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SPHERICAL IMAGES AND INVOLUTE OF SLANT HELICES
IN EUCLIDEAN AND MINKOWSKI 3-SPACE

HANDAN OZTEKIN AND SERPIL TATLIPINAR

ABSTRACT. In this paper, we study slant helices in Euclidean 3-space and
Minkowski 3-space. Firstly, we study the spherical image of slant helices in E3.
Then, making use of known properities of slant helices, we investigate spherical
images of such curves in E$. Furthermore, we obtain that the involute of the slant
helix is a helix in E3.
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1. INTRODUCTION

The helix is generally known as a curve in DNA double, carbon nanotubes, a-
helices and collagen triple helix. In the geometry, the definition of helix is a curve
that which tangent makes a constant angle with a fixed straight line called the axis
of the general helix. The first two coordinates of helix provide circular motion while
the third coordinate lifts the curve out of the plane. The shortest distance between
two points on a cylinder (one not directly above the other) is a fractional turn of a
helix. It is the reason why squirrels chasing one another up and around tree trunks
follow helicalpaths. The most classic example of helices is a screw. The shape of
screw likes stairs in minarets. Also in the nature, we can realize basic examples
of helices such as nuts, bolts, horns. In animals helical structures usually appear
in both mirror-image forms. Moreover, it is known that straight line (x = 0) and
circle (k = const., T = 0) are degenerate helices examples. In 1845 de Saint Venant
proved the first condition for helices. This well known condition is ” A necessary and
sufficent condition that a curve be a general helix that the function

poT

K

is constant along the curve, where x and 7 denote the curvature and the torsion,
respectively.”
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In Euclidean space, the slant helices are studied by Izumiya and Takeuchi, [1].
The slant helix is defined by property that its normal line makes a constant angle
with a fixed direction. A necessary and sufficient condition that a curve be a slant

helix is the function

Klz K

o(s) = (m(;)/)(s)

is constant. Salkowski curves, anti-Salkowski curves and the curves of constant
precessions are examples of slant helices. In [2] A.T. Ali defined k-slant helices and
introduce some characterizations of this curve and in [3] M. Ergut, H.Balgetir and S.
Aykurt obtain characterizations for this curve in Ej. A. T. Ali and R. Lopez studied
slant helices, By -slant helices and timelike curves of constant slope in Minkowski
spaces, [4; 5]. The spherical image of tangent indicatrix and binormal indicatrix of
slant helix and relations between a general helix and a slant helix were investigated
by L. Kula, Y. Yayli, N. Ekmekci, K. Ilarslan in [6; 7]. Furthermore, the involute
and evolute curves were investigeted by B. Biikcii and M. K. Karacan, [8].

In this paper, we study the spherical image of principal normal of slant helices
and obtain the differential equation in E3. We show that the spherical image of
principal normal of slant helices is a circle. Then, making use of known properities
of slant helices, we investigate spherical images of such curves in F3. Furthermore,
we obtain that the involute of the slant helix is a helix in E.

2. PRELIMINARIES

In Euclidean 3-space E3, the usual metric is
(,) = da? + da3 + da?

where (1,22, 73) is a rectangular coordinate system of E3. The curve a: [ C R —
E3, a = a(s) in E is called unit speed if (o/(s),a’(s)) = 1 for each s € I. T(s) =
a/(s) is a unit tangent vector and x(s) =| o’(s) || is the curvature of o at s. If
k(s) # 0, then the unit principal normal vector N (s) of the curve « at s is given by
o (s) = k(s)N(s). The unit vector B(s) = T'(s) A N(s) is called the unit binormal
vector of o at s. The Frenet formula for « is given by

T'(s) = K(s)N(s),
N'(s) = —~(s)T(s) + 7(s)B(s),
B/(s) = —7(s)N(s),

and (T,T) = (N,N) = (B,B) = 1, (T,N) = (N, B) = (B,T) = 0, [2].
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The slant helix in E? is defined by property that its normal line makes a constant
angle with a fixed direction. A necessary and sufficent condition that a curve be a
slant helix is the function

))(s) (2.1)
is constant, [1].

