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ON CURVATURE INHERITING SYMMETRY IN FINSLER SPACE

C. K. MISHRA AND GAUTAM LODHI

ABSTRACT. K. L. Duggal[3] has stuided curvature Inheritance symmetry Rie-
mannian space with application of fluid space time. Ricci curvature inheriting
symmetry of semi-Riemannian manifolds were introduced by K. L. Duggal and R.
Sharma(7]. In this paper we have study on curvature inheritance symmetry and
Ricci-Inheriting symmetry in Finsler space and investigated some results.
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1.INTRODUCTION AND PRELIMINARIES

We consider an n-dimensional Finsler space (F'n) in which the curvature tensor
field due to Berwald’s are given by

i 0?G? _ 0?Gt ; OG" i oG" (1)
ik 9akOid  0xidik T TR 9ps T gk
. oG:,  OG: . . . OGT Yl
) _ jk jh s 7 s 7 1 7
i*h = ok T ok T GG, — GGy, + Grjhw BNGLTTE (2)
where
3 OH?
{ (a) ijh :aGiaT'kjh? (3)
(b) G;‘kh = W@h
The commutation formulae involving the curvature tensor are given by
or
Tty = Ty = 5z Hiwe (4)
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0T,
Tijtmyky) — Tijryn) = — 85;: Hyy, — TrjHipy, — Tir Hjpy,,

i i 8T;kh r r i i r
Tirnwyom) = Tiknwyemy = ~gzr Him + TignHrim = TrynHjim
- ;thl:lm - T;erfT;lm

The curvature tensor satisfies the following relations.

a) H;kh = ._szahk’
b) Hiyy, = 0iHiy,
c) Hypn = Hiyy,s

P~~~ o~~~ o~ o~ o~

d)  Hy=Hj,
) Hl=(n—1)H,

f)  OH,d = 0H ), =0,
9) H}khj?h = H;lw
hHdh = Hj

i Hiid = 0.

The relative curvature tensor in a Finsler space is defined as[1].

L (ar;; ors, a§i> - (ar;g ors, a§l>

j = + =
Jkh ozl 0zt Ol Ok ol Oxk
AT + T
The commutation formula involving the relative curvature tensor is given by
Tijin — Tigink = —Tir K, — T Ko,

where Tj; is an arbitrary tensor field and ; is a covariant § derivative.
The relative curvature tensor satisfies the following relations.

(a) I:{jzkh :~_Kgi‘hk7
(b)  Kij =K.

Let an infinitesimal transformation

=’ +ev'(a?),
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be generated by a vector field v*(27) independent of directional arguments (de-
pendent of positional coordinates z° only). This transformation is called infinitesimal
because of infinitesimal constant ¢ appearing in (11).

The Lie derivatives of a vector field X, connection parameters G% Gk and curvature
tensor ijh are given by[2] .

£G% = fj)(k) + 0" Hjyy + G}kh”(z)jf ; (13)
£Hjyy, = o'H] kh(l) Hjl'khvé) + Hlikhvfj) + H; lh”( " (14)

ijlv(h) + al khv( )xm

The process of Lie differentiation and other differentiation of any arbitrary tensor
and connection coefficient G; ;. are connected by

QLTI — £BTI) =0, (15)
L{(TH )} — (£T]) ) = LGYT} — LG T — OWGLTT, (16)
(£ G;‘h)(k) - (£ G;ch)(j) = £Hfizjk + (£ G”I;Z>Gmhx (£ Gj DGl (17)

As indicated by K. Takano[4] the covariant vector field may assume any one of
following alternative forms.

vy =0, (18)
vél) = 0(5;, (19)
vy = B8 (20)

Accordingly, the vector field v® is respectively called as a contra vector field,
concurrent vector field and special concircular vector field. Where v* is a scalar
function and ¢ being a non zero constant.
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SPECIAL FINSLER SPACES

Definition 1.In F'n, the Berwald’s curvature tensor satisfies the relation

Hjpp0y = NHjppe (21)

is called recurrent Finsler space denoted by HR—F, [5].
and

Hipy # 0, (22)
where ); is non zero scalar vector independent of the directional arguments.

Definition 2.In F),, the covariant derivative of Berwald’s curvature tensor is
zero at every point, is called a symmetric Finsler space[6].

jl:hk(l) = 0. (23)

2.CURVATURE INHERITANCE AND RiICCI INHERITANCE SYMMETRY

The curvature inheritance(CI) defined as an infinitesimal transformation with
respect to which the Lie derivative of Berwald’s curvature tensor H]’:kh satisfies a
relation of the form

Similarly, we have define the curvature inheritance symmetry satisfies by relative
curvature tensor of the form N N

Where a = «a(z) is a scalar function. A subcase of CI is the well Known symmetry
curvature collineation (£H}kh = 0) denoted by CC, when a = 0. In the sequel we
say that CI is a proper if a # 0.

We also define Ricci-Inheritance(RI) Symmetry

£Hj, = aHjy, (26)
and for relative curvature tensor
LK = aKjy, (27)
If « follows the invariance property, its Berwald’s covariant derivative vanish.

ag) =0. (28)
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Let us set
£gij = hl] (29)

Where g;; is a metric tensor defined Rund[1].
. Loa o, .
gij(z, o) = 582-8]}7 (x,2). (30)

Theorem 1.4 necessary condition for a vector v' to defined a CI is

Ohij ..
(Pig) () k) — (Rig) (ky(n) = W‘thk‘ (31)

Proof. The curvature tensor satisfies the following identity
9riHipg, + griljpy, = 0. (32)
Taking the Lie derivative of (32) and using (24), (29) and (32), we get
hrjHjpp, + hoi H gy = 0. (33)
Using (33) in commutation formula (5), we obtain(31).

