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INCLUSION AND NEIGHBORHOOD PROPERTIES OF SOME
ANALYTIC AND MULTIVALENT FUNCTIONS ASSOCIATED
WITH AN EXTENDED FRACTIONAL DIFFERINTEGRAL
OPERATOR
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ABSTRACT. By means of a certain extended fractional differintegral op-
erator QQ“’ )(—oo < A <p+1;p € N), the authors introduce and investigate
two new subclasses of p-valently analytic functions of complex order. The var-
ious results obtained here for each of these function classes include coefficient
inequalities and the consequent inclusion relationships involving the neighbor-
hoods of the p-valently analytic functions.
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1.INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let A,(n) denote the class of functions f(z) normalized by
f)=2"= Y az* (4 >0; npeN:={1,23,.}), (1)
k=n+p

which are analytic and p-valent in the open unit disk U = {z: 2 € C and |z] < 1}.
Following the works of Goodman [4] , Ruscheweyh [12], Altintas et al. [3]
and Raina and Srivastava [13], we define the (n,d)— neighorhood of a function

f(2) € A,(n) by (see also [2], [7] and [15]),

Nos(f) = {g(z) € Ay(n):g(z) =2 — Z brz" and Z klag — by < (5} :
=n-+p k=n+p (2)

It follows from (2) that, if

hz) =2" (peN), (3)
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then

Nps(h) = {g(z) € Ay(n):g(z) =2"— Z brz* and Z kb < 5} :

k=n+p k=n+p ( )
4

The above concept of (n,d)-neighborhoods was extended and applied recently
to families of analytically multivalent functions by Altintas et al. [3] and to
families of meromorphically multivalent functions by Liu and Srivastava ([5]
and [6]). The main object of the present paper is to investigate the (n,d)-
neighborhoods of several subclasses of the class A,(n) of p-valent analytic
functions in U with negative and missing coefficients, which are introduced
below by making use an extended fractional differintegral operator (see[11]).

We say that a function f(z) € A,(n) is starlike of complex order v (v €
C\{0}), that is, f(z) € Sy ,(7), if it also satisfies the following inequality :

Re@+%{%é?—q)>0 (> € Usy € C\{0}). (5)

Furthermore, a function f(z) € A,(n) is said to be convex of complex
order v (v € C\{0}), that is, f(z) € C,,(7), if it also satisfies the following
inequality : )

Re (1 + l Zf, (2)

v ['(2)

The classes S}, ,(7) and C,, () stem essentially from the classes of starlike and

convex functions of complex order, which were considered earlier by Nasr and
Aouf [8] and Wiatrowski [16], respectively (see also [2]).

The Hadamard product (or convolution) of the function f(z) € A,(n) given
by (1) and the function g(z) € A,(n) given by

>>0 (z € U;y € C\{0}). (6)

g(z) = 2P — Z bzt (b > 0;n,p €N) (7)

k=n+p

is defined (as usual) by

(f*9)(z):= 2"+ Y abyz" = (g% ) (2). (8)

k=n+p
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In [11] Patel and Mishra define the extended fractional differintegral operator

QM) A, — A, for a function f(z) of the form (1) and for a real number
A(—oco < A<p+1) by

Ap _ P Fk+Dlp+1-A)
Qg{ﬂ”_z'}g%p@+1ww+1—Aﬂ“‘ (9)

We note that

and, in general

IF'p+1-X)

G = T

S ADMf(2)(~oo < A< p+1;peN;z € U),
where D2 f(z) is respectively, the fractional integral of f(z) of order —\ when
—00 < A < 0 and the fractional derivative of f(z) of order A when 0 < A\ <
p+ 1 (see [9],[10] and [14]). By using the operator QM) £ () (—o0 < A <
p+1,p € N) given by (9), we now introduce a new subclass HE , (), b) of p-
valently analytic function class A,(n), which includes funcions f(z) satisfying
the following inequality :

5 Q,p) »))(m+1)
1( (09 f(2)) _(p_m))

b\ (@2 f(z))m h o

(zeUpeNmeNy={0,1,2,...}, —00 < A < p+1,p > max(m, —\); b € C\{0}).

Also we denote by L% (A, b, 1), the subclass of Ay(n) consisting of functions
f(2) with satisfing the inequality (11) below:

1 (-0 (LY g - - )

2 <p—m, (11)

(zeU,peN,meNy,—o00o<A<p+1,p>max(m,—\);u>0,be C\{0}).

The object of the present paper is to investigate the various properties and
characteristics of analytic p-valent functions belonging to the subclasses

HY (A 0) and LY (A, b; ),
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which we have introduced here. A part from deriving a set of coefficient bounds
for each of these function classes, we establish several inclusion relationships
involving the (n,d)-neighorhoods of analytic p-valent functions (with negative
and missing coefficients) belonging to these subclasses.

Our definitions of the function classes

Hg,m(/\a b) and Lﬁ,m(/\a ba M)

are motivated essentially by two earlier investigations [2] and [7], in each of
which further details and references to other closely - related subclasses can
be found. In particular, in our definition of the function class L? (A, b; i)
involving the inequality (1.9), we have relaxed the parametric constraint 0 <
1 < 1, which was imposed earlier by Murugusundaramoorthy and Srivastava
7, p.3, Equation (1.14)].

