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ABSTRACT. We prove common fixed point theorems for four mappings in com-
pact metric spaces satisfying implicit relations using the concept of occasionally
weak compatibility which generalize Theorems of [1], [18] and [19].
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1. INTRODUCTION

Let S and T be self-mappings of a metric space (X,d). S and T are commuting
if STx =TSz for all x € X. Sessa [22] defined S and T" to be weakly commuting if
forallz € X

d(STz,TSxz) < d(Tx,Sx)

Jungck [6] defined S and T to be compatible as a generalization of weakly com-
muting if lim,,—,o d(STxy,, TSx,) = 0 whenever {x,} is a sequence in X such that
limy, o0 Sy = limy, oo Tz, =t for some ¢t € X.

It is easy to show that commuting implies weakly commuting implies compatible
and there are examples in the literature verifying that the inclusions are proper, see
[6] and [22].

Jungck et.al [7] defined S and T' to be compatible mappings of type (A) if

lim d(STx,,T?x,) =0 and lim d(TSz,,S?z,) = 0.

n—oo n—oo
whenever {z,} is a sequence in X such that lim, o Sz, = lim, oo Tz, = t for
some t € X.
Examples are given to show that the two concepts of compatibility are indepen-
dent, see [7].
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Recently, Pathak and Khan [13] defined S and T to be compatible mappings of
type (B) as a generalization of compatible mappings of type (A) if

1
lim d(TSz,,S%z,) < gLlim d(TSw,,Tt) + lim d(Tt,T%z,)] and

1
lim d(STx,,T?x,) < gL lim d(STa,, St) + lim d(St, S%2,)]

whenever {z,} is a sequence in X such that lim, .~ Sz, = lim, o Tz, = t for
some t € X.

Clearly, compatible mappings of type (A) are compatible mappings of type (B),
but the converse is not true, see [13]. However, compatibility, compatibility of type
(A) and compatibility of type (B) are equivalent if S and T" are continuous, see [13].
Pathak et al [14] defined S and T to be compatible mappings of type (P) if

lim d(S%z,, T%x,) =0

n—oo
whenever {z,} is a sequence in X such that lim, . Sz, = lim, o Tz, = t for
some t € X.

However, compatibility, compatibility of type (A) and compatibility of type (P)
are equivalent if S and T" are continuous, see [14]. Pathak et al [15] defined S and T
to be compatible mappings of type (C) as a generalization of compatible mappings
of type (A) if

1
lim d(TSx,,S%z,) < g[ lim d(TSxz,,Tt) + lim d(Tt,S*z,)+ lim d(Tt,T?z,)] and

1
lim d(STx,, T?x,) < §[ lim d(STx,,St)+ lim d(St,T?z,) + lim d(St, S%z,)]

whenever {z,} is a sequence in X such that lim, .~ Sz, = lim, oo Tz, = t for
some t € X.

Compatibility, compatibility of type (A) and compatibility of type (C) are equiv-
alent if S and T are continuous, see [15].

2. PRELIMINARIES

Let A and S be self-mappings of a metric space (X,d) and C(A,S) the set of
coincidence points of A and S.
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Definition 2.1 [8]. A and S are said to be weakly compatible if SAu = ASu
for all u € C(A4,95).

Lemma 2.2. [6, 7, 13, 14, 15]. If A and S are compatible, or compatible
of type (A), or compatible of type (P), or compatible of type (B), or compatible of
type (C), then they are weakly compatible.

The converse is not true in general, see [1].

Definition 2.3 [11]. A and S are said to be R—weakly commuting if there
exists R > 0 such that

d(SAz, ASx) < Rd(Az,Sz) for all z € X. (2.1)

Definition 2.4 [12]. A and S are said to be pointwise R—weakly commuting
if for all z € X, there exists an R > 0 such that (2.1) holds.

It was proved in [12] that R—weak commutativity is equivalent to commutativity
at coincidence points; i.e., A and S are pointwise R—weakly commuting if and only
if they are weakly compatible.

