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EXISTENCE OF NONOSCILLATORY BOUNDED SOLUTIONS FOR
A SYSTEM OF SECOND-ORDER NONLINEAR NEUTRAL DELAY
DIFFERENTIAL EQUATIONS

ZHENYU GUO AND MIN LU

ABSTRACT. A system of second-order nonlinear neutral delay differential equa-
tions

/
(n (t) (w1 (£) + Py(t)an (t — n))’) = Py (t, 2t — 01), 22t — 03)),
!/
(rg(t) (22(t) + Pa(t)aa(t — 72))’) = By(t,1(t — 01), 21 (t — 02)),
where ; > 0,071,020 > 0,7; € C([to, +OO), R+), R(t) € C([to, +OO), R), F; € C([to, +00) x
R2 R),4 = 1,2 is studied in this paper, and some sufficient conditions for existence of
nonoscillatory bounded solutions for this system are established by Krasnoselkii and

Schauder fixed point theorems, and expressed through several theorems according
to the range of the value of the functions Pj(t), P>(t) and their combination.

2000 Mathematics Subject Classification: 34K15, 34C10.

1. INTRODUCTION AND PRELIMINARIES

We investigate the following nonlinear differential system

<T1<t) (1‘1(t) + Pl(t)x1<t - Tl)),)/ = F1 (t, xg(t — 01), xg(t — 0’2)),
(ralt) (2(t) + Po(t)alt - 72))’)' = By(t,a1(t — 00), 21 (t — 02)).

which may be rewritten as

!
(Ti(t) (acz(t) + Pi(t)l‘i(t — Ti))l> = Fl'(t,l‘y)_i(t — 01), l’g_i(t — 02)), t Z to,
(1.1)
where 7; > 0,01,09 > 0,7; € C([tg, +00),RT), Pi(t) € C([tg, +0),R), F; € C([to, +00) X
R2 R) and i = 1,2.
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By applying Krasnoselkii and Schauder fixed point theorems and some new tech-
niques, we obtained a few sufficient conditions for the existence of a nonoscillatory
bounded solution of the system (1.1).

Lemma 1.1(Krasnoselskii Fixed Point Theorem)[4]|Let Q be a bounded
closed convex subset of a Banach space X and Q,S : Q — X satisfy Qx + Sy € Q2
for each x,y € Q. If Q is a contraction mapping and S is a completely continuous
mapping, then the equation Qr + Sx = x has at least one solution in Q.

Lemma 1.2(Schauder Fixed Point Theorem)[4]Let Q2 be a closed, convex
and nonempty subset of a Banach space X and S :  — Q be a continuous mapping
such that SQ is a relatively compact subset of X. Then S has at least one fixed point
in . That is there exists an x € €1 such that Sx = x.

2. EXISTENCE OF NONOSCILLATORY BOUNDED SOLUTIONS

In this section, a few sufficient conditions of the existence of nonoscillatory
bounded solutions for system (1.1) will be given.

Theorem 2.1 Let functions h;, q;,r; € C([to, +00), R") and P;(t) € C([ty, +00),R)
satisfy that

0<P(t)<P<1, (2.1)
’Fi(t,’u,l,UQ) — Fi(t,vl,vg)} < hl(t) max {|uz — Vil - 1= 1, 2}, (22)
|F5(t, ur, u2)| < qi(t), (2.3)
+oo
/ Ry(t) max {hi(t), gs(t) bt < +oc, (2.4)
to
where R;( ft - %S) ds and i = 1,2. Then the system (1.1) has a nonoscillatory

bounded solutzon
Proof. In virtue of (2.4), a sufficiently large T" > ¢y can be chosen such that

+oco 1— Pz
/ R;(t) max { hi(t), ¢;(t) }dt < TR (2.5)
T

where i = 1, 2.

Let C([to, +00), R?) be the set of all continuous vector functions z(t) = (z1(t ), xa(t))
with the norm ||z|| = sup;s, {|1(t)], |z2()|} < +o0c. Obviously, C([ty, +00), R?) is a
Banach space. Now, define a bounded, closed and convex subset € of C([tg, +00), R?)
as following:

1-P

0= {9: = (@1,3) € C([to, +00), R?) : —
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Let mappings Q = (Q1,Q2) and S = (S1,52) : © — C([to, +00), R?) be defined by

350 — Pi(t)ai(t — )

(Qiz)(t) = - f; Ri(s)Fi(s,x3-i(s — 01),73-i(s — 02))ds, t>T (2.6)
(Qix)(T), to<t<T
(Siz) () = —R;(t) f:oo Fi(s,x3-i(s — 01),x3-i(s — 02))ds, t>T (27)
z (Siz)(T), to<t<T

for all x € €, where i = 1, 2.
(i) Tt is claimed that Qz + Sy € Q for all z,y € Q, i.e. QQUSQ C Q.
In fact, for each x,y € Q and t > T, it follows from (2.3) and (2.5) that

@)0) + (Sw)(t) 2>~ Pt )

— / Ri(s)|Fi(s,x3—i(s — 01),x3-i(s — 02))|ds
T

+o00o
R / Fy(5,ysi(s — 00), ysis — 02))|ds

3+ 0 ; — t i(s)qi(s)ds — o i(s)qi(s)ds
3R p /TRZ< )gi(s)d / Ri(s)gs(s)d

4
. +oo

23 5 P — Ri(s)gqi(s)ds

i .,
1- P
- 2 )
and P N
3 g o0
(@Qu)(t) + (Sw)(t) < 2T o / Ri(s)ai(s)ds < 1.
T

Thus, 1555 < (Qix)(t) + (Siy)(t) < 1,4 = 1,2 for ¢ > to.

(ii) It is declared that @ is a contraction mapping on €2.
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In reality, for any z,y € Q and ¢t > T, it is easy to derive that
|(Qiz) (1) — (Qi)(2)|
t
<Pi(t)|mi(t — ) — yi(t — )| + / Ri(s)
T

|Fi(s,23-i(s — 01), 23-i(5 — 02)) = Fi(s,y3-i(5 — 01), y3-i(s — 02))|ds
<Pi|zi(t — 1) — yi(t — )|

+/ Ri(s)hi(s) max {|z3_i(s — 0j) —ys—i(s — 0;)| : j = 1,2}ds
T

—+o00
<Pz —y|| + /T Ri(s)hi(s)ds||z — |

<killz —yll,

which implies that
|Qiz — Quyl| < Killz — yl|.

It follows from k; = P; + f;oo Ri(s)hi(s)ds < 1+T3P" < 1 that @ is a contraction
mapping on €.

(iii) It can be asserted that S is completely continuous.

Firstly, we show S is continuous. Let xp = (z1x(t), zox(t)) € Q and x(t) — z4(t)
as k — +o00. Since Q is closed, x = (z1(t),z2(t)) € Q. For t > T, (2.2) guarantees
that

|(Sizp)(t) — (Siz) ()]
+oo
<R;(t) /t |Fi(s, 23— k(s — 01),23-; k(s — 02)) — Fi(s,23-i(s — 01), m3-i(s — 02))|ds

—+o00
< R;(s)h;(s) max {|x3_i k(s —0j) —x3_i(s —0j)] 1 j =1, Q}ds
t
o0

<||zg — x| Ri(s)h;i(s)ds.
T

This above inequality together with (2.4) implies that S is continuous.

Next, we prove S€ is relatively compact. It is sufficient to show that the family of
functions {Sz : z € 2} is uniformly bounded and equicontinuous on [ty, +00). The
uniform boundedness is obvious. For the equicontinuity, according to Levitan’s result
[10], it is only need to prove that, for any given € > 0, [tp, +00) can be decomposed
into finite subintervals in such a way that on each subinterval all functions of the
family have change of amplitude less than . By (2.4), for any € > 0, take 77 > T

large enough so that
+oo

Ri(s)gi(s)ds < % (2.8)
-
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Then, for any z € Q and to > t; > T’, (2.8) ensures that
400
‘(Slx)(tg) - (Szx)(tl)‘ §Rz(t)/ ‘FZ‘(S, .CEg_i(S - 01),:133_i(8 — @))‘ds
to

