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ABSTRACT. In this paper, we define the sequence spaces o (Amp), ¢ (App) and
co (App) (m € N). Also we give some topological properties and inclusion relations
of these sequence spaces.
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1.INTRODUCTION

Let /o, c and ¢y be the linear spaces of bounded, convergent and null sequences
x = (z) with complex terms, respectively, normed by

2]l = sup ||
k

where k € N = {1,2,...}, the set of positive integers.
The difference sequence spaces

X(A)={x=(zx) : Az € X}

first defined by Kizmaz [1], where Az = (Axy) = (z — xx41) and X is any of the
sets o, ¢ and ¢y, and showed that these are Banach spaces with norm

lzlla = 1]+ sup | Az
Then Colak [2] defined the sequence spaces A,(X) = {x = (z1) : Ayz € X}, where

Ayx = (Ayxg) = (vpTr — Vgr12ks1) and is any sequence space, and investigated
some topological properties of this spaces.
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Tripathy and Esi [3] defined the new type of difference sequence spaces
Z(Ap) ={z = (xx) : Apz € Z}

for Z = l, c and ¢y, where m € N be fixed, A,z = (Apxg) = (T — Tgym) for all
k € N and showed that these are Banach spaces with norm

m

Izla,, =D Izl 5P |Am |

r=1

Definition 1.1.[4] Let X be a sequence space. Then X is called:
(i) Solid (or normal), if (agxr) € X whenever (x) € X for all sequences (ay) of
scalar with |oy| < 1.

(ii) Monotone provided X contains the canonical preimages of all its stepspace.

(iii) Symmetric if (z) € X implies () € X, where 7 (k) is a permutation
of N.

(iv) A sequence algebra if (zy), (yr) € X implies (zryx) € X.

(v) Convergence free if (y;) € X whenever (z;) € X and y; = 6 whenever
T, = 6.

(vi) For r > 0, nonempty subset V of linear space is said to be absolutely r-
convex if z,y € V and |\|" 4 |u|” < 1 together imply that Az + pz € V. A linear
topological space X is said to be r-convex if every neighborhood of # € X contains
as absolutely r-convex neighborhood of § € X (see for instance [5]).

2. MaAIN RESULTS

Let v = (vg) be any fixed sequence of nonzero complex numbers. Now we define

los(Amy) = {x=(21): Ampx € U},
c(Amp) = {z= (k) Amoz € ¢},
co(Amp) = {z= (k) : Amot € o}

where m € N be fixed, Ay, v = (Ap oZk) = (VpTk — VktmThtm) for all £ € N.
If we take (vg) = (1,1, ...), then we obtain £ (A,), ¢ (Ay,) and co(Ay).
Theorem 2.1. The sequence spaces loo(Amp), ¢(Amy) and co(Ap) are normed
linear spaces, normed by

m
Izl = Jora| + SUP [ A, 2| (2.1)

r=1
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Proof. We shall prove only for £ (A,,). The other cases can be proved similarly.
Let a, B be scalars and (xg), (yx) € loo(Apm,p). Then

sup |Ap, vxk| < 00 and sup |Ay, Y| < 0. (2.2)
k k

Hence

sup [ Ao (axy + Byi)| < |af sup |Apmuxr] 4 8] sup [Ampyx] < 00
k k k

by (2.2). Hence (o (A, ) is a linear space.
Next for x = 60, we have ||#]] = 0. Conversely, let ||z|| = 0. Then |z| =

m

> |vrxye| 4+ sup |Ap, x| = 0. Since v, # 0 for Vr € N, we have z, = 0 for r =
r=1 k

1,2,...,m and |A,, x| = 0 for all £ € N. Consider k = 1 ie. |[Apzi| =0 =
[v121 — Vigm@14m| = 0= Z14m = 0 (Vi4m # 0), since 1 = 0 (v1 # 0). Proceeding
in this way we have zj = 0, for all k¥ € N. After then we write

m
[z +yll = Z [or(zr + yr)| + Sl}ip | Ao (K + yi)|
r=1
m m
< Z |Urxr| + sup |Am,vxk| + Z |Uryr| + sup |Am,vyk|
r=1 k r=1 k
= Al +llyll-
Finally
m
el = > oray| + sup | A,y (Azy)]
r=1 k
= Al
Hence ||.|| is a norm on the sequence spaces loo(Ap, p), ¢(Apy) and co(Ap, ).

