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HARMONIC MULTIVALENT FUNCTIONS DEFINED BY AN
INTEGRAL OPERATOR

C. SELVARAJ AND G. GANDHIMATHY

ABSTRACT. In this paper, we introduce a new class of p-valent harmonic func-
tions defined by an integral operator. Coeflicient inequalities, distortion bounds
for the functions belonging to this class are obtained. The invariance of the class
Hp(n,a) under convolution, convex linear combination and also under generalized
Bernardi-Libera Livingston integral operator are discussed.
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1. INTRODUCTION

A continuous complex valued function f = u + ‘v is said to be harmonic in a
simply connected domain D if both v and v are real harmonic in D. In any simply
connected domain we can write f = h 4+ g where h and g are analytic in D. We call
h, the analytic part and g, the co-analytic part of f. In this case, the Jacobian of f
is given by Jy(2) = [W(2)|2 — |¢'(2)].

A necessary and sufficient condition for f to be locally univalent and sense pre-
serving in D is that |h/(2)| > |¢/(2)], z € D.

Denote by H the class of functions f = h + g that are harmonic univalent and
sense preserving in the unit disc 4 = {z : |z] < 1} so that f = h + g is normalized
by £(0) = £.(0) =1 =0.

Ahuja and Jahangiri [2] defined the class H,(n) (p,n € N) consisting of all p-
valent harmonic functions f = h + g that are sense preserving in ¢/ and h and g are
of the form

(o] o
h(z) =24+ app1 2P g(2) =) bpp1 2L byl < 1 (1)
k=2 )
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The integral operator I"™ was introduced by Salagean [7], given by
I°f(z) = f(2)
I'f(z)=If(z / f(t)ttdt

I"f(z) = I(I"'f(2)), neN and f(z) =z+azz® +azz®+...,

z € U, which is holomorphic in U.
For f = h + g given by (1), the integral operator I"™ of f is defined as

I"f(z) = I"h(z) + (=1)"I"g(2)

where -
k —1\"
Inh(z) — ZP+ E (_'_p> ak+p—lzk+p_1
b
k=2

and

. (k+p—1\"" ~
I g(z) = (p > bk+p,12k+p 1
k=1 p

For harmonic functions

oo [ee]
ktp—1 T —ktp—1
F(2) =22+ g1 2PN D by 2P
k=2 k=1

and
oo o .
F(z) =2 + ZAkerlek—i_p_l + ZBk+p71§k+p_l
k=2 k=1
of Hy(n), we define the convolution of f and F' as

(f* F)(2) = 22+ (ahp-1)(Akip-1) " P+ (bryp 1) Brip-1)Z

k=2 k=1

which belongs to Hp(n).

k+p—1

(3)

For 0 < a <1, p,n € Nand z € U, let Hy(n,a) denote the subclass of Hy(n)

consisting of harmonic functions of the form (3) such that

In(f * F)(2)
Re{fﬂﬂ(f*F)(z)} >

where I™ is defined by (2).
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We further denote by Hp(n,a) the subclass of Hj,(n,«) such that the functions
h and g, in f, = h+ 7, are of the form

P(z) = 2 =3 akip 1L ga(2) = (F)"Y b (9)
k=2 1

where aj4p—1,bpp—1 > 0 and [by| < 1.
The convolution of the harmonic functions f, and F, of the form (5) is defined

as
o0 o) B
(faxFa)(2) = 22 = apsp 1 App 1 2P (=1 by 1 Bryp a2 7 (6)
k=2 k=1

which belongs to H,(n, «).

The families H,(n + 1,n,a) and Hy(n + 1,n,«) include a variety of well known
classes of harmonic functions as well as many new ones. For example H1(1,0,a) =
H S () is the class of sense-preserving, harmonic, univalent functions which are star-
like of order a in U and H1(2,1,a) = HK () is the class of sense preserving, har-
monic univalent functions f which are convex of order v in U and Hy(n+1,n,a) =

H(n,«) is the class of Salagean type harmonic univalent functions.
For harmonic functions f of the form (1) with by = 0, Avei and Zlotkiewicz [1]

showed that ika(\ak\+|bk]) < 1then f € HS(0) = H1(1,0,0) and ikaz(]akl—i-
k=2 k=2
|bx]) <1 then f € HK(0) = H1(2,1,0).
For harmonic functions f of the form (5) with n = 1, Jahangiri [4] showed that
f € HS(o) if and only if Y (k—a)lap|+ Y (k+a)|bp| < 1—aand f € H1(2,1,0) =

k=2 k=2
HK (o) if and only if

> k(k = a)ag + Y k(k+ )bl <1-a.
k=2 k=2

2. MAIN RESULTS

In this section we prove a characterization theorem for the class Hp(n,«). The
results obtained here generalizes the results of Luminita Ioana Cotirla [6].

