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ABSTRACT.In this paper we present the univalence conditions for the op-
erator

z n(a—11)+1
Gon (2) = (<n (a—1+1) [g @) g () dt)

in the unit disc.
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INTRODUCTION

We consider U be the unit disc and denote by H (U) the class of holomor-
phic functions in U. Let the set of analytic functions

Ay={f e HU): f(2) =2+ anp 2" + ..} (1)

For n = 1 obtain A; = {f € H(U) : f(2) = 2 + a22®> + ...}, and denote
Ay = A. Let S the class of regular and univalent functions f (z) = z+agz?+. ..
in U, which satisfy the condition f (0) = f'(0) —1 = 0.

Ozaki and Nunokawa proved in [3] the following results:

THEOREM 1.If we assume that g € A satisfies the condition

2f'(2)

e

<l,zeU (2)

then f is univalent in U.
THE SCHWARTZ LEMMA. Let the analytic function g be reqular in the unit
disc U and g (0) =0. If |g(2)| < 1,Vz € U, then

g (2)] <[z],Vz €U (3)
and equality holds only if g (z) = €z, where |e| = 1.
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THEOREM 2.Let a be a complex number with Rea > 0, and let f = z +

asz® + ... be a reqular function on U.
U 2R
1— 2777 |27 (2)
<1 4
Roo ) | = VzelU (4)

then for any complex number 3 with Re B > Re a the function

1
2 B
Fs(z) = (ﬂ/tﬁlf'(t)dt) =z+4... (5)
0
1s reqular and univalent in U.

THEOREM 3.Assume that g € A satisfies condition (2), and let o be a
complex number with

o -1 < 52 ()
3
If
g ()| <1,VzeU (7)
then the function 1
Ga(2) = (a g V() dt) a (8)
/

s of class S.

MAIN RESULTS

THEOREM 4.Let g; € A, for alli =1,n, n € N*, satisfy the properties

2/
Zfi(z)—1 <1,V2€UVNi=T,n 9)
9; (2)
and o € C; with
Rea
-1 < . 10
a—1] <= (10)

If1g; (2)| < 1, Vz € U, Vi =1,n, then the function

z n(a—11)+1
G (2) = (<n (a=1)+1) g7 () ... 027 1) dt) (11)

118



D. Breaz and N. Breaz-An integral univalent operator II

18 univalent.

Proof. From (11) G, can be written:

G (2) = (<n (@=1)+1) [ (

We consider the function

£(2) :/z<91t(t)>a_1”

0

z

0

91 ()

t

{

)L (0

nl0)",

t

The function f is regular in U, and from (13) we obtain

B (gn (2)>a1

f// (Z) = (Oé — 1) i AkBk

and

ro= (22"

where A;, and Bj has the next form:

Ay <9k <z>>“ 20} (=) — i (2)

and

Next we calculate the expresion 2L .

The modulus

Bka/(Z)'<

2f" (2)
f'(2)

k=1

A

=(a—1)-
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Ik (Z)>a1.

2”3292(2)—1

(15)

(17)

(18)

(19)
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can then be evaluated as

2f" (2)
f'(z)

n

<y

k=1

iy oy s o(z) -1
‘< D2 =0

Ly Agk(2) -1
(a =) 2 | (20)

Multiplying the first and the last terms of (20) with % > 0, we obtain

Zf" (Z) - 1 — ‘Z’2Rea

() Rea 'O‘_l';<

Applying the Schwartz Lemma and using (21), we obtain

1 — ‘Z‘ZRea

Rea

g (2)
9k (2)

+ 1> (21)

L— [z [2f" () L— 2" & (] 2%k (2)
<la—1| ———— —1/+2 22
Rea fr(z) |~ o= 1] Rea ,; g2 (2) i (22)
Since g; satisfies the condition (2) Vi = 1, n, then from (22) we obtain:
1— |z | 2f" (2) 1— |z 3n|a—1|
<3 -1 < . 23
Rea fr(z) |~ nla—1] Rea = Rea (23)
But |a — 1| < 222 50 from (10) we obtain that
1— ‘Z|2Reo¢ Zf// (Z)
<1 24
Rea frz)y | =7 (24)

for all z € U and the Theorem 2 implies that the function G, is in the class
S.
COROLLARY 5.Let g € A satisfy (2) and o a complex number such that

Rea
—1l< — ke N* 25
a—1/< ke (25)

If g (2)| < 1,Vz € U, then the function

Gk (2) = ((k @1+ 1) [0 dt) 26)

0

18 univalent.
Proof.
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We consider the functions

Go(2) = ((k (a—1)+1) /Ztk(al) <gi(f)> k(a—1) dt) R

0

o= (10)

0

and

The function f is regular in U. From (28) we obtain

o= (1)

z

and

k(a—1)—1 ’ . »
() = k(o — 1) (9(;)) 2g (Z)Z2 9(2)

Next we have
1 . |Z|2Rea

Rea

2f" (2)
f'(z)

Applying the Schwartz Lemma and using (29) we obtain

7 (2) L= zPee (] 2201 (2)
e | <l Rea ( ”‘”)'

Since g satisfies conditions (2) then from (30) and (25) we obtain

2f" (2)
/' (z)

Now Theorem 2 and (31) imply that GX € S.

zg' (2)
9(2)

_ 1_’Z|2Reak’ 1|
C(_
- Rea

1— |Z|2Rea

Rea

1— |Z|2Rea

Re o

3]€|O[—1| 2Re a 3]{Z|O{—1|
< 1— < — <.
Rea ( |Z| )_ Rea —

+1>,V26U.

(27)

(28)

(29)

COROLLARY 6.Let f,g € A, satisfy (1) and « the complex number with the

property
Rea
la—1| < :
6
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If|If (2)| < 1,Vz €U and |g(2)| < 1,Vz € U, then the function

_1
2a—1

Ga(2) = ((2a -1 / A OF A () dt) (33)

s univalent.
Proof. In Theorem 4 we set n =2, g1 = f, g0 = g.
REMARK. Theorem 4 is a generalization of Theorem 3.

REMARK. From Corollary 5, for £ = 1, we obtain Theorem 3.
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