Definition 2.5 [3]. A and S are said to be occasionally weakly compatible if
SAu = ASu for some u € C(A4,S).

Remark 2.6 [3]. If A and S are weakly compatible, then they are occasionally
weakly compatible, but the following example shows that the converse is not true in
general.

Example 2.7. Let X = [1,00) with the usual metric. Define 4, S : X — X
by: Az = 3z — 2 and Sz = z2. We have Az = Sz iff + = 1 or 2 = 2 and
AS(1) = SA(1) = 1, but AS(2) # SA(2). Therefore, A and S are occasionally
weakly compatible, but they are not weakly compatible.

Lemma 2.8 [9]. If A and S have a unique coincidence point w = Ax = Sx,
then w is the unique common fixed point of A and S.

In [18], a general common fixed point theorem for four mappings in a compact
metric space was proved and this theorem was generalized by [1].

An altering distance is a mapping ® : Ry — R, which satisfies:

(¢1) : @ is increasing and continuous,

(¢2) : @(t) = 0 if and only if t = 0.

In [10], [20] and [21] fixed points theorems involving an altering distance have
been introduced.

In [19], a fixed point theorem for weakly compatible mappings in compact metric
spaces was proved which extend main results of [4] and [20].

Theorem 2.9 [19]. Let f,9,5 and T be self-mappings of a compact metric
space (X,d) such that

(a) f(X)CT(X) and g(X) C S(X).

(b) The pair (f,S) is compatible or compatible of type (A) or compatible of type
(P) and the pair (g,T) is weakly compatible.
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(¢) f and S are continuous.

(d)

V(d(fzr,gy)) < a(¥(d(fz,Sz))+ V(d(gy,Ty))) +b(¥(d(Sz,Ty)) +
c(W(d(Sz, gy) - W(d(fz,Ty)))?

forall x,y € X, a,b,c >0, 2a+b<1,b+c <1 and V¥ is an altering distance.
Then, f,g,S and T have a unique common fized point in X.

n [16] and [17], the study of fixed points for mappings satisfying an implicit
relation was initiated.

It is our purpose in this paper to extend Theorem 2.9 and Theorem 2 of [1] for
occasionally weakly compatible mappings satisfying implicit relations in compact
metric spaces without decreasing assumption, see [1] and [2].

3. IMPLICIT RELATIONS

Let Fg the family of functions F'(t1,ta,t3,t4,t5,t6) : Ri — R satisfying the
following conditions:

(C1) : For all u > 0,v > 0 and w > 0 with

(Ca) : F(u,v,v,u,w,0) <0 or

(Cp) : Fu,v,u,v,0,w) <0

we have u < v and u =0 if v = 0.

(Cy) : For all w > 0, F(u,u,0,0,u,u) > 0.

Example 3.1. F(t1, s, t5,ts, ts5,t6) = t1 — bts — a(ts +t4) — c(tste)?, a,b,c > 0,
2a+b<land b+c<1

(C1) : Let u,v > 0 and w > 0 and F(u,v,v,u,w,0) = u—bv —a(u +v) < 0.

b
Themu<1i .

Similarly, if F'(u,v,u,v,0,w) <0 then u < v.

Ifu=0,v>0and w >0, then u < v.

If v =0 then u = 0.

(C9) : F(u,u,0,0,u,u) = 2bu > 0 for all u > 0.

Example 3.2. F(tl, to,t3,t4, 15, tﬁ) =11 — hmax{tg, ts3, t4} + b(t5 + tﬁ), where
0<h<1landb>0.

(C1) : Let u,v > 0 and w > 0. We have

F(u,v,v,u,w,0) =u— hmax{v,u} + bw < 0.

If v < wu, then u < w which is a contradiction. Therefore, u < v. Similarly, if

F(u,v,u,v,0,w) <0 then u < v.

Ifu=0,v>0and w >0, then u < v.
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If v =0 then v = 0.

(C9) : F(u,u,0,0,u,u) = 2bu > 0 for all u > 0.

Example 3.3. F(tl,tg,tg,t4,t5,t6) = (1 + ptg)tl — ptaty — hmax{tg,tg,t4} +
b(ts + t6),

0<h<1l,b>0andp>0.

(C1) and (C2) as in Example 3.2.

13 + t3
Example 3.4. F(t1,t,t3,t4,t5,16) = t3 — at3 — bﬂ, 0<a,b<1and
ts +tg + 1
a+2b<1.
(u? 4+ v?)
(C1) : Let u,v > 0, w > 0 and F(u,v,v,u,w,0) = u? — av? _bi—i—l <0.
w
b

Then, u? < %02 = v2. Hence, u < v. Similarly, if F(u,v,u,v,0,w) < 0, then

u < wv.

Ifu=0,v>0and w >0 then u < v.
If v =0 then v = 0.
(Co) : For all u > 0, F(u,u,0,0,u,u) = (1 —a)u? > 0.

t3 + t3
Example 3.5. F(ty,t,t3,t4,15,t6) = 2 — at3 — b 3+—4,()< a,b < 1 and
tstg + 1
a+2b<1.
(C1) and (C3) as in Example 3.4.
t3t2
Example 3.6. F(t1,to,t3,ts, t5,tg) =13 — ———34
P (b1, 82,3, ta, b5, %) = 13 t2+t5+t6+122
(Cl):Letu,v>0,wZOandF(u,v,v,u,w,O):u3—L§0. Then
) v+w+1
u < L < w. Similarly, if F(u,v,u,v,0,w) <0 then u < v.
v+w+1
Ifu=0,v>0and w>0 then u < v.
If v =0 then u = 0.
(Co) : F(u,u,0,0,u,u) = u® > 0 for all u > 0.
t3t2
Example 3.7. F(t1,to,ts,ta,t5,t6) =13 — — 34
P (t1,t2,t3,t4,t5,16) = t1 B isto £ 1
(C1) and (C2) as in Example 3.6.
tats
Example 3.8. F(t1,to,t3,t4,t5,t5) = t1 — ate — btg — c————,
P (t1,t2,t3,ta,t5,16) = 11 L
O<a,bc<landa+b+c<1.
(C1) : Let u,v >0, w >0 and F(u,v,v,u,w,0) =u—av—bv—c uiul <0.
w

Then, u < 61L+b

—c
Ifu=0,v>0and w >0 then u < v.
If v =0 then © = 0.

v < v. Similarly, if F(u,v,u,v,0,w) <0 then u < v.
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(C9) : F(u,u,0,0,u,u) = (1 —a)u > 0 for all u > 0.
Example 3.9. F(tl, t2,t3,t4, t5,t6) = tl —at2 —-b

and a +b+c < 1.
(C1) and (C3) as in Example 3.8.

Example 3.10. F(t1,to,t3,t4,t5,t6) = t3 — at3 —

a+b<1.

Example 3.11. F(tl,tQ,t37t4,t5,t6) =t — bty — a(t3 + t4) — cmin{t5,t6},
a,b,c>0,2a+b<1land b+c<1.

Let F§ the family of functions F*(t1,t2,t3,ta,t5,t6) : RS — R satisfying the
following conditions:

(CT): For all w > 0,v > 0 and w > 0 with

(Cx): F*(u,v,v,u,w,0) <0 or

(Cy) : F*(u,v,u,v,0,w) <0

we have u < v and u =0 if v = 0.

(C3) : For all w > 0, F*(u,u,0,0,u,u) > 0.

Example 3.12. F*(tl, to,t3,%t4,15, tﬁ) =1 — max{tg, t3, t4} + b(t5 + tﬁ), where
b> 0.

Example 3.13. F*(tl,tg,t3,t4,t5,t6) = (1 —l—ptg)tl — ptaty — max{tQ,tg,t4} +
b(ts +tg), b> 0 and p > 0.

tste

———— —cty,0< a,b,c< 1
t5—|—t6—|—1 4

bmm{t%, t2}

,0<a,b>0and
1+t -+t

12+ 12
Emmmb3j4hpﬁhmj&MJ&m):ﬁ—aﬁ—b—iii—30<mb<lmﬂ
ts +16+ 1
a+2b=1.
2 t3+13
Example 3.15. F* (tl,tQ,tg,t4,t5,t6) —tl aty —b ,0<a,b<1and
tste + 1
a+2b=1.
3 £33
Example 3.16. F*(t1,to, t3,ta,t5,16) =13 — ——— 34
p (b2t tas b, bo) =1 = 22y
E le 3.17. F*(t1,to,t3,t4,t5,t) = t3 1511
xample 3.17. Jto, tg, by, ts,t) = 8] — —————.
P 1,12,13,14,15,16 1t2+t5t6+1
tyts
E le 3.18. F*(t1,t2,t3,ts, t5,tg) = t1 — aty — bty — c————>
xample (t1,t2,t3,t4,t5,t6) = t1 — aty A ——
O<a,bc<landa+b+c=1.
t3ts
E le 3.19. F*(t1,to,ts,ta,ts,t6) = ti—ato—b————— —cty, 0 < a,b,c <
1 xXample (123456) 1—atg ts + g+ 1 Cly a,o,c
anda—+b+c=1. )
in{t2,¢
Example 3.20. F*(t1,to,t3,t4, t5,t6) = £2 — atd — pindistil o s g
1+t3+1t4
and a +b < 1.

208



A. Aliouche, V. Popa- Common fixed point theorems for occasionally weakly...

Example 3.21. F*(tl,tg,tg,t4,t5,t6) =t — btg - a(t3 + t4) - cmin{t5,t6},
a,b,c>0,2a+b=1and b+c<1.

Example 3.22. F*(t1,to, t3, ta, t5, tg) = t1 —bto—a(ts+ts) —c(tste)?, a,b,c > 0,
20+b=1and b+c<1.

4. MAIN RESULTS

A weakly altering distance is a mapping ® : Ry — R, which satisfies:

® is increasing and ®(¢) = 0 if and only if t = 0.

Theorem 4.1. Let f,g,S and T be self-mappings of a compact metric space
(X, d) satisfying the following conditions:

F(X) C T(X) and g(X) C S(X) (4.1)

F(Y(d(fz,9y)), ¥ (d(Sz,Ty)), ¥(d(fz, Sz)), (1)
U(d(gy, Ty)), ¥(d(Sz, gy)), ¥(d(fz,Ty))) <0

forall x,y € X | F € Fg and V¥ is a weakly altering distance. Assume that f and
S are continuous and the pairs (f,S) and (g,T) are occasionally weakly compatible.
Then, f,q,S and T have a unique common fized point in X.

Let m = inf{d(fxz,Sx),x € X}.Since X is a compact metric space, there is a
convergent sequence {x,} with limit z¢ in X such that lim, . d(fx,, Sz,) = m.
As d(fxo, Sxo) < d(fxo, fry) + d(frn, Sxy) + d(Sxy, Sxo). By the continuity of f
and S and lim,_,~ =, = o, we get d(fxo, Szo) < m and so d(fzg, Szp) = m. Since
f(X) C T(X), there exists v € X such that fzg = Tv and d(Sxzg, Tv) = m. Suppose
that m > 0. Using (4.2) we have

F(d(¥(fxo, gv)), ¥(d(Sxo, T)), U(d(f0,5%0)),
U(d(gv, Tv)), ¥(d(Szo,gv)), ¥(d(fxo,Tv)))
— F(¥(d(go, Tv)), W(m), ¥(m), W(d(gv, Tv)), ¥(d(Sx0, 1)), 0) < 0,

By (C,) we get ¥(d(gv,Tv)) < ¥(m). Since g(X) C S(X), there exists u € X
such that Su = gv and so ¥(d(Su,Tv)) < ¥(m). Since d(fu,Su) > m > 0.
Applying (4.2) we get

