ACTA UNIVERSITATIS APULENSIS No 10/2005

Proceedings of the International Conference on Theory and Application of
Mathematics and Informatics ICTAMI 2005 - Alba Iulia, Romania

STABILITY RESULTS FOR SOME FUNCTIONAL EQUATIONS
OF QUADRATIC-TYPE

Liviu CADARIU AND VIOREL RADU
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from [2], [8], [16], [19] and [20]. There are used both the direct and the fixed
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1. INTRODUCTION

Although there are known different methods to obtain stability properties
for functional equations, almost all proofs used the direct method, discovered
by Hyers ( see [13], [1], [22] and [9], where a question of S. M. Ulam concerning
the stability of group homomorphisms is affirmatively answered, for Banach
spaces). The reader is referred to the expository papers [10,23] and the books
[14,15], for more details.

In [21], there was proposed a fized point method to prove stability results
for different types of functional equations, including the case of unbounded
differences (see also [3], [4], [5] and [6]). It is worth noting that the fixed point
method does suggest a metrical context and is seen to better clarify the ideas
of stability.

In this paper, by both the direct method and the fixed point method, we
obtain stability results for functional equations of quadratic-type. Our idea
is to rewrite some bi-quadratic and additive-quadratic equations as equations
with the unknown function in a single variable. We have been able to slightly
extend the results from [8], [16], [19] and [20].
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L. Cadariu, V. Radu - Stability results for some functional ...

Let us consider the real linear spaces X1, X»,Y, Z, where Z := X; X Xs,
and the linear involution mappings Py, : Z — Z, Px,(u) = (u1,0), Px, :
Z — Z, