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THREE DIMENSIONAL SURFACES FOLIATED BY LORENTZ
SPHERES IN EY

DERYA SAGLAM AND YUSUF YAYLI

ABSTRACT. In this paper, we study 3-dimensional surfaces in El7 generated by
equiform motions of a Lorentz sphere. The properties of these surfaces up to first
order are investigated. We show that, as it is shown in E7, any 3-surface of the
studied type in EJ in general is contained in a canal hypersurface, which is gained
as envelope of a one-parametric set of 6-dimensional pseudospheres. Finally we give
an example.
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1. INTRODUCTION

Equiform motions are a general form of Euclidean motions. It is crucial that
equiform motions are regular motions. These motions are studied in kinematic and
differential geometry in recent years frequently. An equiform transformation in the
n-dimensional semi-Euclidean space with the index 1 is an affine transformation
whose linear part is composed by an semi orthogonal transformation and a homo-
thetical transformation. Such an equiform transformation maps points =z € E}
according to the rule

r— pAr+d,A € SO1(n),pe R",d € E}. (1)

The number p is called the scaling factor. An equiform motion is defined if the
parameters of (1), including s, are given as function of a time parameter t. Then a
smooth one-parameter equiform motion moves a point x via x(t) = p(¢t)A(t)x(t) +
d(t). The kinematic corresponding to this transformation group is called equiform
kinematic [1, 6, 9]. The authors give some first order properties of cyclic surfaces gen-
erated by equiform motions in five dimensional Euclidean space and semi-Euclidean
space [1, 10, 2]. Moreover it is studied 3-dimensional surfaces in E7 generated by
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equiform motions of a sphere and prove that 3-dimensional surfaces in E7, in general,
is contained in a canal hypersurfaces [4]. In [6] it is showed that a kinematic three-
dimensional surface obtained by the equiform motion of a sphere and with constant
scalar curvature K satisfies |K| < 2.

In Minkowski space E$ with scalar product < z,y >= —z1y1 + T2y2 + 3y3 the
pseudosphere or Lorentz sphere and the pseudohyperbolic surface play the same role
as spheres in Euclidean space. Lorentz sphere of radius » > 0 in E:f is the quadric

Si(r)={p € E{ : (p.p) =r*}.

This surface is timelike and is the hyperboloid of one sheet —x% + 23 + 23 = r
which is obtained by rotating the hyperbola —z% + x% = 72 in the plane x5 = 0 with
respect to the x1 axis. The pseudohyperbolic surface is the quadric

Hi(r) ={p € E{ : (p,p) = —1*}.

This surface is spacelike and is the hyperboloid of two sheet —x? + x3 + l’% = —r
which is obtained by rotating the hyperbola 22 — 23 = r? in the plane 2o = 0 with
respect to the zp axis [5].

In this paper we consider the equiform motions of a Lorentz sphere k, in ET.
The point paths of the Lorentz sphere generate 3-dimensional surface, containing
the positions of the starting Lorentz sphere k,. We have studied the first order
properties of these surfaces for the points of these Lorentz spheres for arbitrary
dimensions n > 3. We restrict our considerations to dimension n = 7 because at
any moment the infinitesimal transformations of the motion map the points of the
Lorentz sphere k, to the velocity vectors, whose end points will form an affine image
of k, (in general a Lorentz sphere) that span a subspace W of E} with n < 7.
Moreover we show that, as it is shown in E7, any 3-surface of the studied type in
EY in general is contained in a canal hypersurface, which is gained as envelope of a
one-parametric set of 6-dimensional pseudospheres. Finally we give an example.

2

2

2.LOCAL STUDY IN CANONICAL FRAMES

Consider a unit Lorentz sphere k, in the space m, = [z1x2x3] centered at the
origin represented by z(6,¢) = (sinh#, coshfsin ¢,coshfcos$,0,0,0,0)7, § € R
and ¢ € [0,27], the general representation of a 3-dimensional surface in E7 is given
by

X(t,0,9) = p(t)A(t)x(0,6) + d(t), t € R (2)
)

where p(t) is a scaling factor, A(t) = (ai;(t)) :
matrix and d(t) = (b1 (t), ba(t), bs(t), ba(t), bs(t), b

i, 7=1,2,...,7is a semi orthogonal
6(t),br(t))T is the translational part
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of the motion. Moreover we assume that the all involved functions are of class C1.

By using Taylor’s expansion, up to the first order the representation of motion is
given by

i ’

X(t,0,0) = [p(0)A(0) + (p' (0)A(0) + p(0)A'(0))]x(0, ¢) + d(0) + d (0},

where (") denotes differentiation with respect to time (¢ = 0). We assume the moving
frame E] and fixed frame ¥ coinciding at the zero position (¢ = 0), then we have

A0)=1, p(0)=1 and d(0)=0.

Thus we have
X(t,0,0) = [I; + (p (0)I7 + A (0))t]z(0, ¢) + d (0)¢

where A/(O) = (wg), k=1,2,...,21 is a semi skew symmetric matrix. For simplicty
we write p' and b; instead of p'(0) and b;(0) respectively in the rest of this section
and in section 3. In these frames, the representation of the motion up to the first
order is given by

X1 by 1+tp
Xo by twy
X3 blg two
X, = t| b, | +sinh6 tws (3)
X5 bj{) tCU4
Xg blﬁ tws
X7 b'7 twe
twi two
1+tp twr
—tw, 1+tp
+ cosh 0 sin ¢ —twg +coshfcosp | —twis
—twg —tw13
—twm —tw14
—twn —tw15

= t? + 70 sinh 8 + 71 cosh fsin ¢ + E)Z cosh 6 cos ¢

For any fixed ¢ in equation (3), we generally get an elliptical hyperboloid for § € R
and ¢ € [0,27] centered at the point t(bll, bIQ, bg, b/4, b%, b%, b/7) The latter elliptical
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hyperboloid turns to a 2—dimensional Lorentz sphere if ﬁo, @1 and @4 form a
orthogonal basis. This gives the conditions

Wowy + W3wg + Wiy + Wswig + Wew1l = —WiWy + W3iwi2 + wWawi3 + Wswi4 + WewWis
= —WiWw2 + wswi2 + wywiz + wipowi4 + wiiwis
=0

and
2 2 2 2 2 2 2 2 2 2 2 2
wi tw; tw3ytwytwst+wsg = W) —Wwr—wg—wy— Wy —wip
2 2 2 2 2 2
= Wy — W7 —Wyg — Wiz — Wiy — Wis

= a’

where a € RT. Thus we get following equation of the Lorentz sphere

7

3 eilws — th)? = (1+ )% — at®.
=1

wheree; = —1,¢; =1, j = 2,3,4,5,6, 7. The orthogonal projection of these elliptical
hyperboloid in (3) on the space of the starting Lorentz sphere 7, = [z1z21x3] is

Xq b/l 1+ tp/
X5 = t| by | +sinhé twy (4)
X3 by tws
twi two
+cosh@sing | 1+tp | + coshfcos¢ twr
—twr 14+tp

This equation generalizes in five dimension what happens for ¢ = 0. Namely: if
¢ = 0 the orthogonal projection of the elliptical hyperboloid in (4) on the space

[x123] is
X1 . bll . 1+ tp/ two
( Xs > —t< b, > —i—smh@( o ) +cosh9< 1+t ) .
This gives Lorentzian circles centered at (tb;, thy) and radii by r = \/ [tP2wd — (1 +1tp')?|.
See also [10].

Corollary 1.The orthogonal projection of the elliptical hyperboloids into the
space of the starting Lorentz sphere in gemeral are elliptical hyperboloids for any
fized t, in particular hyperboloids of revolution iff we = wy, centered at (tbll, thQ, tb;).
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The projection of the ruled surface of tangent to k, into the original space will
give a 3-dimensional surface in F}, which is foliated by elliptical hyperboloids. Now
from (4) we have

1+ tp/ twy two sinh 0 b,1
X(t,0,0) = | tw 1+t twr coshfsing | +t b/2
twa —twr 1+ tp/ cosh 6 cos ¢ bé

and the first partial derivatives are

’

bll p w1 wo sinh 0
X = b/2 + | wi ,0/ wy coshfsing |,
by wy —wr p cosh 6 cos ¢

Xy = (cosh 6, sinh 6 sin ¢, sinh 6 cos <Z>)T,
X4 = (0, cosh 6 cos ¢, — cosh 0 sin ¢)” .
Then the linearly dependent points
cosh 0[p’ — b sinh @ + by cosh @sin ¢ + b;) cosh 6 cos ¢] = 0,
we get
cosh6[p’ + (d', z(6, ¢))] = 0.

