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ABSTRACT. We obtain strong convergence results for quasi-contractive operators
in arbitrary Banach space via some recently introduced iterative schemes and also
establish stablity theorems for Kirk’s iterative process. Our results generalize and
extend some well-known results in the literature.
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1. INTRODUCTION

Our purpose in this paper is to obtain some strong convergence results for quasi-
contractive operators in arbitrary Banach space via the iterative schemes introduced
in [13, 14]. We also establish stablity theorems for Kirk’s iterative process. The
convergence results obtained are generalizations and extensions of those of [3, 8, 9,
18, 19] while our stability results generalize some of the results of Rhoades [20, 21]
and the results of the author [12].

Let (E,||.||) be a normed linear space and T': E — E a selfmap of E. Suppose
that Fr ={ p€ E | Tp=p } is the set of fixed points of T.

In a normed linear space or a Banach space setting, we have several iterative
processes that have been defined by many researchers to approximate the fixed
points of different operators. Some of them are the following;:

For zy € E, define the sequence {x,},-, by

k

k
xn+1:ZaiTia:n, € FE n=0,12,---, Zaizl, (1)
=0 =0
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a; >0, ap # 0, a; € [0, 1], where k is a fixed integer. See Kirk [11] for this iterative
process.

Another iterative process of interest is the Ishikawa scheme defined as follows:
For zy € E, define the sequence {z,},-, by

Tng1 = (1 — an)xn + anTzp, }
n=0,1,---, 2

For the iterative process in (2), see Ishikawa [7].
The following two iterative processes have been recently introduced in [13, 14]:
(I) For zg € E, define the sequence {z,} -, by

Tn+l = Qp0Tn + Zf:l an,iTiZm Z?:O Qn,j = 1, n=0,1,2,---,
— s T s —1 (3)
Zn = ijo Bn,j Tn,y Zj:() 571,] =1,

k>s, 0ni>0, ano#0, Bnj >0, Bno#0, ani, Bnj € [0,1], where k and s are
fixed integers.
(II) For zo € E, define the sequence {z,},-, by

Tpt+l = Qo Tp + Z;;:l an,iﬂzna Zf:() Qn 3 = 1, n=0,1,2,---, } (4)
o =250 PniTiTn, 325_0Pns =1,

k>s, ani >0, ano#0, Bnj >0, Bno#0, ani, Bny € [0,1], where k and s are
fixed integers and Sy is an identity operator.

Remark 1.1 It has been shown in [13, 14] that the iterative algorithms defined
in (3) and (4) generalize many well-known schemes in the literature.

Definition 1.1 [6].Let (E,d) be a complete metric space, T : E — E a selfmap
of E. Suppose that Fr # ¢ (i.e. nonempty) is the set of fized points of T. Let
{xn}o2y C E be the sequence generated by an iterative procedure involving T which
is defined by

Tn1 = f(T,xy), n=0,1,---, (%)

where xo € E is the initial approzimation and f is some function. Suppose {xn} -
converges to a fized point p of T. Let {yn,}5°, C E and set

€n = dYn+1, f(T,yn)), (n=0,1,---). Then, the iterative procedure (x) is said to be
T-stable or stable with respect to T if and only if nh_)nolo €n, = 0 1mplies n11—>Hc;lo Yn = D.

Remark 1.2. (i) Since the metric is induced by the norm, we have €, = ||yp+1—
f(T,yn)ll, n = 0,1,---, in place of €, = d(yn+1, f(T,yn)), n = 0,1,---, in the
definitions of stability stated above whenever we are working in normed linear space
or Banach space.
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(ii) we obtain the Kirk’s iterative process from (%) if f(T,z,) = Zfzo a; Tz, n=
0,1,2,---, Zf:o a; =1, where a; > 0, a9 # 0, «o; € [0,1] and k is a fixed integer.

Any other iterative process can be obtained in a similar manner from ().

