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SANDWICH-TYPE THEOREMS OF SOME SUBCLASSES OF
MULTIVALENT FUNCTIONS INVOLVING DZIOK-SRIVASTAVA
OPERATOR!
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ABSTRACT. In the present paper subordination and superordination results of
some subclasses of multivalent functions associated with Dziok-Srivastava operator
and defined in the open unit disc are investigated. Differential Sandwich-type the-
orem for the above classes are also presented. Relevant connections of the results,
which are presented in this paper, with various other known results are also pointed
out.
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1. INTRODUCTION AND DEFINITIONS
Let H be the class of functions analytic in the open unit disk
U:={z:z€Cand|z| <1}

and Hla,p] (p € N:={1,2,3,---}) be the subclass of H consisting of functions of
the form
f(2) =a+apzf +ap 2P+

Let A,(C H) be the class of all analytic functions given by the power series

fR)=2"+ ) anz” (z€U). (1)
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Recalling the principle of subordination between the analytic functions, i.e. we
say f is subordinate to g, (or g is superordinate to f) written as f < ginU or f(z) <
g(z) (2 €U), if there exists a function w, analytic in ¢ satisfying the conditions of
the Schwarz lemma ( i.e. w(0) = 0 and |w(z)| < 1) such that f(z) = g(w(z)) (z € U).
It follows that

f(2) <9(2) (z €eU) = f(0) = g(0) and [f(U)C gU).

In particular, if g is univalent in U, then the reverse implication also holds (cf.[14]).

Definition 1. Let p,h € H and let o(r,s,t;2) : C3 xU — C. If p(z) and
o(p(2), zp'(2), 2%p"(2); 2) are univalent and if p(z) satisfies the second order super-
ordination

h(z) < o(p(2), 20/ (2), 2°p"(2); 2), (2 €U) (2)
then p(z) is a solution of the differential superordination (2).

An analytic function ¢ is called a subordinant of the differential superordination,
or more precisely a subordinant if ¢ < p, for all p satisfying (2). A univalent
subordinant ¢ that satisfies ¢ < ¢, for all subordinants g of (2) is said to be best
subordinant. Note that the best subordinant is unique upto a rotation of /. Recently
Miller and Mocanu[15] have obtained conditions on h, ¢ and ¢ for which the following
implication holds:

h(z) < o(p(2), 20'(2), 2°p"(2);:2) = a(2) < p(2) (2 €U).

Motivated by the results due to Bulboaca (cf.[3] and [4]), Ali et al.[1] obtained some
sufficient conditions for the class of analytic functions which satisfy

q(2) = 2f'(2)/f(2) < @2(2), (2 €U)

where 1, g2 are univalent in U with ¢;(0) = 1 = ¢2(0).

Definition 2. (/15], Definition 2,p.817; also see [14], Defintion 2.2b, p.21) Let
Q be the set of all functions f that are analytic and injective on U \ E(f), where

E(f):= {C : ( € 0U and hﬁn&f(z) :oo}

and are such that f'(¢) #0 for ¢ € U \ E(f).
For functions f;(z) € A,, given by

o
fi(2)=2"4 > anz" (j=1,2%peN;z €l),
n=p+1
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the Hadamard product (or convolution) of f1(z) and f2(z) be defined by
o
f1(2) x fa(2) = 2P + Z an10n22" = fa(2) * fi(z) (peN;zel),
n=p+1

A generalized hypergeometric functions ;F,, with [ numerator parameters a; €
C(j=1,2,---,1) and m denominator parameters 3; € C\Z, (Z, :={0,—-1,-2,--- };j =
1,2,--- ,m) is defined by infinite series

E (al)n to (al)n 2"
Fm = m 1, &2, -, ,/B, sty Pmys = E -_—
l (Z) l ( v e BQ B Z) n=0 (51)71 T (ﬁm)n n!

(IbmeNy:=NU{0}; I<m+landzeC; l=m+1
and z €eU; l=m+1, z €U, and R(w) > 0), (3)

where an empty product is interpreted as 1 and

m l
w = E Bj — E o
=1 =1

and (A), is the Pochhammer symbol (or the shifted factorial) defined, in terms of
the Gamma function I, by

0 _TQ+n) _ 1 (n=0),
"T T AMA+1DA+2)---(A+n—1) (neN).