The latter equation characterizes the instantaneous curve of contact.
3. THE TANGENT PSEUDOSPHERE OF 3-DIMENSIONAL SURFACE IN E7

In this section, we will show at any instant ¢ there exist a pseudosphere K(t),
which is tangent to a given 3-dimensional surface (2) in all points of the instantaneous
position k(t) of the Lorentz sphere k,. Without loss of generality we investigate the
situation at the zero position. Any pseudosphere K, which is tangent to given
3-dimensional surface (2) along k, has to contain k,; hence the center of K, has
coordinates (0,0,0, my, ms, mg, m7) with mg, ms, mg,my; € R. On the other hand
since K, has to be tangent to all velocity vectors of the motion, the center of K,
has to lie in each of the hyperplanes through the points of k(¢) orthogonal to these
velocity vectors. This gives us the additional condition

ma(by + w3 sinh 6 — wg cosh fsin ¢ — w15 cosh  cos ¢) (5)
+m5(b::) + wy sinh 6 — wg cosh 0 sin ¢ — wy3 cosh € cos ¢)
—i—mﬁ(b% + ws sinh 6 — wy cosh O sin ¢ — w4 cosh 6 cos @)
+m7(b/7 + wg sinh @ — wy7 cosh O sin ¢ — w5 cosh 6 cos @)
= p, — bll sinh 6 + b/2 cosh #sin ¢ + b; cosh 0 cos ¢
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By comparing the coefficients of {1, sinh 6, cosh € sin ¢, cosh 6 cos ¢} in (5), we have
the system of linear equations

BM = H, (6)
where
b, by by b my p//
B=| @ %1 “5 W , M = 5 and H = _bll
wg Wy wip w11 mg —b,
W12 W13 W4 Wis my —bs
If B is a regular matrix, we get
M =B 'H. (7)

Therefore, we have the following theorem:

Theorem 1.In general there is a 6-dimensional pseudosphere with center
(0,0,0,my, ms, mg, m7) which contains the Lorentz sphere k, and is tangent to all
tangent planes T(0,¢) of the given 3-dimensional surface (2). This pseudosphere is
given by

—x%—l—xg—i—m%%—(:L'4—m4)2—|—(x5—m5)2+(:c6—m6)2+(a:7—m7) :1+Zmia

where my, ms, mg, my given by (7).

Definition 1.Canal hypersurfaces in ET' are envelope hypersurfaces of one-
parametric sets of pseudospheres.

Therefore, we have the following theorem:

Theorem 2.Any 3-dimensional surface of the studied type in EY in general is
contained in a canal hypersurface, which is gained as envelope of a one-parametric
set of 6-dimensional pseudospheres.

If the system of equations (6) is singular, we have many cases. This situation is
the same of the singular cases in [4] and we omit the details.

4.CURVE OF CENTERS OF THE PSEUDOSPHERES
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Now, we consider ¢ is varying and in this section, we will determine the centers
of the pseudospheres which contain the Lorentz sphere k(t) and are tangent to all
tangent planes 7(¢,0, ¢) of the 3-dimensional surface (2). If Let a;(t),7 = 1,...,7
are the column vectors of the matrix A(t), then (2) can be written as follows

X(t,0,0) = p(t)|a1(t) sinh @ + as(t) cosh Osin ¢ + a3(t) cosh O cos ¢ + d(t)  (8)

where d(t) is the center of the moving Lorentz sphere and a1 (t), az(t), as(t) are three
orthogonal vectors in the space of the moving Lorentz sphere. The velocity vectors
of the points of the Lorentz sphere are given by

X'(t,0,0) = [o (f) 1(t) + p(t)ay ()] sinh 0 (9)

+lp (t)az(t) + p(t)
+lp (Has(t) + p(t)a

where * denotes the derivative with respect to the time t.
The equation of the hyperplanes orthogonal to such a path is

YTX'(t,0,¢) = XT(t,0,0)X'(t,0,¢)

where Y = (y1,¥2, Y3, Y4, Y5, Y6, y7) . is the position vector of an arbitrary point Y
in the hyperplane. The scalar product in the above equation is Lorentz metric.
According to the inner product this equation is

YTeX'(t,0,0) = X1 (t,0,0)eX'(t,0,¢) (10)
-1 0 0 0 0 0 O
0 100 00O
0 01 0 00O
wheree=] 0 0 0 1 0 0 O | isthe sign matrix.
0 000100
0O 00O0O0T1O0
0 00 0001
Subsitution of (8) and (9) into (10), we have

Tely! (Dar(t) + p(t)a (1)] sinh 0 + YTe[o (8)as(t) + p(t)a(£)] cosh Osin 6
+YT [0 (H)as(t) + p(t)as(t)] coshbcos ¢ + YT ed (t)
= (p(t)a] (t)sinh 6 + p(t)ag( t) cosh@'sin ¢ + p(t)aj (t) coshf cos ¢ + d(t))
(I (Har () + p(t)a (t) sinh 0 + [’ (t)az(t) + p(t)az(t)] cosh f'sin

]
+1p (H)as() + p(t)as(t)] cosh O cos ¢ + d (t)). (11)
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Since ATeA = ¢ and ATeA’ is a skew symmetric matrix, let ej(t) = al (t Yed (t),
hi(t) = d¥(t)eay (t) and Iy (t) = d7(t)eay(t), k = 1,2,3. Then by comparing the
coefficients of {1, sinh 6, cosh # sin ¢, cosh 6 cos ¢} in (11), we obtain

Z eiyib; Z eibi( +p(t)p (1)
7 7 ,
)Y eian(t) + p(t) Y eigian (t) = p(t)(e1(t) + (1) +p (DL () (12)
=1 =1
7 7 ) ,
t) Y emiain(t) + p(t) Y cigiain(t) = p(t)(e2(t) + ha(t)) + p (£)l2(1)
i-1 i=1

7 7
)Y eiviais(t) + p(t) > emiaz(t) = p(t)(es(t) + hs(t)) + p (1)Is(t)
i1 i=1

where e1 = —1,e; =1, j = 2,3,4,5,6,7.

We know from the inital position, that the hyperplanes of the 3-dimensional sur-
faces contain a point m(t) for any ¢ and V6, ¢ such that m(t) = (0, 0,0, m4(t), ms(t), me(t), mz(t))
is the center of this pseudosphere, then from (12), one can find

FM = Q, (13)
where
by(t)  bs(t)  Dg(t)  br(t) my(t)
F— T41 (t) T51(t) T61 (t) T71 (t) M= ms (t)
Taa(t) Ts2(t) To2(t) Tra(t) |’ me (1)
T43(t) T53(t) Tﬁg(t) T73(t) m7<t)
and -
El eibi(1)b;(t) + p(t)p (t)
Q= | pt)(er(t) +ha(t) +p (1)
p(t)(e2(t) + ha(t)) + p (1)12(1)
p(t)(es(t) + hs(t)) + p (£)l(t)
where Ty, (t) = p (t)ag-(t) + p(t)ay, (t), k = 4,5,6,7, r =1,2,3.
If F is a regular matrix, we obtain
M=F1'Q (14)
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Therefore, the coordinates of centers of the Lorentz spheres in the fixed frame
at any instant ¢ are given by

M, 0

Mo 0

M3 0

My | = p(t)AQt) [ ma(t) [ +d(t) (15)
M5 m5(t)

M6 m6(t)

M7 m7(t)

Theorem 3.At any instant t, there is a pseudospheres K (t) with centers given
by (0,0,0,m4(t), ms(t), mg(t), m7(t)) which contains the Lorentz sphere k(t), which
is tangent to all tangent planes 7(t, 0, ¢) of the given 3-dimensional surface (2). The
curve of the centers of these pseudospheres in the moving frame is given by m(t) =
(0,0,0,my(t), ms(t), me(t), mr(t)), where my(t), ms(t), me(t), m7(t) are given by the
equation (14) and in the fized frame its given by (15).

Example 1. We consider a 3-dimensional surfaces generated by the motion
given by

cosh At 0 0 0 0 sintsinh A\t  — costsinh At
0 cos At 0 0 sin At 0 0
0 0 cos At sin At 0 0 0
At) = 0 0 —sin At cosAt 0 0 0
0 —sin At 0 0 cos At 0 0
0 0 0 0 0 cost sint
— sinh At 0 0 0 0 —sintcosh At  costcosh At
(16)

such that A € R — {0}. We assume p(t) = e? and d(t) = (0,0,0,0,0,vt,0)”, where
q # 0 and v # 0. We compute by differentianting A(t) and put ¢t = 0, one can find

W = —/\,CUQ = W12 = )\, w1 = 1 and
wy, = 0, k=1,2,3,4,5,7,8,9,10,11,13,14,15,16,17, 18,19, 20.
Substutiting into (7), we have
m4:O,m5:0, m6:g7 m7:O.
v

Then, the pseudosphere which contains a Lorentz sphere ky and is tangent to all
tangent planes of the corresponding 3-dimensional surface is given by

2
—x%+x§+x§+zi+x§+(x6—g)2+x$=1+%.
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After differentiation of (16), and substitution into (14), we get

2 2t
vt + qe*d
m4(t) = 07m5(t) =0, mﬁ(t) = f: m7(t) = 0.

Therefore, the parametric representation of the curve of centers of the pseudospheres
in the moving frame is given by

2 2qt

vt + qe”?
m(t) = (0,0,0,0,0, 29" ).
v

From (15) and (16) one can see that the parametrization of the curve center in the
fixed frame is

me(t) sin t sinh A\t 4

0
0
M(t) = et 0 , me(t) =
0
me(t) cost + vt
—mg(t) sin ¢ cosh At
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