Several stability results established in metric spaces and normed linear spaces
are available in the literature. Some of the various authors whose contributions are
of colossal value in the study of stability of the fixed point iterative procedures are
Ostrowski [17], Harder and Hicks [6], Rhoades [18, 20], Osilike and Udomene [16],
and Berinde [3, 4]. The first stability result on T— stable mappings was due to
Ostrowski [17].

Definition 1.2 [4, 22] (a) A function v : RT — R is called a comparison func-
tion if it satisfies the following conditions:

(i) ¢ is monotone increasing;
(i) lim "(t) =0, ¥V ¢ > 0.
n—oo

Remark 1.3. (i) Every comparison function satisfies ¢(0) = 0.
(ii) ¥™(t) is the n—th iterate of ¥(t).
We shall employ the following contractive definitions: Let E be an arbitrary Banach
space,
(i) for an operator T' : E — E, there exist a € [0,1) and a monotone increasing
function ¢ : Ry — R, with ¢(0) = 0, such that

1Tz —Tyl| < o(llz —T=||) + allz —yll, Yz, y € E. (5)
(ii) also, for operators T; : E — E, i = 0,1,2,--- ,k there exist a; € [0,1), i =
0,1,2,--- ,k, and a monotone increasing function ¢ : RT — R with ¢(0) = 0,
such that

T — Tagll < (Il — Tiall) + il — yll, ¥ 2, y € E, (6)

where Ty =identity operator.

Other forms of the contractive conditions which shall be used are given in two
of our Lemmas in the sequel:
Lemma 1.1 [12]. Let (E, ||-||) be a normed linear space and let T : E — E
be a selfmap of E satisfying (5), where ¢ : RT™ — R* is a sublinear, monotone
increasing function such that ¢(0) =0, ¢(Lu) < Ly(u), L > 0. Then, Vi €N, and
Vo, ye B, ||Te Tyl < X5, (b ¢(|lv = Tal|) + V|lz —yl|, Vo, y € E.
Lemma 1.2 [15]. Let {¢)*(¢)}7_, be a sequence of comparison functions. Then,
any convex linear combination Z;L:() cjwj (t) of the comparison functions is also a
comparison function, where Z?:o cj =1 and cy,c1,- -+ ,cp are positive constants.
Lemma 1.3 [15]. If¢ : RT — R* is a subadditive comparison function and {€,}52
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is a sequence of positive numbers such that lim ¢, = 0, then for any sequence of

positive numbers {u, }o° satisfying
Un+1 S Z5k7/)k(un)+€n, n:0,1,~-- ) (7)
k=0
where 0g, 01, ,0m € [0,1] with 0 < Y ;" (0 < 1, we have lim u, = 0.

n—oo

Lemma 1.4. Let (E, ||-]|) be a normed linear space and let T : E — E be a selfmap
of E satisfying

Tz =Tyl < ¢(|lz = Txl]) + ¢(lz —yll), vV, y € E, (8)

where ¥ : RY — RT is a sublinear comparison function and ¢ : Rt — R, a sublin-
ear monotone increasing function such that p(0) =0 and ¥*(¢"(x)) < ¢"(¢Y*(z)),
VeeRy, r, s€N. Then, Vi €N, we have

1Tz — Ty <Z< ) @' (|l = Tx|)) + ¢ (llz — yll), ¥, y € B. (9)

Proof: We first proof the sublinearity of both ¢ and v as follows: In order to show
that 1 (i.e. iterate of ¢) is sublinear, we have to show that ¢ is both subadditive
and positively homogeneous. We first establish that 1 subadditive implies that each
iterate ¢’ of 1) is also subadditive: Since 1) is subadditive, we have ¥(x + y) <
Y(z) + Y(y), ¥ 2, y € RT. Therefore,using subadditivity of ¢ in 1? yields

V(e +y) = v((z+y) <YE)+ey) < PE() + Y(y) =0 @) + (),

which implies that ¢? is subadditive. Similarly, applying subadditivity of ¥? in 3,
we get

