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A RELATED FIXED POINT THEOREM FOR N-METRIC SPACES
USING CONTINUITY

VisHAL GUPTA AND ASHIMA

ABSTRACT. In this paper we take A;,i= 1,2,3....n-1 are contonuous mapping from
complete metric space X; to X;+1 and A, is mapping of X,, to X7,and prove a fixed
point theorem on n-metric spaces. This theorem generalize and extends the result
obtained by [1],[2],[3] and [4].
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1. INTRODUCTION AND PRELIMINARIES

In this paper, we are dealing with n-metric space and we prove a fixed point theorem
on n-metric space.
Now we give some imortant definition that are used in the continuation of our result.

Definition 1 Let X be a non-empty set A metric on X in a mappingd : X x X — R
such that V¥V x,y,z € X, the following axioms are satisfied.

. d(z,y) <d(z,z)+d(z,y)

The set X together with metric d is called a metric space and we write it as (X, d).

Definition 2 Let (X,d) be a metric space. A sequence in X, is a function x : N —
X. The image x(n) of n € N is usually denoted by x,, called the nth term of the
sequence {xn}.
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Definition 3 Let (X,dy) and (Y,d2) be two metric spaces and let f : X — Y be
a mapping. Then f is said to be continuous at x € X if and only if the following
criterion in satisfied.

For each € > 0 3 a positive number of 6(e,x) such that da (f(z), f(y)) < e

Vy € X satisfying di(z,y) < 6.

If f in continuous at every point of X, then f is called continuous function.

Definition 4 Let (X,d) be a metric space A sequence {x,,} € X is said to converge
to a point x € X iff the following criterion is satisfied V ¢ > 0 3 a positive integer
m(e) such that

d(zp,x) <e, Vn>=m

Definition 5 A sequence {x,} in a metric space (X,d) is said to be Cauchy se-
quence iff for each € > 0 3 a positive integer ng(e) such that

d(Tm, ) < &, ¥V n,m = ng

Definition 6 A metric space (X,d) is said to be complete iff every Cauchy sequence
in X converge to a point of X.

2. MAIN RESULT

Theorem 1 Let (X;,d;) be complete metric spaces where i =1,2,3,...,n. If A; is
continuous mapping of X; to X;41 wherei=1,2,3,...,n—1 and Ay, is mapping of
X, to X1 satisfying the following inequalities.
di(ApAn_1 .. AsArzt AyA, .. AyAjz))
< cmax {dl (ml, 1:%) ,dy (ml, A A1 ... A2A1{L‘1) ,
dq (x%, A An—1 ... AQAlJ;%) ,do (Alxl, Ala:%) ,
ds (AgAlxl, AgAlx%) ,dy (A3A2A1{B1, A3A2A1x%) ,
cndn (Ap—1An—a . AsArat A 1 Ap—g. . AsArzy)} (0.1)
do(AL A, ... AzAszt, A1 A, ... A3Ayz?)
< cmax {dg (xz, x%) , do (xz, AA, .. .A3A2x2) ,
dy (23, A1 A, ... AsAoa?)  ds (A22?, Aga?),
dy (A3A2:c2, A3A2x%) e
dn (An—14n—s... AzApaz® Ay 1 Ao ... AgAgx%) ,
di (ApAn_1 ... A3Asa® Ap Ay ... AgAsal)} (0.2)
d3(As AL A, .. AgAsz® Ay AL A, ... AyAsx?)
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< cmax {dg (xS, xi’) ,ds (xS, AsA1A, ... A4A3x3) ,
ds (23, Ao A1 Ay, ... AgAs?})  da (Asa®, Asa})
ds (A4A3:U3, A4A333i1)’) e
dn (Ap—1A4p_2... AgAsa® Ay 1Ap o ... AsAsa?}),
di (ApAn_1 ... AgAsza® Ap Ay .. Ay Asa?)
dy (A1Ay ... AyAsa®, A1 A, ... AyAsa?) } (0.3)

So continuously like above.

dp(Ap1An_s ... Ay Apz®, Ap_1 Ano ... Ay Apa?)
< emax {d, (z",27),dp (2", Ap—14p—o... A1 Apz™)
dp (2 Ap—1Ap—o... A1 An2Y)  di (Apa”, Apal),
dy (A1 Apa™, A1 Apal) ,ds (AgA1 Apa™, Ay A1 Apa?l)
coydp—1 (Ap—2Ap_3... A1 Apa" Ay _2An_3 ... A1 Anal)} (0.4)

/ /
Vo e Xy,2% 2t € Xy, ..., 2", 2 € X,

where 0 < ¢ < 1. Then A,An_1...A2A1 has a unique fized point 51 € Xi,
A1 A, ... A3Ay has a unique fized point By € Xo, AsA1... A4As has a unique fixed
point