Corresponding to a function hy(ai,- -+ ,a; 61, , Bm; 2) defined by
hplan, - ou; Bu, - Bmi 2) 1= 2P iy
Dziok and Srivastava[8] (also see [9], [13] and [24]) considered the linear operator
Hy(o, 00381, Bn) t Ap — Ay
defined by the following Hadamard product (or convolution):

Hp(o, -+ au; b1y, Bm) f(2) i= [P 1Fm(2)] = f(2) (4)

— P - (@)n—p-(Q)n—p @pz"
- ’ n:%rl (61)"*11 T (Bm)nfp (n — p)!

(<m+1;l,meNy:=NU{0};neN; zel).

33



P. Gochhayat - Sandwich-type theorems of some subclasses of multivalent...

To make the notation simple, we write

HY™ () i= Hylan, - a3 81, , Bn).-

It easily follows from (4) that
2(HY™(a1) f(2))" = an HE™(aq + 1) f(2) — (a1 — p)HE™ (1) f(2)  (f € Ap). (5)

It should be remarked that the linear operator Hé;m(al) is a generalization of many
other linear operators considered earlier viz. the Hohlov operator[11], the linear
operator studied by Goel and Sohi[10], Ruscheweyh derivative operator|[20], the
linear operator studied by Saitoh[22], Carlson-Shaffer linear operator[5], generalized
Bernadi-Libera-Livingston integral operator|[7], Owa-Srivastava operator[18, 19], the
operator studied by Liu and Noor[12] and Cho-Kwon-Srivastava operator|[6].

Recently using the operator H;,l,’m(al) various subordination and superordination
results has been carried out in different contexts see ([2], [16] and [23]). The main
object of the present sequel to the aforementioned work is to investigate subordina-
tion and superordination results of some subclasses of analytic multivalent functions
involving H,l;m(al) in different settings. Together with these results, differential
sandwich type theorems as an interesting consequences. Our results include various
known results studied earlier for particular change in parameters.

2.PRELIMINARIES
To establish our main results, we need the following:

Lemma 1.([14], Theorem 3.4h, p.132)Let q be univalent in the open unit
disk U and 0 and ¢ be analytic in a domain D containing q(U) with ¢(w) # 0 when

w € qUh). Set Q(2) = 2¢'(2)p(q(2)), h(z) =0(q(2)) + Q(z) and suppose that
1. @ is starlike in U, and

2. R (Zg(f))) >0 forz € U.

If p is analytic in U, with p(0) = ¢q(0), p(UU) C D and
0(p(2)) + 2p'(2)¢(p(2)) < 0(a(2)) + 2q'(2)B(a(2))

then p < q and q is the best dominant.

Lemma 2.([14], Corollary 3.4h.1, p.135) Let q be univalent in the open unit
disk U and ¢ be analytic in a domain D containing q(U). If z¢'(2).¢(q(z)) is starlike
and

2 (2)6(p(2)) < 2¢'(2)6(q(2))
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then p < q and q is the best dominant.

Lemma 3.[21]Let q be univalent convex in the open unit disk U and 1,y € C

with RN (1 + zg:é?) > max {0, —R(¢/v)}. If p(z) is analytic and

¥p(2) + 20/ (2) < Ya(z) + v24 (),
then p < q and q is the best dominant.

Lemma 4.([4]) Let q be univalent in the open unit disk U and 9 and ¢ be
analytic in a domain D containing q(U). Suppose that

20’ (q(2))
1. §FE( 20(2)) > >0 forzelU, and

2. 2q'(2)p(q(2)) is starlike univalent in U.

If p e H[q(0),1] N Q, with p(UU) C D, and I(p(z)) + 20/ (2)e(p(2)) is univalent in U
and
9(q(2)) + 24 (2)p(a(2)) < H(p(2)) + 20 (2)e(p(2)), (2 €U)

then q < p and q is the best subordinant.

Lemma 5.([15], Theorem 8, p.822) Let q be univalent convex in the open
unit disk U and v € C, with R(vy) > 0. If p € H[q(0),1] N Q, and p(z) + vzp'(2) is
univalent in U then

q(2) + 724 (2) < p(2) +v2p'(2), (2 €U)
then q < p and q is the best subordinant.
3.SUBORDINATION RESULTS INVOLVING DZIOK-SRIVASTAVA OPERATOR

We have the following subordination results:

Theorem 1. Let 7 > 0 and the function f € A, satisfying the subordination
conditions:

B @) () | et DIE) o 7o)
2P 2P aq

(1—=7)

(zelU), (6)

where H;l,’m(oq)f(z) is defined by (4) and q is univalent in U with

R <1 + Zq//(z)> > max {0, R (ﬂ>} , (7)

q'(2) T
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then

Hy™(01)f(2)

2P

<q(z) (z€l), (8)
and q is the best dominant.

Proof. Let the function p be defined by

Hy™ (00)f(2)

p(2) := o

Differentiation followed by applications of the identity (5) yields

p(z) 1 P _ Hi" (o1 + DF)
a1 2P

Therefore, in light of the hypothesis (6), we have

() 4 L)
a1 (05}

p(z) +

Taking v = all and ¢ = 1 in Lemma 3, the assertion of the Theorem 1 follows. This
completes the proof of Theorem 1.

By taking ¢(z) = ﬂ'g'z —1<B<A<1landq(z) = (%f;), in Theorem 1, we

get the following:

Corollary 1. Let 7 > 0 and the function f € A, satisfying the subordination
conditions:

Hy™()f(z) | Hy"(e1+1)f(z)  1+A4s  7(A-B)

1— < ’
(1=7) 2P 2P 1+ Bz * ai(1 + Bz)?

where H;,’m(al)f(z) is defined by (4) and }igi is univalent in U with

#(1z) e w ()

then
Hy™on)f(z) 1+ Az
2P <1—i-Bz (z€t),
and iigz 18 the best dominant.
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Corollary 2. Let 7 > 0 and the function f € A, satisfying the subordination
conditions

(z €U),

HE™ (g + 1) f(2) . 1+ 2 T 2z
- o
2P 2P 1—2 ag (1—2)2

where H;,’m(al)f(z) is defined by (4) and (H‘Z) is univalent in U with

1—2

w(22) e {on (3}

then

l%é’m(j;)f(Z)< (113) (z eU),

and (ifz) is the best dominant.

Theorem 2. If the function f € A, satisfying the subordination condition:

Ne(Hp™ (1) f(2)) + 62(Hp™ (01 + 1) f(2))
AHY™ () f(2) + GHy™ (01 + 1) f(2)

e o

141

where HIljm(al)f(z) is defined by (4), \,0,m,v € C with v,n,A\+ 0 # 0 and q be

univalent in U with

') ()
%{” 0 @) }>O’ 10)

then

=< q(2) (11)

AHE™ (1) f(2) + §Hy™ (a1 + 1) f(2) |
(A+0)zP

and q s the best dominant.

Proof. Let the function p(z) be defined by

(2) = [AHé%nf(z) + 0Hy™ (a1 + 1)f(2)] !
pe)s (A4 9)zP
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Taking logarithmic differentiation, we get

2p/(2) _ [Az(Hé’%l)f(z))' H0H" (01 + DI()

AHy™ (1) (=) + SH ™ (01 + 1) f(2)
By Setting 6(w) := 1 and ¢(w) := v/w, and also by letting Q(z) = 2¢'(2)p(q(z)) =
'y%g) and h(z) = 0(q(2)) + Q(z) = 1 + 'yzgéz), we observe that Q(z) is univalent
starlike in ¢ and R (Zh/(z)) > 0.

Q(2)
Thus assertions of Theorem 2 follows by an applications of Lemma 1. This

completes the proof of Theorem 2.
Taking A = 0,0 = 1,7 =1 and ¢(z) = %ig; (-1 < A< B <1), we get the
following;:

Corollary 3. If f € A,

l,m / _
Y Y1) N P ey
Hy™ (a1 + 1) f(2) (1+ Az)(1+ Bz)
then
Hy™o1+ Df(2)]" | 144z
<
zP 1+ Bz
and iigi is the best dominant.

Setting A\=0,0 =1,y=Lp=1Ll=m+1,04 =0,05 =1(j =2,3,--- ,m+
1), =1(j = 1,2,--- ,m) and ¢(z) = (1 + Bz)"A=B)/B which is univalent if and
only if [(n(A—B)/B)—1| < 1lor|(n(A—B)/B+1| <1 (see[17]), Theorem 2 reduced
to the following:

Corollary 4. If f € A

2f'(2)
f(z)

n(A— B)z
1+ Bz

1+n[ —1]<1+

then

PO <y paprasis

and (14 Bz)"A=B)/B s the best dominant.
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Setting A\ =0,0 = 1,n=1,v = % beC\{0}),p=11l=m+1,04 =0,05 =
1(j=2,3,--- ,m+1),8,=1{=1,2,--- ,m) and ¢(z) = W in Theorem 2, we
get the following:

Corollary 5.[25] If f € A

e Y

then

and ﬁ is the best dominant.
Setting A =0,0 =1,np=1,7= % (bE C\{O}>ap: Li=m+1lm :Blyaj =
1(j=12,---,m+1),8,=1G=1,2,--- ,m) and ¢(z) = ﬁ in Theorem 2, we

get the following:

Corollary 6.[25] If f € A

Lzf"(z) 14z

1+5 f'(2) “1-
then
f(z) 1
P (1—2)2

and W s the best dominant.