+o00o
+ R;(t) / ’Fi(s, x3_i(s —01),x3-i(s — Ug))}ds

t1
+o0 +oo
< / Ri()q(s)ds + / Ri(s)qi(s)ds
T’ T
et
2 2 ’

For any z € Q and T < t1 < to < T", there exists § > 0 such that if 0 <ty —t; < 6,
then

‘(S,x)(tg) — (Szx)(tl)} §Rz(t)/ ’ |F¢(S,$3_i(8 — 0'1),1'3_1‘(8 — UQ))‘CZS

t1

§/ ’ Ri(s)qi(s)ds < e.

t1

For any x € S and tg < t; < to < T, it is easy to get that
‘(Sﬂ?)(tz) — (Sl.%')(tl)‘ =0<e.

Consequently, {S;z : € Q} is uniformly bounded and equicontinuous on [tg, +00).
Therefore S€2 is relatively compact. It follows from Lemma 1.1 that there is g € 2
such that Qz + Szg = x¢. Obviously, z¢(¢) is a nonoscillatory bounded solution of
the system (1.1). This completes the proof.
Theorem 2.2 Let functions h;, qi,r; € C([to, +00),RT) and P;(t) € C([ty, +00),R)
satisfy (2.2)~(2.4) and
1<a; < Pt) < b; < +00, (2.9)

where i = 1,2. Then the system (1.1) has a nonoscillatory bounded solution.
Proof. By (2.4), a sufficiently large T' > ty can be chosen such that

+oo
/ Ri()ha(t)dt < a5 — 1, (2.10)
T
+o0 b — a2 _ b,
| Rande < SO (2.11)
T

where i = 1, 2.
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Let C([tg, +00),R?) be the set as in the proof of Theorem 2.1 and define a
bounded, closed and convex subset Q of C([tg, +00), R?) as following:

0= {x = (xl,xg) S C([to,—i—OO),RZ) ra; < xz(t) < bi,i = 1,2,t > to}.

Let mappings Q = (Q1,Q2) and S = (S1,52) : © — C([to, +c), R?) be defined as

a?+aibi+bi o z; (t+7;) _ 1
2a; Pi(t+r)  Pi(t+mi)
(Qiz)(t) = f?rn Ri(s)Fi(s,x3—i(s — 01),23-i(s — 02))ds, t>T
(Qie)T) to<t<T
(2.12)
(Siz)(t) = _IIE((EE)) tiofj Fi(s,z3-i(s — 01),23-i(s — 02))ds, t>T
(Si)(T), to<t<T
(2.13)

for all x € €, where i = 1, 2.
Proceeding similarly as what we did in Theorem 2.1, we prove that the system
(1.1) has a nonoscillatory bounded solution. The proof is completed.
Theorem 2.3 Let functions h;, q;,ri € C([to, +o0), R") and P;(t) € C([to, +o0),R)
satisfy (2.2)~(2.4),
0< Pl(t) < P <1, (2.14)

and
1 <as < Pg(t) < by < +00. (2.15)

Then the system (1.1) has a nonoscillatory bounded solution.
Proof. By (2.4), a sufficiently large T' > t( can be chosen such that

Feo 1-P
Ry (1) max {hn (), q1 () }dt < — L (2.16)
—+o00
Rg(t)hQ(t)dt < ag — 1, (2.17)
T
+oo bo — 2 —b
/ Ro(t)aa()dt < 2212702 (2.18)
T

Let O([to, +00),R?) be the set as in the proof of Theorem 2.1 and define a
bounded, closed and convex subset 2 of C([tg, +00), R?) as following:

1-P

Q= {m = (21,29) € C([to, +00),R?) : 5

<m(t) < Ly < wlt) Sbot > o).
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Let mappings Q = (Q1,Q2) and S = (51, 52) : Q — C([to, +00), R?) be defined as

— Pl(t)l'l(t — 7'1)

(Qz)(t) = — [} Ri(s)Fi(s,m2(s — 01), 22(5 — 02))ds, t>T (2.19)
(Qz)(T), to<t<T

(S12)(t) = ft Fi(s,x2(s — 01),x2(s — 02))ds, t>T (2.20)

1 (Slw)( ), to<t<T '
a3+azba+bo _ma(t4me) 1

_ 2a2t+7—2 PQ(t“l"TQ) P2(t+7'2) 591

(Q27)(2) fT Ro(s)Fa(s,z1(s — 01),x1(s — 02))ds, t>T (2.21)
(Q2)(T), to<t<T

(Syz)(t) = —];22((:12)) t+72 o Ba(s,mi(s —a1), 21 (s — 02))ds, t=>T (2.22)
(S2z)(T), to<t<T

for all x € Q.