B3 € X3 and so on A, _1An_o...A1A, has a unique fized point B, € X,,. Further,

Ay (B1) = B2, A2 (B2) = B3, A3 (83) = Ba,
ce 7An—1 (Bn—l) = /Bna An (6n) = 61

Proof. Let x} be an arbitrary point in X7, let define sequence {z..}, {z2},..., {z7}
in X1, Xo,..., X, respectively by

n () form=1,2,3,...
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Now using inequality (0.2), we have

do (x2 x? ) =dy (AlA .. AgAsa?

m> “m+1

ArAy, .. AzAya)
<cmax{dg( T 1,T m) d2( Ty 1,303”),
do (25, 1) 5 ds (2,15 2,) s da (T_15 27,

,dn(xm 1; m) dl( m 17 iﬂ)}

m—1>

dy (22, 22,,1) < cmax {dy (z),_q,25,) . do (22,1, 72,) ,
d3(m17 m) d4(m1’ fn)a"-a
dn (xm—bx::z)} (05)

Now by using inequality (0.3), we have,

dy (z2,,23 1) = ds (A2 A1 Ay, ... AgAsa

ms “m—+1

S L AsALA, . AgAsal)
<Cmax{d3( Lm—1,% m) d3( L 171‘?71)7
dy (x5, Ty i1) s da (T, T,) »ds (20,1, 20,)
"’d"(xm LT m) dl( Tm—15T m) d2( ) 72n+1)}

From inequality (0.5) and since 0 < ¢ < 1, we get,

ds (xfn,x?nﬂ) < cmax{dl( o,k
d3( Tmp—1,T m)

4 (
o ( LTm—1,% Tn)} (O'G)

Now continuous like above, we get,

dy—1 (a:"fl ! ) < cmax {d1 (xl xl ) ,ds (m2 22 ) ,

m ) ¥m41 m—1s*m m—1>*m
d3 ( Tpp—1,T ?n) 7d4 (xil—lvxfn) )
cdn (2, a) ) (0.7)

Now using inequality (0.4), we get,

dn (.73 xl ) d (An lAn 2. AlA T

ms “m—+1

2171, An_lAn_Q . AlAna};ln)
< cmax{d ( L1, T m) ydp (mgl—lux%)v

dn ($m’ m+1) dl( Lo — 1,1‘,}71),

d2( L m+1) d3( L ?n—H)
-’dnfl (1;” 1 o 1)}

m ) Ym+41
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From inequalities (0.5), (0.6), (0.7), we get,

dp (@, T 11) < cmax {dy ( Thy_1:%0,) s do (221,70
d (25,1, 20,) -y dn1 (2 Y 2 t)

dy (21, 2) } (0.8)

Now using inequality (0.1), we get,

dl( Lmns m+1) =d (A Ap-1. A2A1$m 1, An Anfl-“A?Alx?lﬂ)
<crnax{d1( %n LT m) dl( Ty 1,377171)7

dl( Lo m+1)?d2( Lo %’H—l)
d3 ( Lo s 73n+1) ) B dn (xmv m—‘,—l)}

From inequality (0.7) and (0.8), we get

d1 (ximxin—&-l) < cmax{dl ( Tm—1>T m) d2 ( T— 1,.21?7271) y
d3(m17 m) d4(m13 ;ln)a"'v
dn (xm—lal'%)} (09)

It now follows easily by induction on using (0.5), (0.6), (0.7), (0.8) and (0.9).

dl ( Lo }n—l—l) < Cm_l max {dl (l‘%,l’%) 7d2 (l‘%,l‘%)
ds (x?l’,azg) S, dp (x?,x;})}
do (22,70 41) < ™ 'max {dy (21,23) ,ds (21, 23),

ds (:rff,:v%) yeoydn (x’f,x?)}

dp—1 (xfnfl,a:z;ll) < ™ max {dy (21, 23) ,d2 (21, 23)
ds (w?,m%) yeeeydp (27, 25)
dp (], Ty1) < ™ max {d, (ZE%,ZL‘%) , do (ZL’%,ZL‘%) ,

ds (:c%,x%) yoooydp (27, 2y

~—
——

Since 0 < ¢ < 1 it follows that {z} }, {22}, {z3,},..., {a% 1}, {7} are Cauchy se-
quences with limit 51, Be, Bs, ..., Bn_1, Bn € X1, X2, X3,..., Xpn_1, X,, respectively.
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Since A1, As, As, ..., Ap_1 is continuous mapping so we have,
Jim ohy = lim A (a) = A1 (81) = 5o
Jin o= Jim s (1) = 42 (3 =
(0.10)
im apt = lim Apo (25,7%) = An—z (Ba—2) = fo
Jim o= Avs(257) = Ava () = By

