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CONSTRUCTION OF FOCAL CURVES OF TIMELIKE
BIHARMONIC GENERAL HELICES IN THE LORENTZIAN E(1,1)
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ABSTRACT. In this paper, we study focal curves of timelike biharmonic general
helices in the Lorentzian group of rigid motions E(1,1). Finally, we find out their
explicit parametric equations.
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1. INTRODUCTION

Let E(1,1) be the group of rigid motions of Euclidean 2-space. This consists of

all matrices of the form
coshx sinhx vy

sinhz coshz =z
0 0 1

Topologically, E(1,1) is diffeomorphic to R* under the map

coshx sinhx y
E(1,1) — R3: | sinhz coshz z | — (z,9,2),
0 0 1

It’s Lie algebra has a basis consisting of

0 0 0 0
e1 =, e = coshxa—y + sinhxa, es = sinhxa—y + COSh{L‘%:
for which
[e1,e5] = e3, [e2,e3] =0, [e1,e3] = ea.
Put
1 9 1 3 1
r=x, :§(y+2)a z :g(y—z)-
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Then, we get

R O R L SO DRI L S
L= gl 27 2 Ox? o3 ) 2 2 0z? ox3 )’

The bracket relations are
[elveQ] = €3, [82763] = 07 [61,83] = €.

We consider left-invariant Lorentzian metrics which has a pseudo-orthonormal
basis {X1, Xy, X3} . We consider left-invariant Lorentzian metric [9], given by

2 2
g=— (dx1)2 + <e_”"1d:v2 + eq”ld:p?’) + (e_“”ldzn2 — emldxg) )

where
g(elael) = _17 g(e2762) = g(e37e3) =L

Let coframe of our frame be defined by
0! = dzt, 6% = e da? + emldwg, 03 = e dz? — ® dad.

2. TIMELIKE BIHARMONIC GENERAL HELICES IN THE LORENTZIAN GROUP OF
Ricip Motions E(1,1)

Let v : I — E(1,1) be a non geodesic timelike curve in the group of rigid
motions E(1,1) parametrized by arc length. Let {T,N,B} be the Frenet frame
fields tangent to the group of rigid motions E(1, 1) along « defined as follows:

T is the unit vector field 4" tangent to 7, N is the unit vector field in the direction
of VT (normal to v) and B is chosen so that {T,N,B} is a positively oriented
orthonormal basis. Then, we have the following Frenet formulas:

VT = kN,
VrN = kT + 7B, (2)
VB = —7N,

where k is the curvature of 7, 7 is its torsion and

g(T,T) = _179(N7N):179(B’B):17 (3)
g(T,N) = g(T,B)=g(N,B)=0.

276



T. Korpinar, E. Turhan, I.J. Jebril - Construction of focal curves of timelike...

With respect to the orthonormal basis {e1, e,, €3} we can write

T = Tiep +Tsey+ Tzes, (4)
N N1e1 +N2€2+N383,
B = T x N = Byje; + Byes + Bses.

Theorem 2.1. ([8]) v : I — E(1,1) is a non geodesic timelike biharmonic
curve in the Lorentzian group of rigid motions E(1,1) if and only if

constant # 0,
K —72 = 1+2B% (5)
7'/ = —2N1.Bl.

Theorem 2.2. ([8]) Let v: 1 — E(1,1) is a non geodesic timelike biharmonic
general helix in the Lorentzian group of rigid motions E(1,1). Then, the parametric
equations of vy are

zt(s) = coshDks + g3,

sinh DeCOSh OKS+p3

2 _
xe(s) = 5 (p% ooih? D) {(cosh© — 1) cos (p1Ks + ©2)

+ (cosh© + p1) sin (P18 + p2)} + 4, (6)

5 ginh De— cosh OKS—3
= — (cosho — cos +
x (S) 9 (@% + sinh2 a) { ( @1) (@1“5 @2)

+ (coshD + pl) sin (pllﬂs + pz)} + s,

where ©1, P2, 3, P4, 5 are constants of integration.

3.FocaL CURVES OF TIMELIKE BIHARMONIC GENERAL HELICES IN THE LORENTZIAN
E(1,1)

Denoting the focal curve by focal,, we can write

focal (s) = (v + 1N + c2B)(s), (7)
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where the coefficients fi, fo are smooth functions of the parameter of the curve v,
called the first and second focal curvatures of v, respectively. Further, the focal
curvatures fi, fo are defined by

flz—i,fgza,K#O,T#O. (8)

T

Lemma 3.1. Let v: 1 — E(1,1) be a unit speed timelike biharmonic general
heliz and focal, its focal curve on E(1,1). Then,

1
fi = —— = constant and fa = 0. (3.3)
K

Proof. Using (2.3) and (3.2), we get (3.3). Thus, the proof is completed.

