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ON A NEW STRONG DIFFERENTIAL SUBORDINATION

GEORGIA IRINA OROS

ABSTRACT. In this paper we define some new classes of analytic functions on
U x U, which have as coefficients holomorphic functions in U. Using those new
classes, we give a new approach to the notion of strong subordination and we study
certain strong differential subordinations.
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INTRODUCTIONAND PRELIMINARIES

The concept of differential subordination was introduced in [2], [3] and developed
in [4], by S.S. Miller and P.T. Mocanu. The concept of differential superordination
was introduced in [5] as a dual problem of the differential subordination, by S.S.
Miller and P.T. Mocanu. The concept of strong differential subordination was in-
troduced in [1] by J.A. Antonino and S. Romaguera, and developed in [6], [7].

Denote by H(U x U) the class of analytic functions in U x U,

U={2€C: |2|<1}, U={z€C: 2| <1}, U={2€C: |z|]=1}.
For a € C and n a positive integer, we denote by
Hela,n] = {f(2,€) € (UxT): f(2,6) = a+ an(€)2" + anta(€)2" + ..},

with z € U, € € U, ay(¢) holomorphic functions in U, k > n.
Let

Al = {f(2,6) e HU x U) : f(2,6) = 2 + a1 ()" + ...},
with z € U, ¢ € U, ax(€) holomorphic functions in U, k > n + 1, and A& = A¢,
HENU) = {f(2,€) € HEla,n] : f(z,€) is univalent in U for all £ € U},
S¢ ={f(2,&) € A&, : f(z,€) univalent in U for all £ € U}
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denote the class of univalent functions in H(U x U),

of
e . 2825 6)
ST ={f(2,€) € A¢: Rem

denote the class of normalized starlike functions in H(U x U),

>0, ze€Uforall € €U}

- . 224 (2,6)
K¢={f(2,6) € A¢: Re | Gz >
5;(235)

denote the class of normalized convex functions in H(U x U).
Let A(p)¢ denote the subclass of the functions f(z,¢) € H(U x U) of the form

+1) >0, zeUforaléecU}

f(z,8) =2 + Z ak(f)zk, pEN, zcUforall E €U
k=p+1

and set A(1)§ = A¢E.

In order to prove our main results we use the following new definitions, according
to [1] and lemma according to [4].

Definition No. 1. Let H(z,¢), f(2,€) be analytic in U x U. The function
f(z,€) is said to be strongly subordinate to H(z,§), or H(z,&) is said to be strongly
superordinate to f(z,&), if there exists a function w analytic in U, with w(0) = 0
and |w(z)| < 1 such that f(z,&) = H(w(z),&), for all £ € U. In such a case we write
f(z,6) << H(z,§),2z€U,£€U.

Remark No. 1. (i) If H(z,€) is analytic in U x U and univalent in U, for all
¢ € U, Definition 1 is equivalent to

H(0,8) = f(0,) for all ¢ € U and f(U x U) C H(U x U).

(i) If H(z,§) = H(z) and f(z,§) = f(z) then the strong subordination becomes
the usual notion of subordination.

Definition No. 2. Let ¥ : C? x U x U — C and let h(z,¢) be univalent in U
for all £ € U. If p(z, &) is analytic in U x U and satisfies the (second-order) strong
differential subordination

¥ (3.9 220 2THED ) canee), st geT ()

then p(z,&) is called a solution of the strong differential subordination. The univa-
lent function ¢(z,¢) is called a dominant of the solutions of the strong differential
subordination, or simply a dominant, if p(z,£) << q(z,§) for all p(z,§) satisfying
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(1). A dominant ¢(z, &) that satisfies g(z,£) << ¢(z,§), for all dominants ¢(z,&) of
(1) is said to be the best dominant of (1).

Note that the best dominant is unique up to a rotation of U x U.

Definition No. 3. We denote by Q¢ the set of functions ¢(-, £) that are analytic
and injective, as function of z on U \ E(q(z,€)) where

E(q(2,€)) ={Ce€dU: lim q(2,§) = oo}

and are such that ¢/(,€) # 0 for ¢ € U \ E(q(2,¢)), £ € U.

The subclass of @ for which ¢(0, &) = a is denoted by Q(a).

We mention that all derivatives of first order or second-order that appear are
derived in relation to the variable z.

Lemma No. 1. (S.S. Miller, P.T. Mocanu, [2], [4], [5, Lemma 9.2.3]) Let

q(-,€) € Q¢, with q(0,€) = a, and
p(2,€) = a+ an(€)2" + ant1()2"T + ...

be analytic in U x U with p(z,£) # a and n > 1. If p(-,€) is not subordinated
to q(-, &), then there exist points zy = roe’® € U and ¢y € OU \ E(q(z,€)) and
m >n > 1 for which p(Uy, x Uy,) C q(U x U).

(i) p(20,€) = q(20,§)

(i1) Zop'(zo,/élg = gLCoq/(Co,f) and

20pP (=0,
(i) Re P’ (20,€) thzm ke 7' (¢o, ) bk

Remark. The proof is similar to the proof in [4].

