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ABSTRACT.The present paper deals with some problems on the conformal
structure on TM. The concepts of conformal structure and d-linear connection
compatible with the conformal structure, corresponding to two 1-forms are
introduced in the tangent bundle. The problem of determining the set of all
d-linear connections compatible with the conformal structure, corresponding
to two 1-forms is solved for an arbitrary nonlinear connection.Some important
particular cases are considered.
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1. PRELIMINARIES

The geometry of the tangent bundle (T'M, 7, M) has been studied by M.
Matsumoto in [4], by R. Miron and M. Anastasiei in [5], [6], by R. Miron and
M. Hashiguchi in [7], by V. Oproiu in [8], by Gh. Atanasiu and I. Ghinea in
[1], by R. Bowman in [2], by K. Yano and S. Ishihara in [10],etc. Concerning
the terminology and notations, we use those from [6].

Let M be a real n-dimensional C*-differentiable manifold and (T'M, w, M)
its tangent bundle.

If (z') is a local coordinates system on a domain U of a chart on M, the
induced system of coordinates on 7~'(U) is (z%,4%), (i = 1,...,n).

Let N be a nonlinear connection on 7'M, with the coefficients N° i(m,y), (4,7
1,...,n).
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2. THE NOTION OF d- LINEAR CONNECTION COMPATIBLE WITH A
CONFORMAL STRUCTURE

We consider on T'M a metrical (almost symplectic) structure G defined by:

1 o o
G(z,y) = 591']'(1’, y)dz" A dx’ + 591']'(95» y)oy' Aoy’ (1)

where (dz',0y"), (i = 1,...,n) is the dual basis of (5‘;, a?;i)v and (g;;(z,y),
Gij(z,y)) is a pair of given d-tensor fields on T'M, of the type (0,2), each of
them nondegenerate and symmetric (alternate), in the last case it is necessary
that n=2n".

We asociate to the lift G the Obata’s operators:

(2

QF =

Obata’s operators have the same properties as the ones associated with a
Finsler space [7].

Let So(T'M) be the set of all symmetric d-tensor fields, of the type (0,2)

on TM (Ay(TM) be the set of all alternate d-tensor fields, of the type (0,2)
on TM). As is easily shown, the relations on Sy(TM) (Az(TM)) defined by

(3):

(aij ~ big) & ((3) May) € F(TM), ay5(w,y) = Vb (x,y))
(a5 ~ biy) & (O) (e, y) € FITM), aij(w, y) = 2@0b(x,y)),

is an equivalence relation on Sy(TM) (Ax(T'M)).

(0105 = gayg™), V87 = 13107 + 959", ()
(030 = 9555"), g = 50567 + Gos")-

L I

(3)

THEOREM 1. The equivalent class: G of So(T M)/ (As(TM)/.) to which
the metrical (almost symplectic) tensor field G belongs, is called conformal
structure on T'M.

Thus:

G ={C|G(z,y) = Vg, y) and Gy (w,y) = gz, y)}. (4)

ij

DEFINITION 1. A d-linear connection, D, on TM, with local coefficients
DIU(N) = (L', L'y, €y, C%), for which there exists the 1-forms w and & on
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TM: .
w = widx + w0y, @ = &;dxt + 0;0y" such that:

{ Gijlke = 2WkGij, Gijlk = 20'%92']'7 (5)
Gijlk = 20kGij> Gijle = 2 Ok Gij

where | and | denote the h-and v-covariant derivatives with respect to D, is said

to be compatible with the conformal structure G, corresponding to the 1-forms
w,w and is denoted by: DI'(N,w,®).

3. THE SET OF ALL D- LINEAR CONNECTIONS COMPATIBLE WITH THE
CONFORMAL STRUCTURE G, CORRESPONDING TO TWO 1-FORMS

0
Let N and N be two nonlinear connections on TM, with the coefficients
0 0

(Ny'j Nigy'y) and (N ijo, N(Q)Oij) respectively.
0.0 o 0 0 o
Let DI(N) = (L', L'y, C*1, C') be the local coefficients of a fixed d-

0
linear connection D on T'M. Then any d-linear connection, D, on T'M, with
local coefficients: DT'(N) = (L', L';;., C*, C; ) ,can be expresed in the form:

. 0 .
N =N'; -4,

0 0
i _1i I i i
Ly, =LYy, +A} O =By,
0 0

Ti T3 l i i
L'y = h + A% C% — B,
N i i
Cjk _Cjk _Djk>

0
i i i
Ojk_ jk_Djk7

Alo =0,

ilk

where (A", BY;, sz, Dijk, D';,.) are components of the difference tensor fields

0 0 0 ¢
of DT'(N) from D T'(N), [4] and I, | denotes the h-and v-covariant derivatives