U (aty) = Y2 (z+y)) < D (@) +97(Y) < Y2 (@)+e P (y) = 0 (@) + ¥ (y),

which implies that 13 is also subadditive. Hence, in general, each ¥, n =1,2,---,
is subadditive. We now prove that ¢ positively homogeneous implies that each
iterate 1* of v is also positively homogeneous: Therefore, we have that 1 (az) =
ay(x), V z € RT, a > 0. Using positive homogeneity of 1 in ¥?, we have

V¥ (ax) = P(P(ax)) = Y(ay(x)) = (Y (2)) = ay®(x), ¥z €RF, a >0,

which implies that 12 is positively homogeneous. Hence, in general, each 9", n =
1,2,---, is positively homogeneous. Thus, we have that ¢, n=1,2,--- , is sublin-
ear. In a similar manner, we can prove that @7, j = 1,2,---, is sublinear.
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The second part of the proof of this lemma is by induction on ¢ as follows: If
i =1, then (9) becomes .
1Tz =Tyl < 35, ()¢’ @ (le=Ta|)+(llz—yl)) = ¢(|lz—Tz| ) +¢(|[z—yl),

that is, (9) reduces to (8) when i = 1 and hence the result holds. Assume as an
inductive hypothesis that (9) holds for i = m, m € N, i.e.

1Tz =Tyl < (T)wﬂ'(wm—jmx = Tzl))) + 9" ([x = yl]), V2, y € E.

j=1

We then show that the statement is true for ¢ = m + 1;

[T e — Tyl = [|T™(Tx) — T™(Ty)]]
<Y (7)ewm HTJU—T%H))+¢m(|!T$—TyH)
<Zj 1 (7)) (Wm 7 (e(l|lo = Tall) + ¢ (|lx — T=]]))
m(w(llw—TﬂfH)+¢(|I:v—y|!)) ,
<2 o (m)sOJ " (||l = Tal])) + ™ ([|lo — Tf])]
(w(llw—TﬂfH)) + ™ ([l — yll)

<Z] 1 (7)o@ ([lz = Tl])) + ™ (|| — Taf])]
+ o™ (H:v—TwH)) + " (||l — )

< 3 (D Wm I (lle = Tal]) + 3278 ()9’ (0™ ([l
— 7)) + o (|l — T)) + ¢ (e > y)

= (el = Tzl|l) + [(,2,) + G)le™ (@ (llw — T=]]))

+{(nts) + () I (W ([ — Ta]])

+o (7)) + (D]e@™ (e — Tal]) + o™+ (| - yll)

= (i)™ (e = Tal)) + (" e ((Hx—TwII))

m+1
+ ()™ WAl — Tal]) +

m—1

+ ("2 (fla — Tal) + (") el — Tal )
o ()
= S (") I (I ([ — Tl ) + ™ ([ — ).

Lemma 1.5. Let (E, || -||) be a normed linear space and let T : E — E be a
selfmap of E satisfying

[Tz = Tyl|| < Lljx = Ta|| + ¢(||lz = yl]), V2, y € E, L >0, (10)

where ¢ : RT — RT is a sublinear comparison function. Then, V i € N, we have
T~ Ty < Z (5)zele - Tald + willie =, v ye B )
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Proof: The proof of sublinearity of ¢¢ (i.e. iterate of v) for each i = 1,2,--- , is
the same as that of Lemma 1.4. The second part of the proof of this lemma is by
induction on i: If i =1, then (11) becomes

T2 — Tyl < S, ()Lt 3|l — Tall) + v (e — yll) = Lz - Tell + (|2 - I,
that is, (11) reduces to (10) when ¢ = 1 and hence the result holds. Assume as an
inductive hypothesis that (11) holds for i = m, m € N, i.e.