Let a be unit speed regular curve in Euclidean 3-space with Frenet vectors T, N
and B. The unit tangent vectors along the curve «a(s) generate a curve ap = T'(t)
on the sphere of radius 1 about the origin. The curve ar is called the spherical
indicatrix of T' or more commonly, a7 is called tangent indicatrix of the curve a. If
a = «a(s) is a natural representation of «, then ap = T'(s) will be a representation of
ap. Similarly one considers the principal normal indicatrix ay = N(s) and binormal
indicatrix ap = B(s).

If the Frenet frame of the principal normal indicatrix ay = N of a space curve
in E3 is {T, Ny, By}, then we have Frenet formula:

T]/\[(SN) 0 KN 0 TN
Ny(sn) | =| —sv 0 7N Ny |, (2.2)
B;V(SN) 0 —TN 0 BN
where T B
TN = — +f P
V14 f?
o fT+B N
Ny = - —
Vito? |1+ o
T+ B
By = —2 IT+B | Nl
Vito? [/1+ f2
and

v =TV1+ 02, (2.3)
T
f:;’
f'(s)
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where
a'(s)

w(s)y/T+ f2(s) (14 02(5))*
sy is natural representation of the principal normal indicatrix of the curve « and
kN, Tn are the curvature and torsion of ay , respectively. Therefore, we have

TN
'=—,

KN

[2].

The Minkowski 3- space Ef is the real vector space E endowed with the standard
flat Lorentzian metric given by

(,) = —dac% + dac% + dac%,

where (z1,72,23) is a rectangular coordinate system of E. If u = (uy,uz,u3) and
v = (v1, v, v3) are arbitrary vectors in E$, we define the (Lorentzian) vector product
of u and v as the following

- j k
UNV=| u;p uz2 ug |,
v1 V2 U3

[9].

The vector v in E? called a spacelike vector, null vector or a timelike vector if
(v,9) > 0 or v = 0,(v,v) = 0 or (v,v) < 0, respectively. For v € E$, the norm of
the vector v defined by

[oll = VI{v, )|
and v is called a unit vector if ||v|| = 1, [8]. Given a unit speed curve v in Minkowski
space E} it is possible to define a Frenet frame {T(s), N(s), B(s)} associated for
each point s. Here T, N and B are the tangent, principal normal and binormal
vector field, respectively, [9].

Let v be a nonnull curve and {T'(s), N(s), B(s)} are Frenet vector fields, then
the Frenet formulas are as follows

T = kN,
N' = (ep)kT + 7B, (2.4)
B = (ET)TN,
and
T 0 K 0 T
N | =] (gr 0 71 N
Br 0 (ep)r 0] | B
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where €, = (v,v) and &, T are curvature function and torsion function of the curve
7, respectively, [10].

Let {Tn, Nn, By} be the Frenet frame of the principal normal indicatrix vy = N
of a nonnull curve in F}, then we get the Frenet equations

Ty (sn) 0 e1kN(SN) 0 Tn(sn)
Ny(sn) | = | —corn(sn) 0 —e0e1TN(SN) Nn(sn) |,
By (sn) 0 —e17N(sN) 0 Bn(sn)
(2.5)
. [ 1, ifeF?-1>0,
where if 9 = { 1 e F?-1<0, the vector fields Ty, Ny and By are
Ty = e (T'+&FB)
\/ ‘1 - 61F2‘ ’
N EQE1E20 |:FT—|—€1B N:|
N = —1,
VI1+eoe20? V1 —e1F2 o
FT B
By = 7 [ el +€1€20‘N:| ,
V1 + eoe20?| [V1 — e F?

where

kN = V|1 + epea0?|,
[P —eaF?) [F" —eim” +e0 (1 —e1) K°F (1 — e1F?)] + 3eor?(F') (—e166" + 777)]
= (1— 21F2)3 (1 1 £92202)
_ a'(s)
 wls)y/[T— e F2(s)] [1 + egeac(s)[*?

)

and

F="_
K

o F'(s)
k(s) |1 — F2(s)[/*

3].

A unit speed curve 7 in E$ is called a slant helix if there exists a constant vector
field U such that the function (N(s),U) is constant.

Let v be a unit speed timelike curve in E$. Then + is a slant helix if and only if
either one the next two functions

K T K2 T\
o prt) e 27)
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is constant everywhere 72 — k2 does not vanish.

Let 7 be a unit speed spacelike curve in E3. If the normal vector of 7 is spacelike,
then v is a slant helix if and only if (2.1) is constant. If the normal vector of + is
timelike, then -y is a slant helix if and only if the function

/432 T

i) (2:8)

is constant. Furthermore, any spacelike curve with null normal vector is a slant
curve, [4].

3. THE SPHERICAL IMAGE OF THE PRINCIPAL NORMAL INDICATRIX OF SLANT
HELICES IN E3

Theorem 3.1. Let a unit speed curve o in E® be a slant heliz. The spherical
image of the principal normal indicatriz of « is a circle.

Proof. Let {T'(s),N(s), B(s)} be the moving frame along «. Then the Frenet
formula of « is
T'(s) = K(s)N(s),
N'(s) = —k(s)T(s) + 7(s)B(s),
B'(s) = —7(s)N(s),

If the Frenet frame of the principal normal indicatrix ay = N of a curve « is
{T'n, NN, By}, then we have the equations (2.2,2.3). Since the curve « is slant helix,
we know that the function in E3

f'(s)
K(s) (1 + f2(s))*2
is constant. If we consider this in the equation

_ o'(s)
 k(8) VT F2(s) (1 + 02(s))*?

o =

then we have I' = 0 and 7y = 0, ky = const., therefore we obtain that the spherical
image of the principal normal indicatrix of « is a circle.

Theorem 3.2. Let o be a unit speed slant heliz in E3 with Frenet vectors T, N
and B. If the principal normal indicatriz of « is ay = N , then the equation

@' N (cos ¢T — sin ¢B)_1
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is constant where ¢' = d¢/ds.

Proof. Let the Frenet-Serret frames of the curve ay = N be {Ty, Ny, By} and
the curvature of an be Ky, here

kN = [[Dry TN ||
and
a(sy) = N(s)
where sy is the parameter of the principal normal indicatrix ey = N. Then

T

K
Ty = ——T+ —B,
Wi

b
W]

where W = —kT + 7B is Darboux vector and ¢/ = d¢/ds. From the equations (2.3),
we have

DrTn = (¢'sin T — [|[W|| N + ¢ cos ¢B)

/ 2
EN = <¢> +1=+1+02

g

Since the curve « is slant helix and ¢ = const., then we have

(H%\)Q

is constant. Therefore

¢'N y
= const.
kcos N + 7sin pN
¢'N
= const.

cos o1 — sin ¢ B
This completes the proof.

4. SPHERICAL IMAGE OF SLANT HELICES IN E}

Theorem 4.1. Let a unit speed nonnull curve v in E3 be a slant heliz. The
spherical image of the principal normal indicatriz of v is a circle.
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Proof. Let the Frenet frame of v be {T'(s), N(s), B(s)}. If the Frenet frame of
the principal normal indicatrix v = N of a curve 7y is {Tn, Ny, By}, then we have
the equations (2.5,2.6). Since the curve  is slant helix in Ef, the function

F'(s)
(s) (1+ F2(s))*?

is constant. If we consider this in the equation

a'(s)
k()1 + F2(s) (1 + 02(s))*?

then we have I' = 0 and 7y = 0, ky = const., therefore we obtain that the spherical
image of the principal normal indicatrix of v is a circle.

Theorem 4.2. Let a unit speed nonnull curve v in E} be a slant heliz. The
spherical image of the tangent indicatriz of 7 is a spherical helix.