Theorem 3. Let the function f € A, satisfying the subordination condition:

Q(2) < pg(z) + ¢+ 724 (2), (12)

Q(z) = [Aﬂé’m(al)f(Z) + 0Hy™ (01 + 1)f(z)] !
o (A +0)2P

Ae(Hy™ (1) £(2)) + 02(Hy™ (01 + 1) f(2))
X{’”W( NHE™ (o) f(2) + 0H™ (a1 + 1) £ (2) p)}% 19)
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with A+ 6 #0,v,n # 0 for \,0,n,7v,(,u € C and q be univalent in u satisfies
!
R <1 + zq/ (z)> > max {O, —R <M> } , (14)
q'(z) gl

[Aﬂé’mml)ﬂz) + SHE™ (a1 + 1)f(z)] !

then

A < q(2) (15)

and q is the best dominant.

Proof. Consider

B(z) = [AHé’m(al)ﬂz) + OHy™ (o + l)f(Z)] !
o (A+0)zF

Logarithmic differentiation yields

M) (Az(Hé%l)f(z))’ + 62(Hy™ (01 + 1) f(2)) _p>
h(z) AHy™ (1) f(2) + 0Hy™ (o1 + 1) £ (2)

Therefore

Az(Hy™ (0n) f(2)) + 02(Hy™ (a1 + 1) f(2)) p)

2h!(2) = nh(2) ( NHE™(an) £ (2) + 6HE™ (o + 1) £ (2)

Setting 0(w) = pw + ¢, ¢(w) =~ and

Q(z) = 2¢'(2)¢(q(2)) = v2¢'(2)
p(z) = 0(q(2)) + Q(z) = pq(z) + ¢ +vzq'(2).

Therefore from (14), it is observed that @ is starlike in ¢/ and also

r(am) s S

Thus assertion of Theorem 3 followed by application of Lemma 1. This completes
the proof of Theorem 3.

Setting A = 0,0 = 1,7 =1 and ¢(z) = iigi (-1 < A< B <1)in Theorem 3,
we get the following:
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Corollary 7. If f € A, and R(u) > 0. Suppose that

R G - gz> > max {0, —R(x)} .

If
HY™ (g + 1) (2 ! 2(HY™ (o + 1) F(2)) 1+ Az
ARESIVE] Y P YRS ()N | R £ O
z Hy™ (a1 + 1) f(2) 1+ Bz
then
HS™(n + 1) f(2) 77< 1+ Az
2P 1+ Bz
and }igi s the best dominant.

Again setting A = 0,6 = 1,y = 1L,p =1l =m+ 1o = 0,05 = 1(j =
2,3,--- ,m+1),8,=1(7j=1,2,--- ,m) and ¢(z) = %fj in Theorem 3, we get the
following:

Corollary 8. Let f € A and

[m]{“”(]{(()) ‘1)} T

then

[f(z)]”< 142

1+

1> s the best dominant.

and

4 .SUPERORDINATION RESULTS INVOLVING DZIOK-SRIVASTAVA OPERATOR

We have the following superordination results:

l,m
Theorem 4. Let the function f € A,, suppose that W € H[q(0),1]UQ
and

_H" (a1 + D (2)
2P 2P

(r>0) (16)
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is undvalent in U, where H;,l;m(al) is defined by (4). If q be convex univalent in U
and

s+ 2O Hy™ () f(2) | Hy™ (01 +1)f(2)

o <(1-7) o o (17)
then
a(2) < Hfl”m(j}})f G Geu, (18)
and q is the best subordinant.
Proof. Write l
o) = O (e

Differentiation followed by applications of (5) gives

p(z) 1 P _ Hi" (o1 + DF)
o1 zP

Now the hypothesis (16) of Theorem 4 became

l,m l,m /
BTONIE) | e D) | 7o)

(1—7)

Therefore by application of Lemma 5 to the resulting equation, we get

a(z) + ngl(z) < p(z) + TZZ;(Z)
implies
o(2) < iz = o))

and g is the best subordinant. The proof of Theorem 4 is completed.

