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1. INTRODUCTION

In this article we study the problem of the existence of solutions for the
Fredholm integral equation

x(t) = /0 K(t,s,z(s))ds, t €[0,1]. (1)

where the functions z, K have values in a locally convex space.

In paper [8] the above equations are studied using fixed point theorems for
self-maps. Our approach is based on the continuation method.

The results presented in this paper extend and complement those in [8]-[9].

We finish this section by stating the main result from [1] which will be used
in the next section.

For a map H : D x [0,1] — X, where D C X, we will use the following
notations:

Y ={(z,\) € Dx|0,1]: H(z,\) = x},
S={rxeD:H(x,\) =z for some \ € [0,1]}, (2)
A={N€[0,1]: H(xz,\) = z for some x € D}.
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THEOREM 1.Let X be a set endowed with the separating gauge structures
P = {Pataca and Q" = {q3}pep for A € [0,1]. Let D C X be P-sequentially
closed, H : D x [0,1] — X a map, and assume that the following conditions
are satisfies:

(i) for each X € [0, 1], there exists a function ¢y : B — B and a* € [0,1)5,
a* = {a}}pep such that

@3 (H(z, \), H(y, \) < a3q), sz, y), (3)
A A A A Y
Zaﬁaw(ﬁ)awi(ﬁ)"'aw’;‘l(ﬁ)qwﬁ(ﬁ) (r,y) < 00 (4)
n=1

for every B € B and x,y € D;
(ii) there exists p > 0 such that for each (x,\) € X, there is a § € B with

inf{q}(z,y) : y € X\D} > p; (5)

(iii) for each A € [0,1], there is a function v : A — B and ¢ € (0,00)4,
¢ ={¢a}aca such that

pal.y) < cale(@,y)  foralla € Aand .y € X; (6)

(iv) (X, P) is a sequentially complete gauge space;

(v)if A € 10,1], 20 € D, x, = H(x,_1,\) forn =1,2, ..., and P-lim,, ., x, =
x, then H(z,\) = x;

(vi) for every e > 0, there exists § = §(e) > 0 with

Q) (v H (2,0)) < (1= agyg))e
for (x,pn) €X, [ N—pu| <6, all B € B, and n € N.
In addition, assume that Hy := H(.,0) has a fized point. Then, for each
A € [0,1], the map Hy := H(.,\) has a unique fized point.

REMARK 2.Notice that, by condition (ii) we have: for each (x,\) € %,
there is a 3 € B such that the set

B(a,\,08) ={y € X : ¢y (5)(2,y) < p, Vn € N} C D. (7)

26



A. Chis -An continuation results for Fredholm integral equations...

The proof of Theorem 1, in [1], shows that the contraction condition (3)

given on D, can be asked only on sets of the form (7), more exactely for
(x,A\) € ¥ and y € B(z, \, ().

2.EXISTENCE RESULTS
This section contains existence results for the equation (1).

THEOREM 3. Let E be a locally convex space, Hausdorff separated, complete
by sequences, with the topology defined by the saturated and sufficient set of
semi-norms {|.|,, o € A} and let 6 > 0 be a fized number. Assume that the
following conditions are satisfied:

(1) K :[0,1]* x E — E is continuous;

(2) there exists 1 = {ry}aca such that, any solution x of the equation

x(t) = )\/0 K(t, s, x(s))ds, t €0,1], (8)

for some X € [0, 1] satisfies |x(t)|, < Ta, for allt €[0,1] and o € A;
(3) there exists {Lo}aca € [0,1)* such that

|K(ts,2) — K(t,8,9)|0 < La |z — Ylj )

whenever a € A,for all t,s € [0,1] and x,y € E, where E, = {x € E : there
exists « € A such that |z|, <rqo+d};

(4) N
> LaLja)-Lpna) < 00 (10)

n=0
for every a € A;
(5) for every o € A and for each continuous function g : [0,1] — E one
has
sup{[g(t)| gy 1t € 10,1, n=0,1,2,...} < o0;

1 — L
(6) there exists C with 0 < C' < M—f() foralla € A and n € N, where
f(e)
M,:= sup |K(t s, x)l,.

t7se[071]7
%] £ () ST f (o)
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Then problem (1) has a solution.
Notice that M, < co. Indeed, from (9) we have

|K(t,s, x)|, <|K(t,s,z)— K(t,s,0)], +|K(ts,0)],
< Lortia K(t,s,0
< Larsie) + max [K(t:5,0)], < 00

for all ¢,s € [0,1] and = € E with [z];,) < 7f(a)-
Proof. We shall apply Theorem 1. Let X = C([0,1], X). For each a € A
we define the map d, : X x X — R, by

dal.9) = max (0) — (1),
It is easy to show that d, is a pseudo-metric on X and the family {d,}aca
defines on X a gauge structure, separated and complete by sequences.
Here P = Q" = {d,}aca for every A € [0,1]. Let D be the closure in X of
the set
{r e X: dy(z,0) <r,+ 6 for some o € A}.

We define H : D x [0,1] — X, by H(xz,\) = AA(x), where

A(m)(t):/o K(t, s, x(s))ds.

With this notation all the assumptions (i)-(vi) of Theorem 1 are satisfied
and problem (1) has a solution.

For the detalies see the paper [2].

In Banach space, Theorem 3 becomes the following well-known result.

COROLLARY 4.Let (E,|.|) be a Banach space. Assume that the following
conditions are satisfied:

(1) K : [0,1]* x E — E is continuous;
(2) there exists r > 0 such that, any solution x of the equation

z(t) = /\/01 K(t,s,x(s))ds, t€10,1], (11)

for some X\ € [0,1] satisfies |x(t)| <r, for allt € [0,1] and any X € [0,1];
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(3) there exists L € [0,1) such that
[K(t,s,2) = K(t,s,y)| < Lz -yl (12)

for allt,s €[0,1] and z,y € E with |z|,|y| <.
Then problem (1) has a solution.

Notice that an analogue result is true for Volterra integral equation

x(t):/o K(t,s,2(s))ds,  tel0,1]. (13)

THEOREM 5. Let E be a locally convex space, Hausdorff separated, complete
by the sequences, with the topology defined by the saturated and sufficient set
of semi-norms {|.|,,« € A} and let § > 0 be a fized number. Assume that the
following conditions are satisfied:

(1) K : [0,1]* x E — E is continuous;

(2) there exists r = {ra}aca such that, any solution x of the equation

(1) :)\/OtK(t,s,x(s))ds te0,1]

for some X € [0, 1] satisfies |x(t)|, < ra, for allt € [0,1] and o € A;
(3) there exists {Lo}aca € [0,1)4 such that

|K(t,s,2) — K(t,5,9)|0 < La | =yl

whenever o € A, for allt,s € [0,1] and x,y € E,;
(4) >0 o LaLfay---Lna) < 00, for every a € A;
(5) for every a € A and for each continuous function g : [0,1] — E, one
has
Sup{|g(t)] fn(y 1 t €[0,1], n=10,1,2,...} < o0;

1= Lna
(6) there exists C with 0 < C < M—f()’ for all o« € A and n € N,
I (o)
where M, := sup |K(t,s,x)l,-
telo,1],
‘xlf(a)grf(a)

Then, the problem (13) has a solution.
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