Acta Universitatis Apulensis No. 26/2011
ISSN: 1582-5329 pp- 189-196

ON CERTAIN SUBCLASS OF P-VALENT FUNCTIONS
INVOLVING THE DZIOK-SRIVASTAVA OPERATOR
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ABSTRACT. In this paper, we introduce a class Tx(\, a1,p,q, s, p). We investi-
gate a number of inclusion relationships, radius problem and some other interesting
properties of p-valent functions which are defined here by means of a certain linear
integral operator Hj ;4 s(a).
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1. INTRODUCTION

Let A(p) denote the class of functions f(z) normalized by

f(Z):Zp+Zap+kzp+k (pGN:{1,2,3}, (1)
k=1

which are analytic and p-valent in the unit disk £ = {|z|: z € C,|z| < 1}.
For functions fj(z) € A(p), given by (1) we define the Hadamard product (or
convolution) of f1(z) and fa(2) by

fi(2) =22 4+ appr 2 (G ={1,2,3---}, (2)
k=1

we define the Hadamard product (or convolution) of fi(z) and fa(z) by

o

(fix fa)(z) =22 + Z:Clp+k,1Clm—k,z?«’pHC = (fa* f1)(2), (z € E). (3)

k=1
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Let Py(p) be the class of functions p(z) analytic in E satisfying the properties p(0) =
1 and

/ ’Rep ‘d@ <k, (4)

where z = re? k> 2and 0 < p < 1. This class has been introduced in [10]. We note,
for p = 0, we obtain the class Py defined and studied in [11], and for p = 0,k = 2,
we have the well-known class P of functions with positive real part. The case k = 2
gives the class P(p) of functions with positive real part greater than p. From (4) we
can easily deduce that p € Pi(p) if and only if, there exists p1,p2 € P(p) such that

for z € E,
w0 = (5+3)me - (5-3) . )

Making use of the Hadamard product (or convolution) given by (3), we now
define the Dziok-Srivastava operator,

Hp(alv"' aaq;ﬁlf"ﬂq) : A(p) - A(p)

which was introduced and studied in a series of recent papers by Dziok and Srivastava
[1], [2], see also [5], [6]. Indeed, for complex parameters

at, - Qq and 617"' 7/837 (ﬁ] ¢ Z()_ = {07_17_27_37"'};j = 17"'3)7
the generalized hypergeometric function

qu((Xl,'-- 7Oéq;/817'” ,ﬁS;Z)

is given by

qu(Oél,"- ?aq;ﬁl"" 7ﬁs;z) :nzzo (ﬁall’... ’ﬁ:l)qnn‘z (6)

(g <s+1;q,s € Ng=NU{0};N={1,2,---}; 2 € E, where (v) is the Pochhammer
symbol (or the shifted factorial) defined in (terms of the Gamma function) by

F(v+k):{ (1 if k=0, v € C\{0} }

(V) = ) v 1), (vt k—1) if k€ N,veC.

Corresponding to a function

Fplaa, - ag; By, B4 2)
defined by

fp(alv"'aq;ﬁla'” 7ﬁs;z) = quFs(Oél,"' 7aq;ﬁla"' 765;'2)‘
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Dziok and Srivastava [1] considered a linear operator defined by the following Hadamard
product (or convolution):

Hp(ala o 'aq§ﬁl7' o 7/8$)f(z) = fp(al, T 'aq;ﬁla e 753;2) * f(Z) (7)

For convenience, we write

Hpv%s(al) :Hp(ah"'aq;ﬁlf" 7/85)‘ (8)

Thus after some calculations, we have

2(Hpqs(a1)f(2)) = arHygs(a1 +1)f(2) — (a1 — p)Hp q.s(c1) f(2). (9)

Many interesting subclasses of analytic functions, associated with the Dziok-Srivastava
operator Hp 4 s(c1) and its many special cases, were investigated recently by Dziok
and Srivastava [1], [2], Gangadharan et.al [3], Liu and Srivastava [5], [6], see also
(5], 9], [13].

Definition 1.1. Let f € A(p). Then f € Tx,(\, a1,p,4q, s, p), if and only if
H,,s H, s 1
{(1 . A) p,q, (Z(J;l)f(z) + A P,9q, (al + )f(Z)} e Pk(ﬂ), = E,

2P

where A > 0,k >2 and 0 < p < p.

2. PRELIMINARY RESULTS

Lemma 2.1.[12] If p(2) is analytic in E with p(0) = 1, and if \1 is a convex
number satisfying Re(A1) > 0, (A1 # 0), then

Re{p(z) + Mzp'(2)} > B (0<B<1)
implies
Rep(z) > B+ (1 —6)(2y - 1),

where v is given by

1
v(ReA; = / 1R gy
0

which is an increasing function of Re(\1) and i 5 < < 1. The estimate is sharp in
the sense that the bound cannot be improved.