Theorem 2.1. Let f + F by given by (3). If

> Av(n,k,pa)|akp-1l| Ak p-1| + 0(n, k,p, @) brip 1| Brapal} <2 (7)
k=1
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where
b(n ki p, ) = <k+§71) "—a <k+£71) (n+1)
o 11—«
- " + — (n+1)
ﬁ(n,k,p, a) = <k+§ 1) 1Ck (%)

ap =1=A4, a (0 < a<1),pneN then f*F is sense preserving in U and
f*F e Hy(n,a).

Proof. Suppose that (7) holds. According to (2), (3) and (4) we only need to

show that I"(f * F)(2) — aI™Y(f % F)(2)
Re{ InHL(f % F)(2) } =0

The case r = 0 is obvious.
For 0 < r < 1, it follows that

I"(f % F)(z) — aI™1(f « F)(2)
fie { [+ (f o F)(2) }

k+p—1 k+p—1\~"(tD _
2P(1— o) +Z ( P ) —a(%) Ahtp—1Apsp12" TP
= Re
=) k+p—1 (n+1) N k+p—1 (n+41)
Zp‘f‘z <L> Ak 4p— 1Ak+p lzk+p 1+( 1 +1Z (L> bk+p lBk+p 1Zk+p 1
k=2 p k=1 p
N 00 k+p—1 -n k+p—1 (n+1)
S [ ()
k=1
+
=) k+p—1 —(n+1) N k+p—1 —(n+1)
Zp*Z(i) hgp—1Apip-12" TP+ (=) HZ — bh+p—1Bhap17 P!
k=2 p k=1 p
k+p—1 k+p—1)" D _
1-a) +Z ( ) 704(7 ak+p71Ak+p,1zk 1
= Re

[=S) 1) %) “(n+1)

k+p—1\"F _ k+p—1 _ _ o
E :( ) akerflAkerlek 1+(*1)n+1 g T bk+p,13k+p71zk+p 1,-p
k=2 k=1

" k+p—1\"" k+p—1 (n+1) .
| (P T () T B st
k=1
Jr
E(ktp—1\" D _ X (k4p—1)\ D _
1+Z (L) Ahotp1Appp12F 1+(—1)"+IZ(L> btp-1Brip1ZTPT1TP
k=2 p p
— Re 1-a)+C(2) .
14 D(z)
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For z = re',
o = | (k+p—1\T" k+p—1)\ "tY i
o= () (Y e
—~ p p
R g e AN k+p—1\" D] 1 ko
NS (i) —|—a<§> Bisp1 Brgp 1t le itk t2p-1)0
k=1

and

. > (k4+p—1\ "D :
Dre®) =3 < +p ) Gty 1 Aps 17k 1ik=10

k=2 p
. Xk +p—1 —(n+1) - o B
+(-1) +1z< p > bk+p_1Bk+p_17’k 1 —i(k+2p—1)0
k=1 p
By setting
(1—-a)+C(2) _ (1_a)1+w(z)
1+ D(2) 1 —w(z)

we can complete the proof by showing that |w(z)| <r < 1.