F

)\
= F

v

(U(d(fu, gv)), ¥(d(Su, Tv)), ¥(d(fu, Su)),
(d(gv,Tv)), ¥(d(Su, gv)), ¥(d(fu,Tv)))
(U(d(fu,Su)), ¥(d(gv,Tv)), ¥(d(fu, Su)),
(d(gv,Tv)),0,¥(d(fu,Tv))) <O0.
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If U(d(gv,Tv)) = 0 then ¥(d(fu,Su)) = 0 and so fu = Su which is a contra-
diction. Therefore, ¥(d(gv,Tv)) > 0 and by (Cp) we get

U(m) < W(d(fu,Su))
< U(d(gv,Tv)) < ¥(m).

which is a contradiction and so m = 0 which implies that fxg = Szg = Tv. On the
other hand, using (4.2) we obtain

F(\I](d(fx(% gv)), \IJ(d(Sa;O, TU))? ‘I’(d(fCCo, Sxo)),
U (d(gv,Tv)), ¥(d(Sxo, gv)), ¥ (d(fx0,T)))
= F(¥(d(gv,Tv)),0,0,¥(d(gv,Tv)),¥(d(gv,Tv)),0) <0

which is a contradiction of (C,). Therefore, z = fxg = Sxg = gv = T'v. Hence
xo is a coincidence point of f and S and v is a coincidence point of g and T'. If there
is a point x; such that fx; = Sz, using (4.2) we have

F(¥(d (fﬂfl gv)), ¥(d(Sz1,Tv)), ¥(d(fz1, Sz1)),
(d(gv,Tv)), ¥(d(Sz1,gv)), U(d(fr1,Tv)))
= F(¥(d(gv,Tv)),¥(d(gv,Tv)),0,0,¥(d(gv,Tv)), ¥ (d(gv,Tv))) <0

which is a contradiction of (Cy). Therefore, z = fzq = Sz and so z is the unique
coincidence point of f and .S . In a similar manner, z is the unique coincidence point
of gand T'. By Lemma 2.8, z is the unique common fixed point of f, ¢, S and T' .

If ¥(¢t) =t in Theorem 4.1 we get the following Theorem.

Theorem 4.2. Let f,g,5 and T be self-mappings of a compact metric space
(X,d) satisfying (4.1) and the following inequality

F(d(fx,gy),d(Sz,Ty),d(fz,Sx),d(gy, Ty),d(Sz, gy),d(fz,Ty)) <0

for all z,y € X and F € Fz. Assume that f and S are continuous and the pairs
(f,S) and (g,T) are occasionally weakly compatible. Then, f,g,S and T have a
unique common fixzed point in X.

Corollary 4.3. Theorem 2.9.

Proof. It follows from Example 3.1 and the fact that weak compatibility implies
occasionally weak compatibility.

Theorem 4.4. Let f,g,5 and T be self-mappings of a compact metric space
(X, d) satisfying the inequality (4.2) for all x,y € X, F € Fg and V¥ is a weakly
altering distance. Then

(Fiz(S) N Fiz(T)) N Fixz(f) = (Fiz(S) N Fix(T)) N Fiz(g),
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where Fiz(f) ={z € X : fr = z}.
Proof. Let x € (Fiz(S) N Fiz(T)) N Fixz(f), then by (4.2) we have for z =y

F(Y(d(z,gx)),0,0,¥(d(x, gz)), ¥(d(z, gx),0) < 0.

By (C,) we obtain gr = z and so Fix(S) N Fiz(T)) N Fiz(f) C (Fiz(S) N
Fiz(T)) N Fiz(g).

Similarly, we can prove that Fiz(S)N Fix(T)) N Fiz(g) C (Fix(S) N Fixz(T)) N

Theorems 4.1 and 4.4 imply the following one.

Theorem 4.5. Let {fi}ien+,S and T be self-mappings of a compact metric
space (X, d) satisfying the following conditions:

H(X) CT(X) and fo(X) C S(X), i = 1.