This completes the proof.

Theorem 2.2. The sequence spaces loo(Apy), ¢(Amy) and co(An,) are Ba-
nach spaces under the norm (2.1).

Proof. Let (z°) be a Cauchy sequence in oo (A, ), where 2° = (z7) = (2,23, ...) €
loo(Ap ), for each s € N. Then

m
Hazs _ g;tH — Z ‘Ur(xﬁ - :L‘i)‘ + sip |Am,vxi — Am,vlﬂ —0

r=1
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as s,t — oo. Hence for given € > 0, there exists ng € N such that

|z° =2 = Z |vor (25 — )| —i—sup‘A 0T — Aoy | < e (2.3)
r=1

for all s,t > ng. Hence we obtain |vj (] — z})| < € and since vj, # 0 for all k € N we
have ’xz - 1:};‘ < e for all s,t > ng and k = 1,2,...,m. Therefore (z}) is a Cauchy
sequence in C for each k € N. Since C is a complete space, (xfc) is a convergent in
Cfor k=1,2,....,m. Let lim mfc = x}, say for each k£ € N.

t—o0
From (2.3) we have

‘Am,vmz — Am,vﬁc‘ <eg

for all s,t > ng and all £k € N. Hence (Am,ya;Z) is a Cauchy sequence in C for all
k € N. Thus (Am,vaj}t{) is a convergent in C and let tlim Am,vm',; =y, say for each

k € N.
Then we have

limZ‘vrx —at ‘—Z]vra: —xy)| <e
t—o00

s > ng, and

Jim fopy, — UkT), — (Vkgm@hm — VktmThpm)| = [0k} — UkTk — (UkgmThm — VkimThim)| < €

for all £k € N and s > ng. Hence for all s > ng, we have

sup |Ap o), — Ap ok| < €.
k

Thus we obtain by
Z lvr () — 2p)| + sup |Am vf — A or| < 2¢

and (2° — x) € loo(Ap o) for all s > ng. Since log (A, ) is a linear space, we have
r=2a°— (2° — 2) € loo(Apmp), for all s > ng. Therefore lo, (A, ) is complete.

It can be shown that ¢(A,,,) and ¢o(Ay,,) are closed subspaces of lo (A, ).
Therefore these sequence spaces are Banach spaces with norm (2.1).

Theorem 2.3. The sequence spaces Lo (Do), ¢(Amp) and co(An,,) are BK-
spaces with the same norm as in (2.1).

Proof. These sequence spaces showed to be Banach space in Theorem 2.2. Now
let

[z" —zf| — 0
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as n — co. Then
|z) — x| = 0 (n — o0)

for k <m and
[Amw(@y — k)| = 0 (n = o0)

for all k& € N. Here also we obtain |z} — x| — 0 (n — oo) for all & € N. Hence
sequence spaces {oo(Amy), ¢(Amy) and co(Ay, ) are BK-spaces.

Theorem 2.4. (i) X(A) C X(Any), for X = U, ¢, co and the inclusions are
strict.

(ii) co(Amw) C c(Ampw) C loo(Amyw) and the inclusions are strict.

Proof. (i) The proof is obtain for m = 1 and vy =1 for all k € N.

To show the inclusions are strict consider the following example.

Example 1. Let m = 2, vy = 1 for all k¥ € N and consider the sequence (zy)
defined by z = 1 for k odd and xp = 0 for k even. Then the sequence (zj) belongs
to co(Ay,w) but does not belong to ¢p(A).