‘ C(z) = (1= a)D(z)
Ciz)+(1—a)D(z)+2(1—«a)

E [ (k+p—1\"" [k+p—1\" D] 1 ite
> (L) - (L) whsy 1 Apey yrETei B0
k=2 L J

lw(z)| =

p p

oo

oo
2(1 —a) + Z R(n, k,p, a)akﬂ,,lAkﬂ,,lrk*lei(k*l)e +(=1)" Z M(n, k,p, oz)Ekﬂg,1§k+p,17"k7167i(k+2p71>9
k=1

k=2
oo [ _ —-n _ —(n+1)7] _ o )
(_1)n Z (k’-i—P 1) T (k? +p 1) bk+p_1Bk+p_lrlcfle—7,(k+2p71)9
k=1 L p p ]
+ o0 o0
2(1 — ) + Z R(n,k,p, a)akﬂn,lAk+p,1rk716i<k71)9 +(=1)" Z M(n,k,p, a)5k+p71§k+p71rk—1€—i(k+2p—1)9
k=2 k=1
where
_ _ 1)
k+p—1\"" k4+p—1) "
R(n, k. p,a) = < (12w (Frp—d
p p
and

M(n, by pra) — <+§) F(2a-1) (“;) .
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lw(z)|
A (k+p—1\T" [(k+p-—1\ " k-1
So[(krp=y o (ktpod @ty Ak
h—2 p p
<
= ) 0o
2(1 - Oé) - ZR(H, k7p7 O‘)|ak+P*1‘|Ak+P*1|Tk—1 - Z M(’I’L, k7p7 a)|bk+P*1‘|Bk+P*1‘Tk_1
k=2 k=1
N (k+p—1\"" [(k4p—1)\ "V _
> <7p > + <7p ) |bttp—1|[Brap—1|r" ™"
1 p p
o0 )
2(1 - Ol) - Z R(TL, k7p, a)|ak+P*1||Ak+P*1|rk_l - Z M(na k7p7 a)‘bk+P*1||Bk+P*1|Tk_1
=2 k=1

E+p—1\" [k+p—1)\" "V o1
T - T ‘ak+P*1||Ak+P*1|T

\g

—1

4(1 - Oé) - Z {R(n7 k7p7 a)|ak+P*1|‘Ak+P*1‘ + M(”v k7p7 a)‘bk+P*1||Bk+P*1|}Tk

k=
ktp—1\"" [k+p—1) "V ~
(75 ) - (7]7 ) |bttp—1|| Brap—1|r" ™"

>

-

p
+ k loo
41— a) =Y {R(n,k,p,o)|aktp-1l|Axip-1| + M(n, k,p, @)bkip1]|Berp-1[}
k=2
= ((k+p—1\" [k+p—1\" "]
> (+> _<+> |ak+p—1||Akp-1]
< k::lo_o ]
4(1-a) - Z {R(n, k,p, @) |ak+p-1||Aksp—1| + M(n, k,p, @)|bitp—1||Brip-1l}
k=1
> [/k+p—1\" [k+p—1\"""]
2|57 () et
Pt p p
n J

4(1 - a) - Z {R(’I’L, k7p7 a)‘akJFP*lHAkvLP*l‘ + M(n7 kap7 a)‘karP*lHBkJrP*l'}
k=2
<1

The harmonic multivalent functions

fe) =2+ ————mp P Y gy R 8
) 2 Gl 2 e pa) ®)

o0 oo
where p,n € N and Z lek| + Z lyx| = 1, show that the coefficient bound given by
k=2 k=1

30



C. Selvaraj, G. Gandhimathy - Harmonic Multivalent Functions defined by...

(7) is sharp. The functions of the form (8) are in Hp(n, a) because

> {(n,k, p, )l akrp-1l|Arsp1| + 1(n, k, p, @) bpgp1]| Brsp-11}
k=1

00 0o
=1+ lanl+ ) lul =2
k=2 k=1

Theorem 2.2. Let f,, * F, be given by (6). Then f,xF, € Hpy(n,a) if and only
if
D {b(n, k,p, o) arsp-1l| Aksp-1| + (0, k, p, @) |bryp-1l|Brap-1} <2 (9)
k=1
witha, =1=A4,, 0<a<1,n,peN.

Proof. Since Hp(n,a) C Hy(n, ), the if part follows from Theorem 2.1.

For the only if part, we show f, * F,, &€ Hp(n,«) if the condition (9) does not
hold.

