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SOME CONVEXITY PROPERTIES FOR TWO INTEGRAL
OPERATORS
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ABSTRACT. In this paper we introduce two integral operators for analytic func-
tions f;(2), gi(z) in the open unit disk U. The main object of the present paper is
to study the order of convexity for these integral operators.
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1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of functions of the form
oo
f2)=z+) an2",
n=2

which are analytic in the open unit disk
U={ze€C:|z| <1}

and satisfy the following usual normalization condition
F(0) = (0)—1=0.

We denote by S the subclass of A consisting of functions f which are univalent in
U.

A function f belonging to S is a starlike function by the order a, 0 < a < 1 if f
satisfies the inequality

Re <Z}f£i§)> >a (z€0).
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We denote this class by $* (o).
A function f belonging to S is a convex function by the order a,0 < o < 1 if f
satisfies the inequality

Re <ZJ{£,I;(Z’§> + 1) >a (z€U).

We denote this class by («). A function f € S is in the class R («) if and only if
Re (f'(z)) >a (z€U).

In [1], Frasin and Jahangiri introduced the class B (i, ) defined as follows.
A function f € A is said to be a member of the class B (u, ) if and only if

£(2) (@)M—1‘<1—a (1)

(zeU;0<a<1;u>0).
Note that the condition (1) is equivalent to

(o)) -

for (zeU;0<a<1l;u>0). Clearly, B(1,a) = S*(a), B(0,a0) = R(«x) and
B(2,a) = B(«) the class which has been introduced and studied by Frasin and
Darus [2] (see also [3]). Here, in our present investigation, we introduce two general
families of integral operators:

- [ [[ (%) o) a )

i, €C; fi,gi € A, M; > 1 foralli € {1,2,....,n}.
z N 0 )
fl(t) ) Vi
Tz = T (% 90 " gt 3
) /0 “( ) () )
0,7 €C; fi,gi € Aforall i € {1,2,...,n}.

Remark 1.1. The operator I,,(z) was derived by an operator introduced by Pescar
in [5] and studied by Ularu in [6].
In order to prove our main results, we recall the following lemma.
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Lemma 1.1.(General Schwarz Lemma) [4] Let the function f be regular in the
disk Up = {z € C : |z| < R}, with |f(z)| < M for fired M. If f has one zero with

multiplicity order bigger or equal to m for z =0, then

M
fEI < g lel™ (€ Ug).

The equality can hold only if

where 0 is constant.

2.MAIN RESULTS

Theorem 2.1. Let the functions f;, g; € A for alli € {1,2,...,n}. For any given

M; > 1, N; > 1 satisfying the conditions

[fi)| < M; (2 €U),

22fl(2) < 2M; — 1
HO ‘_ M;

and B
zg; (2)
9i(2)

there exist numbers a;,vy; € C such that

_1‘§Nz (ZE[U)

n

A=1-= [Bloy — 1| + 5| (Vi + 1)]
=1

and
n

2[3 o = 1]+ || (Vi + 1)] < 1
=1

foralli € {1,2,...,n}. In these conditions, the integral operator I,(z) defined by (2)

is in KC(N).

Proof. From (2) we obtain

ne=11("7) o)

n
=1
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and
e =3[ (1) (2 (gﬂz))ﬂg (f’“()> (k)™
+i§:;[<fiiz)>%lv (9i(2)) " gi( ]ﬁ( )ak_l (gh(2)) ™.
After the calculus we obtain that -
T =X (R ) o) ©

It follows from (6) that
Fol= S (G ] 5]

< Z{ail’ (( f2<(>) 1) P2 1) v 55 @
From the hypothesis (4) of Theorem 2.1., we have

F(:) <M; (:€U) and iﬁgf—4g2%%_1 (- € 1)

for all i € {1,2,...,n}. By applying the General Schwarz Lemma, we thus obtain
|fi(2)] < M; |z| (z€eU;ie{l,2,....,n}).

Using the condition (5) and from the inequality (7), we obtain

T 2[3'% e (|35 -1]+1))

<D Blag =1+ |l (Ni + 1))
i=1

—1-2
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which implies that I,,(z) € K(A).
Setting oy = ag = ... = @, = 1 in Theorem 2.1., we have

Corollary 2.2. Let the functions g; € A for all i € {1,2,...,n}. For any given
N; > 1 satisfying the condition
zg9; (2)
9i(2)

—1‘§Nl (ZE[U)

there exist v; € C such that

A=1=|ul(Ni+1)
=1

and

n
>l (Ni+1) <1
=1

for alli € {1,2,...,n}. In these conditions, the integral operator

n

o g)z) = [ T](ah(0)" at

i=1
is i KC(N).
Setting n = 1 in Theorem 2.1., we have

Corollary 2.3. Let the functions f, g € A. For any given M > 1 and N > 1
satisfying the conditions