Let m =1, vy = 1 for all k € N and = = (k?). Then the sequence (z;) belongs
to ¢(Amw) C loo(Am,p) but does not belong to ¢(A) C foo(A).

(ii) The inclusion co(App) C c(Apy) is obvious. Now let € ¢(Ay, ). Since
A o(2k) € ¢ C loo, we obtain @ € log(Apy ). Thus c(Apy) C loo(Amw)-

To show the inclusions are strict consider the following example.

Example 2. Let m =1, vy = 1 for all £k € N and z;, = k. Then the sequence
(x)) belongs to ¢(Ay,) but does not belong to co(An, o).

Let m =1, vy = 1 for all k € N and consider the sequence (zy) defined by z = 1
for k odd and xp = 0 for k even. Then the sequence (xj) belongs to foo(Ay, ) but
does not belong to c(Ay, ).

Theorem 2.5. The sequence spaces c(Ay,) and co(Ap, ) are closed subsets in
loo (A ).

Proof. Since ¢ C lo, then ¢(Ay, ) C loo(Am,y) by Theorem 2.4 (ii). Now we
show that ¢(Ap, ) = €(Am,p), where ¢(Ay, ), the closure of ¢(A, ) and ¢, the
closure of c¢. Let x € ¢(Ay, ), then there exists a sequence (z™) in ¢(Ay, ) such that

|l — x| = 0 (n — o0)

in ¢(Ay,), and so

Z lop (2™ — )| + Sup |Am o) — Ay pxi| = 00 (N — 00)
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in ¢. Thus A,z € ¢. Hence z € ¢(Ay,). Conversely if x € ¢(Ay, ), then
Ap () € € Since ¢ is closed, € ¢(Apy) C ¢(Apyw). Hence x € ¢(Ay, ). This
completes the proof.

The proof of co(Ayy, ) is similar to that of ¢(Ay,).
Theorem 2.6. The sequence spaces c¢(Ap, ) and co(Ap,y) are separable spaces.
Proof. The proof is similar to that of Theorem 2.5.

Theorem 2.7. The sequence spaces c(Ap, ) and co(Ap ) are nowhere dense

subsets of loo(Amp)-

o

Proof. Suppose that % = o, but ¢(An») # @. Then ¢ contains no neighborhood
and B(a) C ¢(Ap,v), where B(a) is a neighborhood of center a and radius r. Hence

a € B(a) C c(Amp) = c(Amp).
This implies that A, ,(a) € €. So

B(Apu(a))Ne# @.

o
This contradicts to g = @. Hence ¢(Ap, ) = @. The proof of co(Ay, ) is similar to
that of c(Ap o).

The proofs of the following theorems are obtained by using the same technique
of Tripathy and Esi [3], therefore we give it without proof.

Theorem 2.8. The sequence spaces loo(Apy), ¢(Apy) and co(Ap, ) are not
solid, not monotone and not convergence free.

Theorem 2.9. The sequence spaces loo(Am ), ¢(Amy) and co(Am,p) are not
symmetric for m > 1.

Theorem 2.10. The sequence spaces loo(Apm y), c(Amw) and co(Apy) are not
sequence algebra.

Proof. The proof follows from the following examples.

Example 3. Let m =1, vy =1 forall kK € N, zp = k and y, = k for all £ € N.
Then z,y € ¢(A) C lo(A), but (z.y) ¢ c(A) C lo(A).
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Letmzl,v: for all K € N, z; = k and y = k for all kK € N. Then
z,y € co(Amp), but (z.y) ¢ co(Amw).

Theorem 2.11. The sequence spaces loo(Amy), ¢(Amw) and co(Ap,y) are 1-
convex.

Proof. f 0 < § < 1, then V = {z = (x}) : ||z|| < 0} is an absolutely 1-convex
set, for z,y € V and |\ + |u| < 1, then

Az +pyl = Zlvr A-’Ifr+uyr)!+Sup!Amv(A$k+uyk)!
r=1

ALl + [l Tyl < 0(IAL + |ul) < 6

IN

This completes the proof.
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