F(W(d(fiz, fi+1y)), ¥(d(Sz, Ty)), ¥(d(fiz, Sx)),
V(d(fir1y, Ty)), ¥(d(Sz, fiy1y)), Y(d(fiz,Ty))) <0

forall x,y € X , F € Fg and V is a weakly altering distance. Assume that fi and S
are continuous and the pairs (f1,S5) and (f2,T) are occasionally weakly compatible.
Then, {fi}ien+, S and T have a unique common fized point in X .

As in Theorem 4.1, we can prove the following Theorem.

Theorem 4.6. Let f,g,S and T be self-mappings of a compact metric space
(X,d) satisfying (4.1) and

FHU(d(f, gy)), ¥(d(Sx, Ty)), ¥(d(fz, Sx)),

V(d(gy, Ty)), ¥(d(Sz, gy)), ¥(d(fz,Ty)))
< 0

forall z,y € X, F* € F§ and V is a weakly altering distance. Assume that f and
S are continuous and the pairs (f,S) and (g,T) are occasionally weakly compatible.
Then, f,q,S and T have a unique common fized point in X.

If U(t) = t in Theorem 4.6 we get the following Theorem which generalizes
theorems of [1] and [18].

Theorem 4.7. Let f,g,S and T be self-mappings of a compact metric space
(X, d) satisfying (4.1) and the following inequality

F*(d(fx,gy),d(Sz,Ty),d(fz, Sz),d(gy, Ty),d(Sz, gy),d(fz,Ty)) <0

forall x,y € X and F* € Fg. Assume that f and S are continuous and the pairs
(f,S) and (g,T) are occasionally weakly compatible. Then, f,g,S and T have a
unique common fized point in X.
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5. APPLICATIONS

Let
p: Ry — Ry such that ¢ is a Lebesgue integral mapping

o — which is summable and satisfies
- € 9

Jp(t)t >0 for all € > 0.
0

see [5].

Example 5.1.
t1

F(tq,te,t3,ta, t5,t6) = [ o( dt—beO t)dt —a f‘P dt+f<P t)dt) —Cf<P
0

fcp £)dt)?, a,b,c >0, 2a+b <1 and b+c < 1.

Example 5.2.
t1

to t3
F(t1,ta,t3,t4,t5,t6) = [ o(t)dt—hmax{ [ p(t)dt, [ o(t)dt, f(p Ydt}+b( fgo )dt+
0 0 0

fgo ,0<h<1landb>0.

Example 5.3.
t

F(t1,ta,t3,ta, 5, t6) = f dt—bfgo t)dt —a fgo dt+f<p dt—cfgo
0

f(p dt2 a,b,c>0,2a+b=1and b+c<1.

By Theorem 4.1 and Example 5.1 and Theorem 4.6 and Example 5.3, we get the
following Theorems.

Theorem 5.4. Let f,g,S and T be self-mappings of a compact metric space
(X, d) satisfying (4.1) and the following inequality

d(fz.gy) d(Sz,Ty) d(fz,Sz) d(gy,Ty)
/ s)dt < b / o(t)dt + af / o(t)dt + / o()dt)
0 0 0 0
d(Sz,gy) d(fz,Ty)
+ef / o(t)dt - / o(t)dt)2
0 0

forall z,y € X, a,b,c>0,2a+b<1,b+c<1and p e ®. Assume that f and
S are continuous and the pairs (f,S) and (g,T) are occasionally weakly compatible.
Then, f,g,S and T have a unique common fized point in X.
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Theorem 5.5. Let f,g9,S and T be self-mappings of a compact metric space
(X, d) satisfying (4.1) and the following inequality

d(fz,gy) d(Sz,Ty) d(fz,Sx) d(gy,Ty)
o(t)dt < b / o(t)dt + a( / o(t)dt + / o(t)dt)
0 0 0 0
d(Sz,gy) d(fz,Ty)
e [ e [ pwan?
0 0

forall z,y € X, a,b,c>0,2a+b=1,b4+c <1 and p € ®. Assume that f and
S are continuous and the pairs (f,S) and (g,T) are occasionally weakly compatible.
Then, f,g,S and T have a unique common fized point in X.
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