Lemma 2.2.[14] If p(z) is analytic in E,p(0) =1 and Rep(z) > %,z € E, then
for any function F analytic in E, the function p x F' takes the value in the convex
hull of the image of E under F.
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3. MAIN RESULTS

Theorem 3.1. Let Reay > 0. Then Ti(\, a1,p,¢,8,p) C Tx(0,01,p,4q, s, p1),
where pyis given by
pr=p+(1=p)2y-1), (10)

/( )

Proof. Let f € Tx,(\, a1,p,q, s, p) and set

Hpaslo)f () _ ey Ci + ;) ha(z) — (Z - ;) ha(2) (11)

2P

and

Then h(z) is analytic in £ with h(0) = 1. By a simple computation, we have

{1 oaslef2)  \Hrales 4DICY _ 0 HC ¢y

2P 2P a1

for z € E.

This implies that Re {hi(z) 2 (Z)} >p,i=1,2.

Using Lemma 2.1, we see that Reh;(z) > p;, where p; is given by (10). Conse-
quently h € Py(p;), where p; is given by (10) for z € E and proof is complete.

Theorem 3.2. Let f € Ti(0,a1,p,q,$,p) forz € E. Then f € Ty,(\, a1,p,q, S, p)
for |z| < R(ai1,A), where
Rlay,\) = o . (12)
At/ (O + |aa |?)

Proof. Set
Hp,q,s (Oél)f(Z)

7 =@ —ph(z)+p, hEP.

Now proceeding as in Theorem 3.1, we have

{a-nPoael0lD) 4y a2 D0 L gy {4 22

P 2P ay
~o- [E+h{me+ G &Ll 2EL)
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where we have used (5) and hi,hy € P,z € E. Using the following well-known
estimates, see [7]

2
[2hi(=)] < T Rehi(2), (sl =7 < 1)i=1.2,
we have
Azh! Azh!
Re{hi(z)—i— : Z(Z)}} > Re{hi(z)+zz(z)}}
o | a1
>

Rehi(Z){l—le?ir?)}'

The right hand side of this inequality is positive if r < R(aq, ), where R(aq, \)
is given by (12). Consequently it follows from (13) that f € Ty (A, a,p,q,s,p) for
|2 < R(ai,A). Sharpness of this result follows by taking h;(z) = 1 in (13),
i=1,2.

Theorem 3.3. Ty (A1, 01,p,q,8,p) C Tr(A2, 1,D,¢,8,p) for 0 < A < Aj.
Proof. For Ay = 0 the proof is immediate. Let Ay > 0 and let f € Ty (A1, a1, D, ¢, s, p).
Then there exist two functions Hy, Hy € Py(p) such that, from Definition 1.1 and
Theorem 3.1,

Hygs(a1 +1)

(1 = ay) Hraal0)12)

o + A1 o = Hy(2),
and
Hpv(Ls(al) _H (Z)
2P 2
Hence

H S(Oég)f(Z) H, s(al + 1) A2 A2
1— — o =220 1— 2)Hy(2). (14
(1= A) =2 + A= N @+ (1= EG). (14

Since the class Py(p) is a convex set, see [8], it follows that the right hand side of
(14) belongs to Py(p) and this proves the result.

Theorem 3.4. Let f € Tip(\, a1,p,q,8,p) and let ¢ € C(p) is the class of
p-valent convex functions. Then ¢ f € Tp(\, a1,p,q,8,p).

Proof. Let F = ¢ x f. Then we have

{(1 —\) Hp,q,S(;l)F(Z) 4 )\Hp,q,S(alz:‘ 1)F(Z)} _ ¢£§) «G(2),
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where

+ )\Hp,q,s(al + 1)f(Z)
2P 2P

} € Pr(p).

Therefore,we have

¢Z(§)*G(z) — (%%) {(p— p) (d)ﬁ) *gl(z)) +p}_(i_;) {(p_ °) (ﬂ;j@) +p}

where g1, g2 € P.
Since ¢ € C(p), Re{ oz )} > 1 2 € FE, and so using Lemma 2.2, we conclude

zP 27

that F' = gb* f S Tk(/\a alapaQaS7p)'

Theorem 3.5. Let f(z) € A(p) and define the one-parameter integral operator
Jc(c > *p) by

z

It (2) = L2 [ e e (7 € A)e > ), (15)
0
If
{(1 _ )\)an,s(();lp)ch( z) A Hpg,s (Zpl)f(Z)} € Py(p). (16)
then Y
where py is given by
pe=p+(1=p)(27; - 1), (17)
and .
-1
/ 1 —l—t <C+P dt.
0

Proof. First of all it follows from the Definition 3.6, that

Z(Hp,q,s(al)ch(z)), = (C +p)H>\,q,s(a1)f(Z) - CHp,q,s(al)ch(Z)~ (18)

Let
Mogo(0defC) iy - (B Do) = & = Do (19)

2P
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then the hypothesis (16) in conjection with (18) would yield

{(1 _ A)prq,S(O’;))ch(z) + )\Hpvq,s(zo;l)f(z)} _ {h(z) + )‘j}i(;)} e Pk(,o) forz € E.

Consequently

Azhl(z)
c+p

{hi(z)—i- } € P(p),i=1,2, 0<p<p,andz € E.

Using Lemma 2.1 with A\; = (c)‘

@y we have Reh;(z) > py, where py is given by (17),
and the proof is complete.
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