0
with respect to D.
Using a well known method given by R.Miron in [5] for the case of the
Finsler connections we obtain:
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0
THEOREM 2.Let D be a given d-linear connection on T'M, with local co-

00 o 0 0 0
efficients DU'(N) = (L', L'y, Cy, C’ij); Then set of all d-linear connections
compatible with the conformal structure G, corresponding to the 1-forms w and
@, with local coefficients DI'(N,w,®) = ( ijk, ijk, ijk, C’ij) is given by:

0
Ni- :Nz —Xi-,
) 0 0 0
LZ‘]{,‘ ]]{:_'_C Xm 1 Zs(g (l) +g5] ’mX )-5 wk+Q X’I’k”
0 0
Lk’_Lak+C X+ (gT + Gog o X™) — 8% + Qi XN

C _C]k +2§23g5] |k) 5 Wk; + Q Y’I‘k}’

Xio =0,
Jlk

where Xij, Xijk, lek, }N/ék, Y;k are arbitrary tensor fields on TM, w =

widz' + w0y’ and respective @ = @;dx; + 0;0y" are arbitrary 1-forms in TM

0 0
and |, | denote the h-and respective v-covariant derivatives with respect to D.

PARTICULAR CASES

L If X% =X, = X%, =Yl =Y% =0 in Theorem 2, we have:

0
THEOREM 3.Let D be a gz’ven d-linear connection on T'M , with local coeffi-
0.0 o 0 0
cients DI'(N) = (L', ]k,C’jk, "x)- Then the following d-linear connection

D, with local coefficients DF(N,w,Cu) = (L%, L'y, €, O given by (8) is
compatible with the conformal structure G, corresponding to the 1-forms w and

w.
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L, le+1 9”9 'Tk_(;;wk’
L _le+2g g Tk—(su)k,

C —Cl +39 s |k: — 0%,

Cjk _Cgk +29 gsg ’k 5;@167

0
0
where |, | denote the h-and respective v-covariant derivatives with respect

0 : .
to the given d-linear connection D and w = w;dz® + w;0y" and respective
O = Odx; + ©;0y° are two given 1-forms in TM.

0
2. If we take a metrical (almost symplectic) d-linear connection as D in
Theorem 3, then (8) becomes:
, 0 ,
o ik —C’ — 0%,
Clin —C’ " 000k

3. If we consider a d-linear connection compatible with conformal structure

. 0
G, corresponding to the 1-forms w and @, as D in Theorem 2, we have

0
THEOREM 4.Let D be a given d-linear connection compatible with confor-
mal structure G, corresponding to the 1-forms w and & on TM, with local
0_ 0 o 0 0 0
coefficients: DU'(N,w, @) = (L', L', Cy ’]k) The set of all d-linear con-
nections compatible with conformal structure G corresponding to the 1-forms
w and © on T M, with local coefficients DI'(N,w, @) = ( ]k,L]k,C]k,CJk) is

given by:

185



M. Purcaru, M. Tarnoveanu - Some Observations on a Class of...

0
Ny =Ny X,
L =Ligp +(Clhy +850m) X+ +QUL X,
D =L +(Cl 4850m)X7, + Qf5 K,
ézjk :ézjk + Z}Y/hrm
Cijk :Cijk +Q§17}Y7]}k>

where X', X', Xijk, ?;k, Y, are arbitrary tensor fields on TM, w =
widxt + @;0y" and respective @ = @;dx; + @;0y" are two arbitrary 1-forms in

09 0
TM and I, | denote h-and respective v-covariant derivatives with respect to D.

The result obtained in this particular case support the findings of R.Miron
and M.Hashiguchi for the Finsler connections in their paper [7].

4. If we take X ZJ = 0 in Theorem 3 we obtain a result given by R.Miron
and M.Anastasiei in [6]:

0
THEOREM 5.Let D be a given d-linear connection compatible with confor-

mal structure é, corresponding to the 1-forms w and @ on TM, with local
0 0 0 0

coefficients: Z%F(]gf,w,fu) = (L', ~ijk, ij’ 1) The set of all d-linear con-
nections compatible with conformal structure G, which preserve the nonlinear
connection ]Qf, corresponding to the 1-forms w and © on T M, with local coef-
ficients DF(](\]Z,w,J)) = (Liy, L'y, Cy,, Oy is given by:
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0
i 7 ir yh
Lty =L+ X 0
0

Ly =L, 450 X",
S )
C :Cojk +QY "
Clip =Cly +ULY

where X7, X%, X Vi Vi are arbitrary tensor fields on T'M.
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