Definition No. 4. [6] Let Q¢ be a set in C, ¢(-,§) € Q¢ and n be a positive
integer. The class of admissible functions ¥, [€, ¢(-, £)] consists of those functions
1 : C3 x U x U — C that satisfy the admissibility condition:

(4) U(r,s,t2,8) & Q¢

g()q//(C07 g)

whenever

r= Q(C7£)7 s = qu/(Caf)7
t ¢q" (¢ )
Reg—l—lsze [q/(c’g)ﬁtl]7

z€U, (€0U\E(q), £€U and m > n.

We write ¥y [Qﬁa Q(a g)] as \IJ[Q& Q(a g)]
In the special case when Q¢ is a simply connected domain, Q¢ # C, and h(-,§)
is a conformal mapping of U x U onto ¢ we denote this class by ¥, [h(-,£),q(-, )]
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If ¢ : C2 x U x U — C, then the admissibility condition (A) reduces to

(4) P(r,532.8) & Q,

whenever

r=4q(C,€), s=Cd'(¢.€), z€U, (€U\E(q(2¢)), § €U, andm >n.

If ¢ : C x U x U — C, then the admissibility condition (A) reduces to

(A") P(r;z,€) & Qe

whenever

r=q(C,€), z€U, ¢€U, (€dU\E(q(z¢E)).

2.MAIN RESULTS

Theorem No. 1. Let ¢ € V,[Q¢,q(-,§)] with ¢(0,§) = a. If p(-,&) € {[a,n]
satisfies

(1) U(p(2,€), 20 (2,€), 2°0"(2,€);2,6) € Q¢, z€U, £€U

then
p(2,6) << q(z,€), z€U, €cU.

Proof. Assume p(z,€) 4= q(z,€). By Lemma 1 there exist points zg = roe'® € U
and (o € U \ E(q(z,£)), and m > n > 1 that satisfy (i)-(iii) of Lemma 1.

Using these conditions with r = p(z0,&), s = 20p'(20,€), t = 230" (20,€) and
z = zg in Definition 3 we obtain

711(17(207 f)a ZOP’(ZUa 5)7 ng”(ZO, g)a 205 g) g Qf

Since this contradicts (1) we must have p(z, &) << q(z,€), z € U, £ € U. O
Remark No. 1. Upon examining the proof of Theorem 1 it is easy to see that
the theorem also holds if condition (1) is replaced by

(1) Y (p(w(2), ), w(2)p (w(2), €),w* (2)p" (w(2), £); w(2), €) € Qe

z €U, ¢ €U, where w(z) is any function mapping U into U.

On checking the definitions of Q¢ and ¥, [, q(-, )] we see that the hypothesis
of Theorem 1 requires that ¢(-,£) behave very nicely on the boundary of U. If this
is not true or if the behavior of ¢(-, &) is not known, it may still be possible to prove
that p(z, &) << q(z,€), z € U, £ € U by the following limiting procedure.
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Theorem No. 2. Let Q¢ C C and let q(-,&) € S¢, for all & € U, with
Q(()?g) = a. LEt w € \Pn[QﬁaQP(ag)] fOT’ some p € (07 )7 where Qp(z,g) = Q(pzag) If
p(7§) € g[aﬂn] and

U(p(2,8), 20 (2,€), 2°D" (2,€); 2,€) € Q¢

then
p(z,€) << q(2,¢), z2€U €.

Proof. The function g,(-,£) is univalent in U for all & € U and therefore
E(qp(z,€)) is empty and ¢,(-,§) € Q¢. The class U, [Q¢, q,(-,€)] is an admissible
class and from Theorem 1 we obtain p(z,&) << ¢,(2,£). Since g,(2,&) << q(z,§)
we deduce

p(2,8) << q(2,€), z€U ¢€cU. O

We next consider the special situation when ¢ # C is a simply connected
domain. In this case Q¢ = h(U x U) where h(-,§) is a conformal mapping of U x U
onto Q¢ and the class ¥, [h(U x U), q(+,€)] is written as ¥, [h(-, &), q(-, &)].

The following result is an immediate consequence of Theorem 1.

Corollary No. 1. Let i) € U,[h(-,£),q(+,&)] with ¢(0,§) = a.

If p(., &) € &a,n], (p(z, ), 20 (2,€), 22" (2,€); 2,€) is analytic in U x U and
b(p(2,€), 20/ (2,€), 20" (2,€); 2, €) << h(2,8),

then
p(z,8) =< q(z,8), z€U ¢€eU.

This result can be extended to those cases in which the behavior of ¢(-,£) on the
boundary of U is unknown by the following theorem.

Theorem No. 3. Let h(-,&) € S, for all € € U and q(-,€) € S¢, for all
¢ € U, with q(0,€) = a and set q,(2,&) = q(pz, &) and hy(z,§) = h(pz,§). Let
€ C? x U x U — C satisfy one of the following conditions:

(i) 6 € Ul €), gy (&), for some p € (0,1), or

(ii) there exists po € (0,1) such that 1 € Wy[h,(-,€),q,(-,&)] for all p € (po,1).