By taking ¢(z) = %igi; —1< B < A<1,in Theorem 4, we get the following:

l,m
Corollary 9. Let the function f € A,, suppose that W € H[q(0),1]UQ@
and

Hy"™(0)f(2) | Hy™(e1 + D)
2P 2P

(1—-7)

(t>0)
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is undvalent in U, where H};m(al) is defined by (4). If q be convex univalent in U
and

1+Az 7(A—B)z

<o HIE) | e+ 1)

1+ Bz - a1 (1 + Bz)? zP 2P
then
1+ Az HS™(an)f(z2)
1+ Bz = 2P (z€l),
and Az s the best subordinant.

1+Bz
The proof of Theorem 5 and Theorem 6 are similar to previous theorems, there-

fore we state the theorems without proof.

Theorem 5. Let the function q be convex univalent in U and X, d,v,n € C with
A+0#0,v,n#0. Let f € A, and suppose that

€ H[q(0),1] N Q and (19)

[AHé’m(al)f@) +HE™ (0 + 1)f<2)] !
(A4 0)zP

Az(HE™(on) f(2)) + 62(HE™ (a1 +1) f(2))’ ]
1 — 20
T TN () £ () o (et 1 f () 20
s univalent in U. If
2q'(2) Ne(Hp™(0n) f(2)) + 02(H ™ (o1 + 1) f(2))
L) “””[ NHE™ (1) f(2) + 0HE™ (a1 + 1) £(2) p] 2
then
Lim « z Lim « z !
o) ~ [AHp () S + 1) >] (22)

and q is the best subordinant.

Theorem 6. Let the function q be convex univalent in the open unit disc U and
A 0,7, ¢ p € Cwith A+ 0,v,m#0. Let f € A, and suppose that

Hy™ (1) f(2)

€ H[q(0),1]NQ and R (uq;(z)) > 0. (23)
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If
nq(z) + ¢ +yz¢'(2) < Q (24)

then

NHE™ (1) f(2) + §HS™ (an + 1) f(2) ]

(A+9)zp

q(z) < (25)

and q is the best subordinant.
5.SANDWICH-TYPE THEOREMS

By combining subordination and superordination results of Theorems 1 with 4, 2
with 5, and 3 with 6, discussed in Section3 and Section4 respectively, we get the
following Sandwich-type results:

Theorem 7. Let the function q1 be conver univalent, qo be univalent in U and
7(>0) € C. Suppose q1 satisfies R(T) > 0 and qa satisfies (7). IfHIlJ’m(oq)f(z)/zp €
H[q(0),1] NQ,

Hy™(01)f(2) | Hy™ (o +1)f(2)

(1-171) o + 7 o

is unwalent in U and

/ I,m I,m /
(o) + ) o BOIC) | BT v DIE) ) | 7l
implies
L,m
q(2) < Hp(z;l)f(z) < q2(2)

where q1 and qo are respectively the best subordinant and the dominant.

Theorem 8. Let the function q1 be convex univalent, qo satisfying (10) be

AHE™ (@) ()6 ™ o1+ D)) |
(A0)zP

univalent in U and 0 < 7 € C. Suppose that
H[q(0),1]NQ,

L+9m

A2(Hy™ (01) f(2))' + 02(H5™ (a1 + 1) f(2)) p]
NHP™ (a) f(2) + SHY™ (g + 1) f(2)
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is univalent in U. If

2q)(2) Ae(Hy™ (o) f(2)) + 62(Hy™ (01 + 1) f(2) 2qh(2)
b a(z) t ! AHY™(0n) f(2) + SHE™ (01 4+ 1) f(2) Pty q2(2)
then
l,m «Q z l,m 0] z K
a) < [AHP ()2 + 75"+ >] <a(2)

where q1 and qo are respectively the best subordinant and the dominant.
Theorem 9. Let the function q1 satisfying (23) be convex univalent, qa satisfying
(14) be univalent in U and X\, 0, p,v,n,{ € C; A+ 6 # 0,7,n # 0. Suppose that

lym lym n
Mg o)l )] (z’] € H[g(0),1] N Q, Q is univalent in U. If

pq1(z) + ¢+ 761 (2) < Q < pga(z) + ¢+ 7¢5(2)

then

AHL™(01) f(2) + 0HY ™ (o1 + 1) f(2) ]

where q1 and qo are respectively the best subordinant and the dominant.
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