22f(z —
solsr eev, B <BE Gew
and ")
2g" (2
7 —1‘3]\7 (z€l)

there exist numbers o,y € C such that
A=1-[3Bla—-1]+ |y (N +1)]

and
Bla—1|4+ [y (N+1)] < 1.
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In these conditions, the integral operator

- [ (f(f)) (9/(1))" dt

is in IC(N).
Setting M =1 and N =1 in Corollary 2.3., we have

Corollary 2.4. Let the functions f, g € A. If

22f(z
selst ew. [FHE-i<1 Gey)
and ")
zq"(z
702 —1’§1 (z€U)

there exist numbers o,y € C such that
A=1-[Bla-1]+2]]

and
Bla—1]+2y|] < 1.

Then the integral operator

is in KC(N).

Theorem 2.5. Let the functions f;, g; € A, where g; be in the class B(u;, a;),
wi >0,0<a; <1 forallie{l,2,..,n}. For any given p; > 0,0 < a; <1, M; > 1
and N; > 1 satisfying the conditions

2HO
fi(2)

there exist numbers 6;,7v; € C such that

<M; (2€U) and |gi(2)| <N, (2€D)

n

A=1=Y 16 (M + 1) + || (2 — i) N

=1
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and
n

D 16 (M; + 1) + [l (2 — i) Ni#i] < 1

i=1
foralli € {1,2,...,n}. In these conditions, the integral operator J,(z) defined by (3)
is in IC(N).

Proof. If we make the similar operations to the proof of Theorem 2.1., we have
zJp(2) Z" [ (sz(z) ) / ]

= 6 L —1 + vizg9;(2)]. 8

J;.L(Z) — 1 fl(Z) ’YZ gz( ) ( )

From the relation (8), we obtain that

) g;[\@\ ([ 1)l it
s;[ (P2 1) el ()| |22 ) o
Since
2f1(2)

<M; (2€U) and |gi(2)|<N;, (z€0)

fi(2)
and applying the General Schwarz Lemma for the functions g; (i € {1,2,...,n}), we
obtain

l9:(2)] < Ni|z|  (2€0). (10)
Because g; € B(ui, a;), i > 0,0 < a; < 1 we apply in the relation (9) the inequality
(10) and we obtain

Z{Z/S)) < g{y@y(mﬂ)ﬂ%\ gi(2) (gjz)yi Ni’“}. (11)

From (11) and (1) we obtain

i |= [ ven (o (555) " - |+ 2) ]

n

< Z (10:] (M + 1) + 7] (2 — i) N:*)
i=1
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=1-A
which implies that J,(z) € I(A).

Setting 1 = po = ... = pp =0, M1 =Moo =... =M, =M =1 and Ny = Ny =
..= N, = N =1 in Theorem 2.5., we obtain

Corollary 2.6. Let the functions f;,g; € A, where g; be in the class R(«;),
0<a; <1 forallie{l,2,...,n}. For any given 0 < o; < 1 satisfying the conditions

2fi(2)
fi(2)

there exist numbers 6;,7v; € C such that

<1 (z€U) and J|gi(2)|<1 (z€0)

n

A=1— Z[Q 16i] + vl (2 — a;)]

=1

and
n

(216 + il (2 - o)) < 1

i=1
foralli € {1,2,...,n}. In these conditions, the integral operator J,,(z) defined by (3)
is in IC(A).

Setting 1 =po = ... =pp =1, My =Mse=... =M, =M and N1 = Ny = ... =
N, = N in Theorem 2.5., we obtain

Corollary 2.7. Let the functions f;,g; € A, where g; be in the class S*(«;),
0<oa; <1 forallie{l,2,...n}. For any given 0 < o; <1, M > 1 and N > 1
satisfying the conditions

2fi(z)
fi(2)

there exist 0;,v; € C such that

<M (z€U) and lgi(2)] <N (z€D)

n

A=1=3 (16| (M +1) + |l (2 — ai) N)
=1

and
n

D 6 (M+1) + || 2 — ) N) < 1
i=1
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for alli € {1,2,...,n}. Then the integral operator J,(z) defined by (3) is in K ().
Setting n = 1 in Theorem 2.5., we obtain

Corollary 2.8. Let the functions f,g € A, where g be in the class B(u, ),
w>0,0<a<l. Forany given u > 0,0 <a <1, M >1 and N > 1 satisfying the
conditions

2f'(2)
f(2)

there exist numbers 9,y € C such that

<M (2€U) and J|9(z)| <N (2z€0)

A=T1—[0[(M+1)+ (2 —a)N"]

and
[10] (M 4+ 1)+ |y (2 —a) N*] < 1.

In these conditions, the integral operator

J(z) = /0 (@)6 <eg(t))7dt
is in KC()).
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