subclasses of multivalent functions in A(p), which
were defined by means of the operator I;‘(a, c).

For A =c¢ =1 and a = n + p, Cho-kown-Srivastava operator I;‘(a, c) yields
I;(n +p,1) =1y, (n> —p),

where I, ;, denotes an integral operator of the (n+p-1)th order, which was studied by
Liu and Noor [6], see also [7, 8]. The linear operator I (u+2,1) (A > —1,pu > —2)
was also recently introduced and studied by Choi et.al [2]. For relevant details about
further special cases of the Choi-Saigo Srivastava operator the interested reader may
refer to the works by Choi et. al [2] and Cho et. al [1], see also [3].
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Using the operator I;‘(a, ¢) we now define new subclasses of A(p) as follows:

Definition 1.1.

. , . 2(I(a,c)f(2))
S*(a,c,\,p,a, B) = {f(z) € A(p) : I;‘(a,c)f(z) € S*(p,a, ), sz‘(a,c)f(z) £ 5} .

where z € E.

It is easy to see that S*(p,1,0,p, o, 3) = S*(p,a, B) and S*(p+1,1,1,p, e, B) =
S*(p, o, B), is the class of strongly starlike functions of order o and type (3 as given
by (1.4).

Definition 1.2.

2(IMa. c) f(2))"
c<a,c,A,p,a,ﬁ>:{f(z)eA<p>:Ig<a,c>f<z>ec<p,a,ﬁ>,1+ Uy (3,0)(2)) #6}-

where z € E.

Obviously, f(z) € C(a,c, A\, p,, ) if and only if Zf;)(z) € S*(a,c, A\, p,a, 3),
C(p,1,0,p,a,8) = C(p,a,p) and C(p + 1,1,1,p,a,3) = C(p,, ) is the class
of strongly convex functions of order o and type [ as given by (1.5).

2. PRELIMINARIES AND MAIN RESULTS

In order to prove our main results we shall need the following result.

Lemma 2.1.[9] Let a function h(z) = 1+ c12z + c22% + ...be analytic in E and
h(z) # 0, z € E. If there exists a point zy € E such that

larg h(z)| < ga (2| < |20]) and |argh(zo)| = ga O0<a<1), (21)

then we have,

2ol (20)

= 2.2
M) 22

where )
k> 5(& + a) when argh(zy) = —a, (2.3)

1
k< —5((a + 5) when argh(zy) = —a, (2.4)

and
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Theorem 2.2. S*(a,c, \+1,p,a, 3) C S*(a,c, \,p,cr, ) C S*(a+1,¢, A\, p, o, B).

Proof. Set

2(I)(a, ) f(2))
I)a,c)f(z)
Then h(z) is analytic in £ with h(0) = 1 and h (2) # 0, z € E. Applying the identity
(1.9) in (2.1) and differentiating the resulting equation with respect to z we have

(I Y a, ¢) f(2)) (p — B)zh(2)
I (a, c)f(z) (A+8)+ (p—B)h(z)

Suppose there exists a point zg € E such that the conditions (2.1) to (2.4) of Lemma
2.1 are satisfied. Thus, if

=B+ (p—B)h(2). (2.5)

—B=(p—PB)h(z) +

arg h(zg) = %ﬂa, 20 € E,

then
AP @A, Sion
Fiaase T ﬁm“”{l*u+ﬁ)+@ﬁmww

_ _ @ _% 1 ’Lk?Oé Wa:|
0= [ G

This implies that

2(IMa,0) f(2)) B IR tka T
me < I)\Jrl(aa C)f(z) ﬁ> + & |: )\ + B (p — ﬁ)aae_wza] 2
+tan"! ka(()\ +08)+(p— )a cos (22)
A+ B)2 42X+ B)(p — B)acos (%) + B)%a% — ka(p — B)a®sin (%) |

This gives that

2(IM(a,0)f(2)) —ma
m(ﬂwmm@ @S

since 1 ]
k§7(a+7)§—1 and zp € E,
a

this contradicts the condition f(z) € S*(a,c, A\, p, , ).
On the other hand if we set

To
arg h(zo) = 5
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then it can similarly be shown that

AP (0,0 (2)) a
arg( P (a,0)f(2) 5>22

since ) .
k> - - dz € FE,
2 5(a+-) and 2

which again contradicts the hypothesis that f(z) € S*(a,c, A\, p, «, 3).
Thus the function defined by (2.5) has to satisfy the following inequality:

arg h(z )g; z€eE.

which implies that

(I (a, ) f(2))
e ( P (a,0) f(2)

The proof of part (ii) lies on the similar lines. This completes the proof of Theorem
2.2.