77~ 77yl < Y- (") Bl = ol + 6™ e -yl Vo, g €
j=1

We then show that the statement is true for i = m + 1;

|77 — Tyl = ||T™(Ta) — T™(Ty)|
< () LI ([T = T2 |) + w™(||Ta — Ty||)
<Yy (M) LI (Lle — Tal| + (e — Tzl]))
+ 9™ (L||z — Tal| + (e - yl)) | |
<Y (LI (e = Tal]) + 7y () L (||
— Taf]) + Ly™ (| — Tz|]) + ™+ (|| — yl])
= (L™ o = Tl [+ [(,") + ()L™ (||l — Tx]])
F 10, + (I 2 (| — Tal]) + -
1M+ (OIL2™ (|l — Tal]) + [(7) + ()L™ (||
— Ta|[) + " (|| — y])
= (ML |z — Tl + (") L7 p(|[a — Tl)
+ (PN L W2 (|lr — Taf]) + -
+ ("N L2 (| — Tal)) + (P L™ (|| — Ta))
+ (e —yll)
= S (M LDt (|| — Tal]) + (||l — ).

Remark 1.4. In addition to both (5) and (6), the contractive conditions (8)
and (10) shall also be used to prove some of our results.

2. MAIN RESULTS

We now establish some convergence results:
Theorem 2.1.Let E be an arbitrary Banach space, K a closed conver subset of £
and T : K — K an operator satisfying (5), where ¢ : Ry — Ry is a subadditive
monotone increasing function such that p(0) = 0, p(Lu) < Le(u), v € Ry. Let
zo € K, {xn}2 be the iterative process defined by (3). Then, {z,},-, converges
strongly to the fixed point p of T.
Proof: We shall employ Lemma 1.1 and the triangle inequality to establish that
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lim z,, = p. However, we shall first establish that T satisfying the given contractive
n—oo

condition has a unique fixed point. Suppose that there exist p1, po € Fr, p1 # p2,
with ||p1 — p2|| > 0. Therefore, we have

0 < [lp1 = pal| = ||T'p1 = Tipa|| < 5 (a7 ([[p1 = Tpall) + a'[[p1 — pol|

= 51 (a9 (0) + afl[pr — e,
from which we have that (1 —a?)||p1 — pz2|| < 0. Since a € [0, 1), then, 1 —a® > 0 and

|lp1 = p2ll < 0.
Also, since norm is nonnegative we have ||p; — p2|| = 0. That is, p; = pa.

Thus, T has a unique fixed point.
We now prove that {x,} -, converges strongly to a fixed point of T" : Then, we
have
1 —pll < 30y anallTip — T'2y]| + ol [2n — p|
< Sh s oni {Sim a7 (Ip = Toll) + @llp = 2l } + anollen - pl]
= (28, ania’) llp — zall + cnollzn — pll
Sy aniat ) (150 Bar TP = 35— By Tl + amol[on — p|
Sy amial) {3752, B llTp — T | + Brollzn — pll}
+ O‘n,OHxn - pH
Sh i) Simy BurlIT7p = Trall + (S8 anial) Buollan = ol
+ anollzn — pl]
Sy ania) S5 Buel i (a0 (o = Toll) +a'llp — | ]
+ (51 anaa’) Buolln = pll + anollzn — ]
= [(XCis @) (35— Brra”) + ang |||z — pl]

IN

IA
—~

< Mo (i awia’) (5o Bura”) + avo Jllzo —pl| — 0 as n — oco. (12)

We claim that 0 < (3F |« 07)(325_, Bura”) + aug < 1 as follows:

Z?::l O[l/,iai < Zi‘czl ‘al/,iai| = |a1/,1a| + |O[1/,2a2‘ + -+ |051/,kak|
= layallal + |avallal* + - + |ayillal®
<lopa| + oo+ +|opp| = w1 +ava+ -+ ok
=1—o0, apo € (0,1).

Similarly, we have that

Zi:(} ﬁl/,r‘ar < Zi:o |Bu,rar| = |ﬂu,0| + ‘51/,1a| + |Bu,2a2| +- |Bu,kas‘
= Buol +1Buallal + [Buzllal® + - + [By,s]lal®
< |51/,0| =+ |Bu,1‘ +--+ |ﬁu,s| = ﬁu,[) + ﬁl/,l R Bu,s =1
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Therefore, (35, a0 (3o Bura™) + oo <1 —ayo+ oo = 1.

Hence, we obtain from (12) that ||zp+1 — p|| — 0 as n — oo,

ie. {z,},, converges strongly to p.