2. A SET oF COEFFICIENT BOUNDS

In this section, we prove the following results which yield the coefficient
inequalities for functions in the subclasses

Hg,m(/\v b) and Lﬁ,m()‘a b7 :u)
Theorem 1. Let f(z) € Ay(n) be given by (1.1). Then f(z) € H (A, b) if
and only if

o0

> oy (Y wrn-na<p (7). a2

Proof. Let f(z) of the form (1) belongs to the class HE (X, b). Then, in view
of (9) and (10) yields the following inequality :

I'(k+1)T'(p+1—X\) k—
Z Fp+1 F(ZH ,\)( )(p—k)z P

R > — b (z€U). (13)
(k+1)T(p+1-\ _
( ) Z Fp—tl) Zil ,\;( )Zk b

Putting z = (0 < r < 1) in (13), we observe that the expression in the
denominator on the left-hand side of (13) is positive for r = 0 and also for all
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r(0 < r < 1). Thus, by letting » — 1~ through real values, (13) leads us to
the desired assertion (12) of Theorem 1.
Conversely, by applying (12) and setting |z| = 1, we find by using (9) that

2 (QM?j»‘(z))mJrl Co—m
@iy >‘

(kDT (p+1-)) [k k—m
Z Fp+1)F(Z+1 ,\)( )(p—k:)akz

PES DS P = () azhm
k=n-+p
! [( - & %m]
< =10].
Tk A
(») = Z Fp——:)l“(kii Ag(k)ak

Hence, by the maximum modulus principle, we infer that f(z) € HE  (A,0),
which completes the proof of Theorem 1.
By using the same argument as in the proof of Theorem 1, we can establish
Theorem 2 below
Theorem 2. Let f(z) € Ay(n) be given by (1.1). Then f(z) € L? (A, b; u) if
and only if
N T(k+1)(p+1—N) (k-1 b] — 1 p
k—1)4+1]ax < (p— —_ :
k;pr(pﬂ)r(kﬂ—m ) PE= D+ e < (p=m) | =04 {
(14)

3. INCLUSION RELATIONSHIPS INVOLVING (N,d)-NEIGHBORHOODS

In this section, we establish several inclusion relationships for the function

classes.
HY,, (L) and L2,,(\.b:p)

involving the (n,0)-neighborhoods defined by (4).
Theorem 3. If

(n+p) o] (7)

I'(n+p+1)D(p+1—X\) (n+
(n+|b]) |:F(p+f)r(n+£+17)\)( mp)i|

0= (p > [6)); (15)
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then

Proof. Let f(z2) € HY, (A, b). Then, in view of the assertion (12) of Theorem
1, we have

1oy (L2 T+ 120 (+7) S < o (7). an

Fp+1)I'(n+p+1—-X) N

This yields

Z k S F(n<||»p|+(17)nf)(p+1)\) n+p ’ (18)
k=n+p (n + |b|) (F(p+1)F(n+p+lf)\)> ( m )
Applying the assertion (12) of Theorem 1, agian, in conjuction with (18), we
obtain
r nr 1-—
(n+p+1)I'(p+ n+p Zkak
C(p+ 1)F(n—|—p—|—1— Pl
p I'n+p+1)l(p+1-— )(n+p)
< |b +(p—|b
< (2) + o o (b Z
p Fn+p+1)l(p+1-2X) n+p
< (2) + - 1o =
m Flp+1)T(n+p+1-N)
b1 (o)
n+p+1)I(p+1-X) n
(n + |0]) ( p—i—f)F(ZH—z—i—l A)) (")
p n-+p
(2 (2R,
m/) \n+|b
Hence
s bl(n+p)(P
S b < et Db) 5 s, (9)
e (o] (REmesy ) ()

which, by virtue of (1), establishes the inclusion relation (16) of Theorem 3.
In an analogous manner, by applying assertion (14) of Theorem 2 instead

of the assertion (12) of Theorem 1 to functions in the class L%, (X, b; i), we

can prove the following inclusion relationship.
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Theorem 4. If

(0 —m)(n+p) [ 43+ (2)]

D(n+p+1)D(p+1-N) (n+
[u(n+p—1)+1] |:F(p+f)r(n+§+1—>\) ( mp)

5=

] (n>1), (20)

then
H'g,m()‘? b7 lu) - Nn,é(h)

4. FURTHER NEIGHBORHOOD PROPERTIES

In this last section, we determine the neighborhood properties for each of the
following (slightly modified) function classes :

Hy (A 0) and - LS (A, b; ).
Here the class HE (X, b) consists of functions f(z) € A,(n) for which there
exists another function g(z) € HZ (A, b) such that

‘ﬂ@

Analogously, the class L% (X, b; 1) consists of functions f(z) € Ay(n) for
which there exists another function g(z) € L%, (A, b, i) satisfying the inequal-
ity (21).

The proofs of the following results involving the neighborhood properties
for the classes

<p—« (z€U,0<a<p). (21)

HES (A b) and LES, (A, b o)

are similar to those given in [2], [7] and [12].
Theorem 5. Let g(z) € HE, (A, D). Suppose also that

Fn+p+DIp+1-X)\ iy
- 5m+wb(np+nmn+p+1—m)(m) )
n — A '
n+) (04 o) (P PRI (o) s 7))
Then
Nns(9(2)) € HPG (A, D). (23)
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Theorem 6. Let g(z) € LE (A, b, 1). Suppose also that

§[u(n +p) +1] (F(n Tt U1 - A)) (")

Tlp+1l(n+p+1-X)) " ™

a=p— —
et |lnt ) 1) ([ =y ) ()~ =) {
(21)
Then
Nuslg) © LG b p). (25)

Remark 1. In the special case when A=m =0, p=landb=0a,(0<a<
1), the result due to O. Altintas and S. Owa [1].
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