For functions f, * F), of the form (6), we note that the condition

In(fn * Fn)(z)
Re{P”¥ﬂﬂJ%X@}:>a

is equivalent to

A A A AT

In+1(fn*Fn)<Z) N
which is
(1— a)zP — i [(lwrzﬂ) - o (k +z - 1) (n+1)] eyt Ao p_1 AP
k=2
Re i (k+p* 1) (n+1) thotpt Ay 1257 4 (2120 i (%)-(nﬂ)bﬂp By 2ot
k=2 k=1
o Z (keri 1) T (%)_(”“) bhtp—1Brip_12" TP

i

= ht =y B NN CExY
Z ( = ) g p—1Appp—12° P4 (1) Y ( ) ) bktp—1Brip 12 P!
s k=1

> 0. (10)
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The above required condition (10) must hold for all values of z in &. Upon choosing
the values of z on the positive real axis where 0 < z = r < 1 we must have

E+p—1\"" k+p—1 —(n+1) B
(o) (et e

(1—04)—2

k=2 p P
5 —(n+D) £ —(nt1)
k+p—1\"(t _ E+p—1 _
1= Z ( P ) Aptp—1Aptp— T Z bk+plek+pfl7"k !
k=2 k=1

(ermt) o (2o

oo

(n+1) ktp—1y\ (*tD
) Otp1Aktp1r” Z( ) bk yp—1Bryp 1t
k=1

75": (k+p

k=2 p

k—1
bitp—1Br4p—17

>0

(11)

If the condition (9) does not hold, then the expressions in (11) is negative for r
sufficiently close to 1. Hence there exist zg = rg in (0,1) for which the quotient in
(11) is negative. This contradicts the required condition for f, x F}, € Hp(n, a).

3. DISTORTION BOUNDS
In this section, we obtain distortion bounds for functions in H ,(n, o) which yields
the covering results for this class.

Theorem 3.1. Let f, x F,, € Hy(n,a). Then for |z] =71 < 1,

|(f* Fu)(2)| < (14 bpBp)r? +{®(n,p, ) — Q(n, p, )by By} r™*P

and
|(fr* F)(2)| = (1= bpBp)r? — {®(n,p, @) — Q(n, p, )by By} r™*P
where l—o
®(n,p, @) = (I%l)—n W <%>—(N+l)
and l+a
Q(n,p, o)
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Proof. Let f, x F,, € Hy(n, ). Taking the absolute value of f, * F,, we obtain

o0

o0
(o Fu)(2) = |27 = thip1Akip 12" 4 (1) brypo1Bryp 127
k=2 k=1

S 00
k+p—1 k+p—1
<rf+ Z ak+p—1Ak+p—1T el Z bk+p—lBk+p—1T tr
k=2 k=1

o
=P+ by Bpr” + Z(ak+p—1Ak+p—l + Dy p1 By p1 )P
k=2

o0
<rP +b,BprP + Z(ak+p—1Ak+p—1 + bt p—1Bp1)r? !
k=2

= (1 B)rP + @
(1+b,Bp)r? + (n,p,a)gq)

< (1 +b,By)r? + ®(n, p,a)r™Px

1

7419-1-1
(n,p,

] (Ahtp—1Aksp—1 + brgp—1Brip-1)

Z{d’(% k7p7 a)ak+p71Ak+P*1 + 77(7% kapa a)bk+p71Bk+p71}
k=2

< (1 +b,Bp)r? +{®(n,p,a) — Q(n,p,®)b, By} PP
in view of (9)
and
‘(fn * Fn)(z)‘ > (1 + prp)Tp + Z(akerflAkerfl + bk+p71Bk+p71>7ﬂk+pil

k=2
0o

> (1=bpBp)r? =Y (aryp-14k1p-1 + birp-1Brpp- )P
k=2
> 1
=(1- prp)Tp — ®(n,p, a) Z W(akerflAkerfl + bk+p—1Bk+p—1)Tp+1
k:2 ) b

> (1= b,By)r? — ®(n,p, a)r"“’x

> {b(n, k,p, @) ansp—1 Akrp—1 + 00, k, p, @)bpsp—1Brgp-1}
!

> (1= b,Bp)r? —{®(n,p,a) — Qn,p, )b, By} PP
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by (9)

The bounds given in Theorem 3.1 for the functions of the form (6) also hold for
functions of the form (3) if the coefficient condition (7) is satisfied.