Theorem 2.2.Let E be an arbitrary Banach space, K a closed convex subset of E
and T; : K — K, (i=0,1,--- k), selfoperators satisfying (6), where ¢ : Ry — R
is a monotone increasing function such that ¢(0) = 0. Let zg € K, {xn},_, be
the iterative process defined by (4). Then, {z,},—, converges strongly to the unique
common fized point p of T; (for each 1i).

Proof. Let Fr, be the set of common fixed points of 7; (i = 0,1,--- , k). Suppose
that there exist p1, p2 € Fr,, p1 # p2, with ||p1 — p2|| > 0. Therefore, we have

0 <|lp1 = p2l| = [|Tip1 — Tip2|| < @(llp1 — Tip1l]) + ail|p1 — p2||
= a;||p1 — p2l|,

from which it follows that we have that p; = po. That is, T; (i =0, 1,--- , k) have a
unique common fixed point.

We now prove that {x,} -, converges strongly to a fixed point of T;.

Then, we have

|zt —pll < Z?:l i [Tip — Tiznl| + anol|zn — pl|

<SF ani {e(llp — Tipll) + aillp — 2all} + anollza — pl|

= (X0 amiai ) Ip = zal| + anol|zn — pl]

— (S i) |50 BurTop — X5 B Tl | + cnol [ — 1|
S amgiai ) {3250 Bur
< (S5 aniai) X5 Burle(lp — Topll) + arllp — @all ] + cnollzn — pl|

[(i 0nii) (35— Bnrtr) + ctn Jlln = p
< ol (71 @wiai) (05— Burar) + g Jllzo —pl| — 0 as n— oo, (13)

IN

|Typ — Trwn|[} + an,0||$n —pl|

where as in Theorem 2.1, we can show that 0 < (Zle a,iai) (X r_o Borar) + oo <

1.
Hence, we obtain from (13) that ||z,+1 — p|| — 0 as n — oo,
i.e. {z,},, converges strongly to p.
Theorem 2.3.Let E be an arbitrary Banach space, K a closed convex subset of

E, and T : K — K an operator satisfying

ez = Ta|]) + aflz — yll
1+ M|z — Tz||

T2 — Ty|| < YV, yeE, acl0,1), M>0, (14)
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where ¢ : Ry — Ry is a monotone increasing function such that ¢(0) = 0. Let
zo € K, {x,},, defined by (2) be the Ishikawa iterative process with cu,, Bn €
[0,1] and Y 22 o = oo. Then, the Ishikawa iterative process converges strongly to
the fized point of T.

Proof. We shall first establish that T has a unique fixed point by using condition
(14): Suppose not. Then, there exist x*, y* € Fp, x* # y* and ||x* — y*|| > 0.
Therefore, we have

*_T * + *_ *
0< Hx* _y*H — HT‘r* _Ty*H < %0(H$1+Mﬂ?||g|ﬁ|27%!ﬁ” y* |

= allz* —y|]

from which it follows that (1 — a)||z* — y*|| < 0, which leads to 1 —a > 0 ( since a €
[0,1) ), but ||z* — y*|| <0 (which is a contradiction).

Therefore, since norm is nonnegative, ||z* — y*|| = 0 i.e. z* = y* = p,
thus proving the uniqueness of the fixed point for 7. Hence, Fr = {p} .

We now prove that {z,} -, converges strongly to the fixed point p using condi-
tion (14). Therefore, we have

Nzns1 =l < (1= on)2n + 0Tz — (1 — an + )|
< (1= ap)||zn — pl] + aan||p — 2|
<1 = an(l —a) — acn B (1 — a)]||zn — pl|
< [1—= (1= a)an]|lzn — pl|
< o[l — (1 = a)ag]l|zo — pl|
< 7 _ge= (=% |z — p|
— 67[(1761)22:0 ak]”xo — pH —0asn— oo, (15)

since Y -, ai = oo and a € [0,1). Hence, we obtain from (15) that

l|Zn+1 — pl| — 0 as n — oo, i.e. {x,},~, converges strongly to p.