Proceeding similarly as in the proof of Theorem 2.1 and 2.2, we obtain that the
system (1.1) has a nonoscillatory bounded solution. This completes the proof.
Theorem 2.4 Let functions h;, q;,r; € C([tg, +00),RT) and P;(t) € C([to, +00),R)
satisfy (2.2), (2.3),
Pi(t) = -1, (2.23)
and

+o00 +oo
/ HR(D)] /t max{g;(s), hi(s)hdsdt < +o0, (2.24)

to
where i = 1,2. Then the system (1.1) has a nonoscillatory bounded solution.
Proof. According to a known result (Theorem 3.2.6 in [4]), (2.24) is equivalent
to the condition

+o0
Z / R(1)] / mac{gi(s), ha(s)}dsdt < 400, i=1,2. (2.25)
to+JTi t
By (2.25), a sufficiently large T' > tp can be chosen such that
+o00
Z/ \R;(t)\/ max{q;(s), hi(s)}dsdt <1, i=1,2. (2.26)
TH4j1; t

Let C([tg, +00),R?) be the set as in the proof of Theorem 2.1 and define a bounded,
closed and convex subset Q of C([tg, +00), R?) as following:

0= {x = (21,22) € O([to, +00), R?) : 1 < z;(t) < 3,0 = 1,2,¢ > to}.
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Let mapping S = (51, S2) : Q© — C([to, +00), R?) be defined as

ft—&-]ﬁ i
(Siz)(t) = f +°° (u, 3 z( 1), 23-i(u — 02))duds, t>T (2.27)
(Six)(T), to<t<T

for all x € €}, where ¢ = 1, 2.

Similarly to the proof in Theorem 2.1, we get that SQ C €, S is a continuous
mapping on €2, and S is a relatively compact subset. Applying Lemma 1.2, we
could find a zg = (xo1, z02) € 2 such that Sxy = z¢. That is

2- ZOO tj—jj— RI( )
zoi(t) = f+ (u, 20 3—i(u — 01), 20 3—i(u — 02))duds, t>T (2.28)
zoi(T), to<t<T

where i = 1,2. Fort > T,

+0o0 “+oo
.’L'Oi(t) —{L'()i(t—Ti) = R;(S)/ E(u,wo 3_i(u—01),x0 3_i(u—02))duds.
t s

Then,

/ too
(:UOi(t) — $0i(t — 7'@)) = —R;(t) /t Fi(u, i) 371'(’& — 0'1),{[,‘0 37@'(u — 02))du,

which we can rewrite it as

+o0o
ri(t) (3302-(75) + P;(t)zoi(t — T,-)), = —/ Fi(u,xo 3—i(u — 01), 20 3—i(u — 02))du.
t
Finding the derivative,

(Ti(t) (I‘Oi(t) + Pi(t)aj‘()i(t — Ti))/)/ = FZ‘ (t, i) 37@'(t — 0'1), i) 377;(25 — 0'2)).

Therefore, zo(t) is a bounded nonoscillatory solution of the system (1.1). This
completes the proof.
Remark 2.5 Proceeding as before, we can prove that no matter P;(t) belongs
to which cases:
(1) 0< Pi(t) < P < 1,
(2) 1 <a; < Pi(t) < b < +oo,
(3) Pi(t) = -1,
(4) -1 < P, < Pi(t) <0,

\_/\_/vv

106



Zhenyu Guo and Min Liu - A system of second-order differential equations

(5) —oco < a; < H(t) <b; < —1,
(6) any combination of the above,
the system (1.1) has a bounded nonoscillatory solution.
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