The following covering result follows from the left hand inequality in Theorem

3.1.
Corollary 3.1. Let f, * F,, € Hy(n, ), then for |z| =r < 1 we have

{’LU : |’LU| < 1- bPBP - [¢(n,p, Od) - Q(?’L,p, Q)prp]} C (fn * Fn)(u)

4. CLOSURE PROPERTY OF THE CLASS Hp(n,«a)

First we show that H,(n, ) is closed under convolution.
Theorem 4.1. For 0 < 3 <a <1, let f,(2) € Hy(n,a) and F,(z) € Hp(n, ).
Then
faxFy € Hy(n,a) C Hy(n, B).

Proof. Suppose f,, and F,, are so that f, * F), is given by the convolution (6).
Since fn(z) € Hp(n,a) and F,(z) € Hp(n,B), the coefficients of f, and F,, must be
satisfying the conditions given by Theorem 2.2. Hence for the coefficients of f,, x F,
we find that

> A,k p, @)|akip-1l| Ak p-1l + n(n, &, p, @) brip1l| Brip1|}
k=1

where ¥(n, k,p, a) and n(n, k, p, ) as given in (7), is bounded by 2. Thus f, * F,, €
Hpy(n,a) C Hy(n, B).

Now we show that Hp(n,«) is closed under convex linear combinations of its

members.
Theorem 4.2. The family Hpy(n,a) is closed under convex combination.

Proof. For i =1,2,3,..., let f,, * F,,, € Hy(n,a) where

oo o0
(fni*Fn)(2) = 2P =Y i gip-1Ainip 12" P (=1 bip1Bikipaz P
k=2 k=1
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Then

0o
Z {1/)(7% k,p, a)ai,k’-i-p—lAi,k-f—p—l + 77(7% k,p, a)bi7k+P—1Bi7k+P—1} <2. (12)
k=1

o0

For Z t; =1,0 <t; <1, the convex linear combination of f,, * F},, may be written
i=1

as

k=2 Li=1

o0 o0 o0
S b+ Fu)() = =Y [z ] A]
=1

oo oo
k=1 L:=1

Then by (12)

(0.9] o0 o
> {W”, kop ) Y b Gigipo1Aikip1 +0(n ko) Y bi,k+p—1Bi,k+p—1}

i=1 i=1

o0 o0
=> 1 {Z Y(n, k,p, @)ai g+p—14ik+p—1 + n(n, k, p, a)bi,k+plBi,k+pl}
: k=1

o0
§2Zti:2
=1

o0
which implies that th( frs * Fn;)(2) € Hp(n, @) in view of Theorem 2.2.
i=1

Next we show that Hp(n,a) is closed under the generalized
Bernardi-Libera Livingston integral operator L.(f) which is defined by

Le(f(2)) = C“)/OZ e f(4)dt, ¢ > —1. (13)

ZC

Theorem 4.3. Let f, * F,, € Hp(n, ). Then L¢[(fn * F)(2)] belongs to the
class Hpy(n, a).
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Proof. From the representation (13), it follows that
Le[(fn x Fr)(2)]

oo oo
c+ 8 c— - n— N
= p / et {tp — Zak+p71Ak+p71tk+p ! + (—1) ! Zbk+p13k+p1tk+p_l} dt
0

z¢

k=2 k=1
_ N ctp A ktp=l nloo ctp B ktp_1
? g;c+p+k—1%“”1k“”” E:1c+p+k Ftp—1Bhtp—12
oo oo
=P - ZXk+p—12k+p71 + (71)"71 Z Ykﬂ,_lzkﬂjfl
k=2 k=1
where
c+p
Xjap1 = —————————Qpap_1Ar+,—1 and
k+p—1 C%—p-%k?—-l k+p—143k+p—1
c+p
Yiep1=——————brop_1Bri,_1.
k+p ctptk—1 k+p k+p
Hence

NgE

ctp c+p
k P —— 1 Agsp— k ————————bkt+p—1Brp—
{1/}("7 ’p’a)c+p+k—1ak+p 1Ak4p—1 +1(n, 7p,a)c+p+k_1 ktp—1Br+p 1}

ES
Il

1

< Z {¢(”7 k7p7 a)akvLP*lAkJr;D*l + 7)(”7 k7p7 a)karP*lBkJrT—’*l} < 2 by (9)
k=1
which implies L.{(fn * F)(2)} € Hp(n, a).
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