Remark 2.1. If in each of Theorem 2.1 and Theorem 2.2, the iterative processes
defined by

k k
Tn+l = Zan,iTixna Zan,i = 17 n= 07 17 27 T (16)
=0 =0

ani >0, ano #0, oy, € [0,1], where & is a fixed integer;
and

k k
Tn4+1 = Zan,iﬂxna Zan,i - 17 n:071727"' ) (17)
=0 =0

ani >0, apo #0, ap; €[0,1], where k is a fixed integer and Tj =identity operator;
are employed, then we obtain corresponding results for the one-step processes defined
in (16) and (17). Again, we refer to [13, 14] for these iterative processes too.
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Remark 2.2. Theorem 2.1, Theorem 2.2 and Theorem 2.3 are generalizations
and extensions of both Theorem 1 and Theorem 2 of Berinde [3], Theorem 2 and
Theorem 3 of Kannan [8], Theorem 3 of Kannan [9], Theorem 4 of Rhoades [18] as
well as Theorem 8 of Rhoades [19]. See also Berinde [4] for the results of Rhoades
18, 19].

We prove the following stability results:

Theorem 2.4.Let (E,||.||) is a normed linear space and T : E — E a selfmap
of E satisfying (8). Let xg € E and {xy},_, defined by (1) be the Kirk’s iterative
process. Suppose that T has a fized point p. Let ¢ : Rt — RT be a continuous
sublinear comparison function and ¢ : R™ — RY a sublinear monotone increasing
function such that ©(0) = 0 and V*(¢"(z)) < ¢"(V*(z)), Vo € RT, r, s € N. Then,
the Kirk iteration process is T'-stable.

Proof. Let {yn},—q C E and €, = ||ynt1 — Zf:o a;T"y,||. Let lim e, = 0.
n—oo
Then, we shall prove that lim y, = p. By using both Lemma 1.4 and the triangle
n—oo

inequality we have that:

gns1 =PIl < llynrs — Sig Tyl + | 2ig Ty — pl|
= en + || g Ty — S8 i Tp|
= en + || g 0i(Tlyn — T'p)|
< S ail|T'p — Tiy,|| + e
= ao||p = ynll + Ximy il TP — Ty + €n
< S it (Ilyn = pll) + €n, (18)

where =7(0) = 4(0) = 0 and ¢/(0) = ¢(0) = 0.
We have by Lemma 1.2 that Zf:o a Y (||yn — p||) is a comparison function.
Therefore, using Lemma 1.3 in (18) yields lim llyn — p|| = 0, that is, lim y,, = p.
Conversely, let lim 1, = p. Then, by Lgm;;a 1.4 and the triangle i%ec?flality, we
have e
en = ||Ynt1 — Zf:o OéiTi?/nH
< Ny = pll + 1P = 3o i Tyl
= llyns1 =l + 1| Zio iT'p = Siig iy
= {lgns1 = DIl + || g @ (T7p — T'yn) ||
< lyns1 = pll + 5o llT'p — Tyl
= [yns1 = oIl + a0|[p = ynl| + iy || T'p = Ty, |
< lyn+1 = pll + g @it ([yn = pll) — 0 as n — oo.

Theorem 2.5.Let (E,||.||) is a normed linear space and T : E — E a selfmap
of E satisfying (10). Let xo € E and {x,},-, defined by (1) be the Kirk’s iterative
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process. Suppose that T has a fized point p. Let ¢ : RT™ — RT be a continuous
sublinear comparison function and ¢ : R — RY a sublinear monotone increasing
function such that ¢(0) = 0. Then, the Kirk iteration process is T-stable.

Proof. The proof of this result is similar to that of Theorem 2.4 except for the
application of Lemma 1.2, Lemma 1.3 and Lemma 1.5.

Remark 2.3. Our stability results generalize some of the results of Rhoades
[20, 21]. In particular, both Theorem 2.4 and Theorem 2.5 are generalizations of
the results of Olatinwo [12].
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