Theorem 2.4 necessary condition for a vector v to defined a CI is (for relative

curvature tensor).
hij:nke — hijen = 0. (34)

Proof: The relative curvature tensor satisfies the identity
9ri K, + 9ri K g = 0. (35)
Taking the Lie derivative of (35) and using (25), (35), we get
R Ky, + hri Ky = 0. (36)
Using (36) in commutation formula (9), we obtain (34).

The infinitesimal transformation is said to be an affine motion if it satisfies the
condition

£GL, =0. (37)
Applying (24) and (37) in (17), we get
Hj ;. =0. (38)

Hence we have

43



C. K. Mishra. and G. Lodhi - On curvature inheriting symmetry in Finsler space

Theorem 3.In F,, the necessary condition is that curvature inheriting symmetry
admitted an affine motion, space is flat.

Contracting equation (38) with respect to indices i and k, we obtain
Hyj = 0. (39)

Corollary 1.In F,,, the necessary and sufficient condition that Ricci curvature
inheritance symmetry admitted an affine motion, then space is Ricci flat.

Now we considered the consequence of CI characterized by the equation (24).
Its successive transvection with the directional coordinates, and using (7)(g), (7)(h),
and (7)(i), we obtain

{ a) LHy =aHy, (40)

b)  LH:=aH:.

The partial differentiation of (40) with respect to directional coordinates, and
applying equation (7)(b) and (15), we get (24).

Thus we say that, either of the conditions expressed by (24) and (40) are equiv-
alent.

Accordingly we state

Theorem 4.The necessary and sufficient conditions for an infinitesimal trans-
formation to define CI.

3.RELATION BETWEEN SPECIAL FINSLER SPACES, SPECIAL VECTOR FIELD AND
CURVATURE INHERITANCE.

We consider an infinitesimal transformation generated by vector field v’ satisfying
the conditions (18), (19) and (20).
In view of (18), the equation (14) becomes

Applying (23) in (41), we get

fH}kh =0. (42)

Hence we have
Theorem 5.A symmetric Finsler space with contra vector field admits no CI
other then CC.
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Using (18), (21) and (24) in (14), we have
aHjZkh = ’Ul)\lH;:kh. (43)
Let us assume that a vector v! is orthogonal to vector \;, that is

v'\ = 0. (44)
In view of (44), the equation (43) reduces to

which immediately reduces to
a=0 (46)
In view of (22).
Using (46) in (24), we get
£HY, =0. (47)

Conversely, If the above equation (46) is true, the equation (43) yields
o'\ Hpy, = 0. (48)
Since H;k:h is non zero in H R—F,,, which implies
vlN =0, (49)

which shows that a vector v' is orthogonal to vector \;.

Accordingly we state

Theorem 6.In HR—F,,, the necessary and sufficient condition for CI becomes
CC is that the vector v' is orthogonal to vector \;.

In view of (19) the equation (14) becomes

Applying (23) in (50), we have

From equation (24) and (51), we get
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=c. (52)

| R

Using (52) in (51), we obtain
£Hlyy = oHjpy. (53)

Hence we have
Theorem 7.A symmetric Finsler space with concurrent vector field admits CI.

Using equation (20) and (7)(f), in (14), we have
£Hlyy = UZH;kh(l) +2B8Hjy,, (54)
by virtue of (23), the equation (54) becomes
Conversely, If the above equation (55) is true, the equation (54) reduces to
VHl o = 0. (56)

!'is non zero vector, it implies

Jkh(t) = 0- (57)

which shows that the space is symmetric.

Thus we state

Theorem 8.A symmetric Finsler space with special concircular vector field, the
necessary and sufficient condition for the space admits CI is that the space is sym-
metric.

Since, v

3.CI PROJECTIVE MOTION

In this section we shall discuss the possibilities of an infinitesimal transformation
to be simultaneously CI projective motion we drive an explicit expression which
admitting a CI projective motion and obtain it possibilities in symmetric Finsler
space.

The condition of projective motion in infinitesimal transformation of the form

LG = 26(,pj) + &' prj, (58)
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o G .

where p(x, ) is homogeneous scalar function of degree one in 4. The consequent
equation of projective motion is given by

£GﬁC = 6};}7 + :i:ipla (60)

(While driving (4.3), we have used (4.2)(b) and homogeneous properties of p.)

According theorem(4) the equation (40) gives a condition equivalent to that
given by (24), therefore for simplicity (40) may be taken as defining equation for CI.
Applying (58), (60) and (40)b in commutation formula (16) and using homogeneous
properties of H]’:, we obtain

L{(H) )} — Hi(@) g — (H) gy = Hi(piS}, + &'pra) (61)
—(pjHj, + 2pp H, + pOy HY).

Contracting the equation (61) with respect to indices i, j and using (7)i, we have

£{(H) g} = H(a) ) — a(H) g = —(2Hpg + pOH). (62)
Transvecting the equation (62) by &’ and using homogeneous properties of p and
H, we get
1 a(H)y  £{(H)w}
p=q@mt—F ——F : (63)

Thus we state
Theorem 9. The Complete integral of CI projective motion in a manifold of non
zero curvature is given by (63).

For a symmetric Finsler space vanishing the covariant derivative of non zero
curvature tensor the equation (63) reduces to

p= (@), (64)
In the view of (28) the equation (64) immediately reduces to

p=0. (65)

Thus, the projective motion under the consideration reduces to an affine motion.
we, therefore, have the
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Theorem 10. There exist non- trivial CI projective motion in a symmetric Finsler
manifold.
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