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ON THE UNIVALENCE OF A CERTAIN INTEGRAL OPERATOR

DANIEL BrREAZ, NICOLETA BREAZ, VIRGIL PESCAR

ABSTRACT. In view of an integral operator H,Ylm’.,mRen] 3,y for analytic func-
tions f in the open unit disk U, sufficient conditions for univalence of this integral
operator are discussed.
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1. INTRODUCTION

Let A be the class of functions f of the form
oo
f(z)=2z+ Zanz"
n=2

which are analytic in the open unit disk & = {z € C: |z| < 1}. Let S denote the
subclass of A consisting of all univalent functions f in .
For f € A, the integral operator G, is defined by

6o = [ (29) 1)

for some complex numbers a(a # 0).

In [1] Kim-Merkes prove that the integral operator G, is in the class S for 1 < %
and f € S.

Also, the integral operator J, for f € A is given by

= {2 [w Gt g (12)

~ be a complex number, v # 0.
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Miller and Mocanu in [3] have studied that the integral operator M., is in the
class S for f € §*,v > 0,58" is the subclass of S consisting of all starlike functions
finl.

We introduce the general integral operator

: e . S\
H717727---77[Ren]ﬂ7?7(z) = {ﬁﬁ/o u?! <flq(ﬁ)> <f[R,ZM> e du} (1.3)

for f; € A, vj, n, f complex numbers, [Ren] > 1, v; # 0, j = 1,[Ren], 8 # 0, and
[Ren] is the integer part of 7.

If in (1.3) we take n = 1, m =7, 0 = % and f; = f we obtain the integral
operator M.,.

From (1.3) we take n- 3 =1, [Ren] =1, 71 = «, f1 = f, we obtain the integral
operator G, given by (1.1).

2 .PRELIMINARY RESULTS

We need the following lemmas.
Lemma 2.1.[5]Let a be a complex number, Re a > 0 and f € A. If

2f"(2)
f'(2)

for all z € U, then for any complex number 3, Re 8 > Re « the function

1— ’Z‘QRea
Re «

<1 (2.1)

fb(2)==[ﬁjézuﬁ‘1f%u)du]ﬁ (2.2
s in the class S.

Lemma 2.2.(Schwarz [2])Let f the function regular in the disk
Ur = {z € C:|z| < R} with |f(2)] < M, M fized. If f(z) has in z = 0 one zero
with multiply > m, then

FE) S oI, = € Un (2.9

the equality (in the inequality (2.3) for z #0) can hold only if
0 M
f(z) = ewﬁzm»

where 0 is constant.
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3.MAIN RESULTS

[Ren]
Theorem 3.1.Let y;, n complex numbers, Ren >1j =1,[Ren], a= )  Re % >
j=1

0 and fj € A, fi(2) =2z +byjz? +b3;23+ ..., j=1,[Ren].
If
215(2) ‘ (a+ D)5 e
<A i =T, Ren], 3.1
e S S Rer] [vil, 3 =1, [Ren] (3.1)

for all z € U, then for any complex number 3, Re nB > a, the function
1

: TN
H’n,w,‘..,wRen]:ﬂm(z) = {775/0 u ! (ﬁi@) <f[RZM> e du} (32)

1s in the class S.

Proof. We consider the function

o= [ (B)T | (fnnled) o, 59

The function g is regular in . We define the function p(z) = Zj,/;gj),
z € U and we obtain
[Ren] !
29" (2) [1 (ij(z) )]
p(z) = = — -1, z€lU 3.4
=" - 25 Fe 34
From (3.1) and (3.4) we have
2a+1
(2a+1) 2
PGl < ——— (3.5)
for all z € U and applying Lemma 2.2 we get
2a+1
2a + 1) 2a
) < P e (3.
From (3.4) and (3.6) we have
L= o |2g"(2) | (L= 1P)2] | 20+ 1) (3.7)
a J(z) a 2 '
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for all z € U. ,
Because max (1_‘1 | — 2 =1, from (3.7) we have
|z|<1 (2a+1) 2a
1— 2a "

12002y (3.8)
a 9'(z)

for all z € U. So, by the Lemma 2.1, the integral operator H, -, . - T belongs

to class S.

Corollary 3.2.Let v be a complex number, a = Re % >0and f € A, f(z) =
z+ 52122 + 53123 + ...
If

2f'(2) (204 1) %
£02) < fh" (3.9)

for all z € U, then the integral operator M., define by (3.9) belongs to the class S.
Proof. We take n=1,0 = %,fyl =, fi = f in Theorem 3.1.
Corollary 3.3.Let o, n complex numbers a = Re é € (0,1], Ren > 1 and
fi € A fi(z) =2z+0by2%+ ..., j=1,[Renl.
If

2a+1

zf;(2) B 1‘ - (2a+1)72
fi(z) ~ 2[Ren]
for all z € U, then the function

||, 7 =1,[Ren] (3.10)

Loy (2) :/OZ (ﬁiu))a (W)adu (3.11)
s in the class S.

Proof. For 71 = 72 = ... = Y[Rey) = @ and 7B = 1 in Theorem 3.1. we have the
Corollary 3.3.

Remark. For [Ren| =1, fi=f, f€ A a= Reé € (0,1] from Corollary 3.3,
we obtain that the function G,(z) is in the class S.

Theorem 3.5.Let v;, n complex numbers, [Ren] > 1. j = 1,[Ren] , a =
[Ren]

Z Re = > = and fi €S, fiz )_Z+kz2bk] , 1, [Ren].
If

(3.12)

N |

z%ll or a >
17 4 -
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then for any complex number B, Re nB > a, the integral operator H71772’~~~77[Ren] B
given by (1.3) is in the class S.
Proof. We consider the function

g(z):/oz <f1£u)>“/11 <f[ReZ]( ))Rlen]du (3.13)

The function g is regular in . We have

1 — |5[2@ 1" 1 |22 [Ren] 1 |2F(z
O A SR )
a 9'(2) a = Ll £(2)
Because f; € S, j = 1,[Ren] we have
)| 14 E—
< , z€U, j=1,[Ren (3.15)
5G| ST e
From (3.14) and (3.15) we obtain
a a [Ren]
1— 2% | 29" (2) -z 2 i (3.16)
a g'(2) o 1-l|z] & |yl
for all z e U. )
For a > % we have |In|§}1( } I = 2a and from (3.12), (3.16) we obtain
1— 2a "
AT |2 L ey (3.17)
a g'(2)

From (3.17) and Lemma 2.1 it results that the integral operator
Hvlm,---ﬂmen]ﬂm belongs to class S.
Corollary 3.6.Let o, n complex numbers, [Ren] > 1, a = Re é € [%,1] and

f;ies, filz)= Z+kz25ijk, Jj =1,[Ren].
If -
1 1
— <=
la| ~ 4

then the integral operator Lo, given by (3.11) is in the class S.
Proof. We take nf3 = 1,71 =2 = ... = Y[Rey) = @ in Theorem 3.5.

(3.18)
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Corollary 3.7.Let v be a complex number, a = Re = > % and f €S f(z) =
Z+ 52122 + b3123 + ...

If

1
v

1
il
then the integral operator M., define by (1.2) belongs to class S.

Proof. Forn=1, g = %, v1 =7, fi1 = f in Theorem 3.5 we have the Corollary
3.7.

<=z, (3.19)

B~ =
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