Theorem 2.3.0(@, ) A + 17p7 «, ﬂ) - C(av ¢, )\,P’ «, /8) C C(CL + 17 ) )‘7pa «, ﬁ)
Proof. To prove this inclusion relationship, we observe from Theorem 2.2 that

2f'(2)
p

f(Z) € C(a707A+17p7a)ﬂ)<:>

= Zf;g( g € 5%(a, ¢, A\, p,a, B) & f(2) € Cla, ¢, p,a, ).

€ S*(CL, 07A+ 17]0:0475)

The proof of second part lies on similar lines. This completes the proof of Theorem
2.3.

For a function f(z) € A(p) the integral operator, Fs, : A(p) — A(p) is defined
by

Fsp(f)(2) = 5;p/t6 ' = <zp+26i;—ik p+k> * f(2) (2.6)

0
= 2P oF1(1,0+p,0+p+1;2) % f(2), z€E, see [2].

It follows from (2.6) that
2 (R, F5p(N) = 6+ D))~ 6@ ) Fsp(H). (27)
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We have the following result.
Theorem 2.4. Let § > —( and 0 < B < p.If f(z) € S*(a,c, \,p,a, B) with

2(Ip(a, ) Fsp(f)(2))
I3(a,0)Fsp(f)(2)

%0, forall z € E,

then we have

Fsp(f)(2) € §%(a,c, A, p,a, B).
Proof. We begin by setting

2 (1) (a,0)Fs,p()(2))
I3(a, o) Fsp(f)(2
h(
)f

)
0) = 1. Using (2.7) and (2.8), we find that
(

(I (a,c) f(2)
(a ) Fs.(f)(2)
Differentiation both sides of (2.9) logarithmically, we obtain

2( IZ’,\(a, o)f(z)) (p— B)zh(2)
IMa,c)f(z) (0+8)+(p—PB)h(z)

Suppose now there exists a point zy € F such that

=0+ (p—pP)h(z), z€E. (2.8)

Then h(z) is analytic in F with

(6 +p) 73 = (6 +p) + (p — B)h(2). (2.9)

—B=(p—B)h(z)+

larg h(2)] < ~a (|2] < |20|) and |arg h(z)| = ga,

2

Then by Lemma 2.1, we can write that

20h(20) . S
Oh(zo)o = ika and (h(zp))= = *ia (a > 0).
If .
arg h(zp) = 5% 20 €F,
then
Ao f=) S Ioh
RaofG) 07 PO { G+ B)+ - D)
it tka
B O e vy
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This shows that

2(IMa,¢) f(z)) To tka T
e < (1§<(a, C))f((ZO))) B ﬁ) e arg{l T+ 0 + - BaeF } E2
b tan—l { ka (64 68+ (p—B))a“ cos (%) }
(6+ 0 + 200 + B)(p — Bac cos (%) + (p — §)°a> + kalp — Ha” sin (%)
>
since

1 1
kzi(a+f)21andz06E,
a

which contradicts the assumption that f(z) € S*(a,c, \,p, @, 3).
Similarly in the case when

arg h(zg) = —ga, 20 € E,

we can prove that

z )‘ac 2 / —Tx
arg( (I (@,0)/ (0)) _ﬁ> <o

since 1 ]
k< —i(a—l——) < —land 2 € E,
a

contradicting once again the condition that f(z) € S*(a,c, A, p, @, 3).
We thus conclude that h(z) must satisfy the following inequality

larg h(z)| < ga, z € FE.
This shows that

2(I)(a,¢)Fsp(f)(2))
Ig\(av C)]:(S,p(f)(z)

arg - B <%,Z€E,

and hence the proof is complete.
Theorem 2.5. Let § > —( and 0 < B < p. If f(2) € C(a,c, \,p,, 3) and

A a, ) Fs p()(2))"
INa ) Fop(H()y 7 O Aor etz el

1+

186



A. Muhammad - On P-valent strongly starlike and strongly convex functions

then we have

]:(s,p(f)(z) € C(CL, ¢, Aapa «, ﬂ)

Proof. Since

f(Z) € C(a,c,)\,p,a,ﬂ)ﬁ}z“fgz) ES*(a,c,)\,p,a,ﬁ)

For(f)(2) o AN
p p

!/
ES*(Q)C7)\7Paa7ﬁ) GS*(aucv)‘7p7aa/6)

& Fsp(f)(z) € Cla, e, A\ p,a, ).
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