If p(., &) € &a,n], w(p(z, ), 20 (2,€), 220" (2,€); 2,€) is analytic in U x U and
(3) b(p(2,€), 20 (2,6), 2p" (2,€); 2,€) << h(2,€)

then
p(z,8) <<q(2,8), z€U £eU.
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Proof. Case (i). By applying Theorem 2 we obtain p(z,§) << ¢,(2,€). Since
4p(2,€) << q(2,&) we deduce

p(2,6) << q(z,€), z€U, €cU.

Case (ii). If we let p,(z,&) = p(pz, ), then
P (pp(2,€), 20, (2,€), 2Dy (2,€); 2,€)

=(p(pz, &), pzp(pz,€), p*2°p" (pz,€); p2,€) € hy(U x U).

By using Theorem 2 and the comment associated with (1), with w(z) = pz, we
obtain

pp(z7§) <= Qp(z7§)
for p € (po,1). By letting p — 1 we obtain

p(2,6) << q(2,€), zeU ¢cU. O

The next two theorems yield best dominants of the strong differential subordi-
nation (3).

Theorem No. 4. Let h(-,&) € S, for all ¢ € U and let ¢ : C3 x U x U — C.
Suppose that the differential equation

(4) D(a(2,€), 24 (2,€),2%¢"(2,€);2,€) = h(2,€), z€U, (€U

has a solution q(-,§), with q(0,&) = a, and one of the following conditions is satis-
fied:

(Z) q(?f) € Q§ and 1/} € \I/[hi7§)7q(7f)]’

(“) q(ag) € S&; fO’f’ all§ € U and 1/) € \Il[h(vg)aQP(ag)]f fOT some p € (07 1) or

(iii) q(-,€) € SE&, for all € € U and there exists py € (0,1) such that 1 €
\I}[hp(vg)vt.Ip(’g)] fOT’ all pe (,00, 1) o

If p(+, &) € €la, 1] and Y(p(z,€), 2p'(2,€), 22p" (2, €); 2, &) is analytic in U x U and
if p(+, &) satisfies

(5) D(p(2,8), 20 (2,€), 20" (2,€);2,6) << h(2,€), z€U, £€U

then p(z,&) << q(z,£) and q(-, &) is the best dominant.

Proof. By applying Theorem 2 and Theorem 3 we deduce that ¢(-,¢) is a dom-
inant of (5). Since ¢(-, &) satisfies (4), it is a solution of (5) and therefore ¢ will be
dominated by all dominants of (5). Hence ¢(+,&) will be the best dominant of (5).
U
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Theorem No. 5. Let h(-,&) € S¢, for all € € U and ¢ : C2 x U x U — C.
Suppose that the differential equation

6)  w(a(z8),n2q (2,€),n(n — 1)2¢'(2,€) + n?22"q"(2,€); 2,€) = h(z,€),

z € U, £ € U has a solution q(-,£), with q(0,€) = a, and one of the following
conditions is satisfied:

(Z) Q(7€) € Q{ and 1/} € \I/n[hivé-)a(J(ag)];

(7’7’) Q(ag) € Sé—; fOT’ allg €U and ,QZ} € \Iln[h(vg)’qp(7£)]f fO’f’ some p € (0’ 1))
or

(iii) q(-,&) € SE&, for all € € U and there exists pg € (0,1) such that ¢ €

Unlhp(+€),qp(58)] for all p € (po, 1). _
If p(-,€) € €la,n|, ¥(p(z,8), 20 (2,€), 220" (2,€); 2,€) is analytic in U x U and
p(+, &) satisfies

(7) Y(p(2,€), 20 (2,€), 2°p"(2,€); 2,€) << h(z,€),

z € U, £ € U, then p(z,£) << q(2,€), z € U, £ € U, and q(-,&) is the best
dominant.

Proof. By applying Theorem 2 and Theorem 3 we deduce that ¢(-, &) is a domi-
nant of (7). If we let p(z,&) = q(z™, &), then

2p/(2,€) = nz"q (2", )

and
22p"(2,€) = n(n — 1)2"¢'(z") + n?2"¢" (", €).

Therefore from (6) we obtain
V(p(2,€), 20 (2,€), %D (2,€);2,€) = h(2",6) << h(2,6), z€U, £€U.

Since p(U x U) = q(U x U), we conclude that (-, ) is best dominant. [J
Example No. 1. Let g(z,§) =1+ gz,

h(Z,f) = Q(Z,f) + Zq/(Z,g) + qu//(Z,f) =1+¢&z.

If ¥(p(z,€), 20/ (2,€), 2" (2,€): 2,€) = p(2,€) + 20/ (2, &) + 22p"(2,€) is analytic in

U x U and satisfies
p(2,€) + 20/ (2,8) + 2°p"(2,€) << h(z,6) =1+ &2

then
p(2,6) =< q(2,6) =1+€z,2€U, £€€U
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and q(+,&) is the best dominant.
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