Lemma 3.2. Let v : I — E(1,1) be a unit speed timelike biharmonic curve
according to flat metric and C., its focal curve on E(1,1). Then,

focal, (s) = (v + f1N)(s)- (3-4)

Theorem 3.3. Let v: I — E(1,1) be a unit speed timelike biharmonic general
heliz and focal,, its focal curve on E(1,1). Then, the equation of focal, is

focal, (s) = (coshors + p3 — 2—;1 (sinh? O cos (p1£s + p2) sin (p1ks + p2)))er
sinh ©

+[2 (p? + cosh?D

+ (coshD + 1) sin (p1ks + po)} + pae” COSHORS—03
sinh ©

iE (p? + cosh?D

+ (cosh© + p1) sin (p1Ks + p2)} + p5€coshans+@3 (9)

1
—f—l sinh O sin (p1ks + p2) < + cosh D)]GQ
K Q1R

) {(cosho — 1) cos (p1£s + p2)

] {= (cosh© — p1) cos (p1£s + p2)

+ sinh ©
2 (p? + cosh? O
+ (COShD + pl) sin (plFGS + @2)} + pue” coshOks—p3
sinh ©

— - ho — +
5 (p% - D) {—(cos ©1) cos (p1ks + p2)

j {(cosh© — 1) cos (p1£s + ©2)

+ (COSh o+ @1) sin (pms + 92)} _ p5ecoshans+p3
1
+fi sinh O cos (p1kS + p2) < — cosh D)}eg,
R P1R
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where o1, Q2, P3, P4, E5 are constants of integration.
Proof. First equation of (2.3) and basis, we have
VT = (T} — 212T3) e1 + (T; — T1T3) ex + (T3 — Th T3) es. (10)

Hence, we express

2
N = = (sinh2 O cos (p1ks + p2) sin (p1KSs + m)) e
K

1 1
——sinh O sin (p1ks + E2) ( + coshD) e (11)
K P1KR

1 1
+—sinh O cos (p1kS + p2) < - coshD> es.
K P1R

From (3.4) and (3.7), by direct calculation we have (3.5), which proves the the-
orerm.

Using Theorem 3.3, we can give parametric equations of this curve.

Theorem 3.4. Let v: I — E(1,1) be a unit speed timelike biharmonic general
heliz and focal, its focal curve on E(1,1). Then, the parametric equation of focal,
are

2f,

acflma[W (s) = coshOks + p3 — Py (sinh2 O cos (p1ks + p2) sin (p1£s + p2))
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1 22 .

aszoca[W (s) = 3 exp(coshoks + p3 — - (sinh2 O cos (p1ks + p2) sin (p1£s + p2)))
i sinh o

2 (p? + cosh? O

+ (COSha + @1) sin (@1"13 + 92)} + 9467 cosh Oks—gp3
sinh O

T2 2
2 (p? + cosh®©
+ (coshD + 1) sin (p1 ks + go)} + psecoshorstes

) {(cosh© — 1) cos (p1s + ©2)

) {— (cosho — p1) cos (p1Ks + E2)

1
_h sinh O sin (p1ks + p2) ( + cosh D)]
K 1R

+ sinh o
2 (p? + cosh?D
+ (COSha + @1) sin (@1’65 + p2)} + p4€_ coshDks—gp3
sinh ©

— — ho — +
5 (@% Fp— D) {= (cos p1) cos (p1KS + 2)

+ (cosh© + p1) sin (p1Ks + p2)} — Ese

1
—i—f—l sinh O cos (p1Ks + P2) ( - coshD)]],
K 1R

) {(cosh© — p1) cos (p1ks + p2)

cosh Oks+p3
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1 2 .
:1:f30m[7 (s) = 3 exp(— coshOks — p3 + % (sinh? O cos (p14s + o) sin (p1ks + p2)))

i sinh ©
2 (p? + cosh? D
+ (COSh o+ @l) sin (@1/{5 + 92)} + @46_ coshOks—p3
sinh O
+ 2 2
2 (p} + cosh? O
+ (COSh o+ p1> sin (QIHS + @2)} + p5€COSh OKks+p3

) {(cosh© — 1) cos (p1kS + p2)

] {— (cosh© — p1) cos (p1£s + p2)

1
—f—l sinh O sin (p1ks + 2) ( + coshD)]eQ
K P1R

O sinh ©

2 (pf + cosh? D
+ (cosh© + p1) sin (p1Ks + p2)} + pae™ cosh Ors—p3
- (p;ff:oim 9) {— (cosh© — p1) cos (p1Ks + ©2)
+ (cosh© + 1) sin (p1Ks + p2)} — Ese
-l—fl sinh © cos (p1ks + p2) (Kj”f — cosh E))]],

K

) {(cosh© — 1) cos (p1kS + P2)

coshoks+p3

where ©1, P2, 3, P4, 5 are constants of integration.

Fig. 1. Biharmonic timelike helix.
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. Fig.2. Focal curve of Bihar-
monic timelike helix.

Fig.3. Focal curve and Bi-

harmonic timelike helix.
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