Proof. Let v be a unit speed timelike curve with a spacelike principal normal in
E3} and the Frenet-Serret frames of v be {T, N, B}. Then the Frenet formula is

T' = kN,
N' = &T + B, (4.1)
B'=—7N,

where T is timelike, N and B are spacelike. In this case

If we define the curvature and the torsion of the tangent indicatrix of v by kr
and 77 , respectively, then we have
2 _ 12

RT =
K

= ()
TT = — .
K2 —T12 \K
2

TT K

KT (k2 — 72)3/2 <£>/

and

Thus, we have

-
Since the equations (2.7) is constant, the last equation T is costant. According
K

T
to the definition of the helix, the spherical image of the tangent indicatrix of 7 is a
spherical helix.
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Secondly, let v be a unit speed spacelike curve with a spacelike principal normal
in 3. The Frenet formula of ~ is

T' = kN,
N' = —xT + 7B, (4.2)
B’ =71N,

where T and N are spacelike, B is timelike and
(I'"T)=(N,N)=1,(B,B) =—-1,(T,N) = (N,B) = (B,T) = 0.

If we define the curvature and the torsion of the tangent indicatrix of v by kp
and 77 , respectively, then we have

T2 p2
Rp = ———
K
and
()
TT=—75—51(—) .
72— K2 \k
From the last equations, we have
T K2 (7')/
KT (12 — ,%2)3/2 K

Since the last equation is constant, the tangent indicatrix of « is a spherical helix.

Let v be a unit speed spacelike curve with a timelike principal normal in E3.
Then

T = kN,
N' = kT + 7B, (4.3)
B'=1T1N,

where T', N, B are tangent, principal normal and binormal vectors of «v. Here, T' and
B are spacelike, N is timelike and

<T7T> = <B5B> = 17<N7N> = _1¢<T7N> = <N7B> = <BvT> =0.
After some calculations, we have

VR4 T2

RT = ;
K

e (n)
TP = —
K24+ 72 \K
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and
2

T K <7’>’
KT (K2 4 72)2 \r/
Since the equation (2.8), the tangent indicatrix of + is a spherical helix.

Theorem 4.3. Let a unit speed nonnull curve v in E} be a slant heliv. The
spherical image of the binormal indicatriz of v is a spherical helix.

Proof. Let v be a unit speed timelike curve in E3 and {T, N, B} be the Frenet-
Serret frames of the curve 7. From the equation (4.1), we have the curvature and
the torsion of the binormal indicatrix of v by, respectively

2 _ g2
Kp = ————
K

o (5)
Tg = = .
T2 — k2 \r

and

Then, we have
2

™B_ K (Z)’
KB (12 — k2)%2 \K/

Since the equations (2.7) is constant, we can show easily that the binormal indicatrix
of ~y is a spherical helix.

Let v be a unit speed spacelike curve with a spacelike principal normal or a unit
speed spacelike curve with a timelike principal normal in E? The spherical images
of the binormal indicatricies of - is a spherical helix. From the Theorem 4.2, we can
show easily that the proof is hold.

5. THE INVOLUTE OF THE SLANT HELIX IN Ej

In this section, we study the involute of the unit speed spacelike slant helix
with a timelike principal normal and show that the involute of 7 is a helix in E.

Theorem 5.1. Let a timelike curve 8 with a spacelike principal normal be the
involute of the unit speed spacelike curve v with a timelike principal normal in E3.
Then, the curve v is a slant heliz if and only if the curve B is a helix.
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Proof. Let the Frenet-Serret frames of the curves v and 8 be {T, N, B} and
{T*, N*, B*}, respectively. Then, we know that

1
T = ——N
VK2 + 72
A — - B
VK2 4 72 VEZ 72
Br=-——' 7 " B
 VRrZ 12 VEZ+ 72
is hold.
If we take the curvature of the curve 8 by «* and the torsion of g by 7%, we know
that
. VK272
K= —
le — s| K
and

* ey ()
" = —
lc —s| (k2 4+ 72) \K
is given in [8]. Therefore, we have

* 2

r___ &~ <Z>,
KE (/<c2—i—7'2)3/2 K/

This means that the curve f is a helix.
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