Again using inequality (0.1), we have,

di (ApAn_1... A1Br, 2, _y) = di (AnAn_1... A1B1, AgAn_1 ... Ayz),)
< cmax{d1 (ﬁl,x}n) ,
di (B1, AnAn_1...A151),
d1 (x}nvwin—kl) , do (A151,$?n+1) )
ds (A2A1B1,20,1) .-,
dp (An—1An—2... A3A181, 27 1)}

Since A1, Ay, Az, ..., Ap_1 are continuous. It follows on letting m — oo that

di (ApAp—1... A11, B1) < cmax {dy (f1,51) .
di (B1, AnAp_1... A1p1),
dl (517 Bl) 7d2 (ﬁ2a BQ) 7d3 (/635 B?)) 3

cooydn (Bns Bn)}
= di (ApAp_1...A1B1,51) < cdi (AnAp_1... A2A1 51, B1)
Since 0 < ¢ < 1. So, we get,
di (AnAp—1...A2A151,51) =0
= AnAn—l . A2A1 (ﬂl) = ,31
= (1 is fixed point of A, A,_1...A2A41 and B € X,
Similarly,

A1Ay . A3A (o) = A1A, ... A3Ay (A1) = AL (B1) = P
So (B is fixed point of A1 A, ... A3As so on, we get
AnflAn72 ce AlAn n — AnflAnf2 ce AlAnAnflﬁnfl = Anfl (ﬁnfl) — ﬁn
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So 3y, is fixed point of A,,_1A,_2... A1 A,. So we hae (5 is fixed point of A, A,,_1 ... As Ay
and 51 € X1, B9 is fixed point of A1 A, ... A3As and By € X5, and so on, 5, is fixed
point of A, _1A,_o...A1A, and 3, € X,,.
We now prove that uniqueness of the fixed point ;. Let suppose ] is another fixed
point of A, A,,_1 ... A2A; and By # [} then using inequality (0.1), we get
dy (61, [31) =d (AnAn_l o A A1 B, ARAn .. .AgAlﬁi)
< cmax {dy (B1,81) ,d1 (B1,51) . di (B, B1)
da (A1B1, A1) , ds (A2A1B1, A2ALBY) ...,
dn (An_lAn_g o AQAB, A 1A o AQAlﬁi)}
di (B1,81) < emax {dy (A1 51, A131) ,ds (A2 A1 51, A2 A1)
oyl (An—1Ap—a ... AgA1 81, Ay 1 Ap—a .. A2 A1) } (0.11)

Now using inequality (0.2), we obtain
dy (A1f1, A1) = da (A1An Ay 1. . AgAi B, A1 Ap Ay .. Ag Al BY)
< cmax {da (A181, 4181) , d2 (A1 51, A1 Br),
da (A181, A1B1) o ds (A2A1 81, A2A1BY) ...,
dn (An1An_5 ... Ay A1 By, Ay 1Ay o... AsA1B))
di (B1,51) }

From inequality (0.11) and since 0 < ¢ < 1, we get

da (A181, A187) < cmax {ds (A2A181, A2 A1B)) , da (A3A2A1 51, AsAs A1 BY)
ol (Ap_1An_g . AsAiBy, Ap_iAn o A3A1B))) (0.12)

Now using inequality (0.3). Similarly we get,
d3 (A2A1P1, A2A18]) < cmax {ds (A2A181, A2A18]) , ds (A2 A1B1, A2 A1 Br),
ds (A2 A1B1, A2A1B1) , dy (A3A2 A1 By, AsAsAvBY) .. .,
dp (An_1An_a.. . AgA1B1, A1 An_s.. . AyA1f]),
dy (B1,B1) d2 (A151, A181) }

From inequality (0.11) and (0.12) and since 0 < ¢ < 1, we get
ds (A2A151, A2 A1 1) < cmax {dy (AsA2A1 51, AsA2A1BY)
ds (A4A3A2A1 81, AyA3 A A1), ..
dn (AnflAnf2 cee A2A1611
Ap1An_o.. . AA1B1)} (0.13)
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Using inequality (0.4) and similalry we get,
dp (An—1An—2... AsA1 1, Ap1An—2... A2A1 B])
< cdy (B, BY) (0.14)
So by using inequalities (0.11), (0.12), (0.13) and (0.14), we get

di (B1,B1) < cda (A1B1, A187) < ?ds (A2A151, AsA1B)) < Pdy (A3A2 A1y, AsAr Ay BY)

< cn72dn (An—lAn—Q - A2A1ﬁ17 An—lAn—Z oo A2A161) < cnildl (51’ /81)

So we get,

di (B, B1) < "ty (Br, BY)
Since 0 < ¢ < 1. So, we get,d; (51,6]) = 0= p1 = B} It follows that 8, = ]
and [ is the unique fixed point of A, A, _1... AsA;. Similarly, we can proved the
unicity of other fixed points.
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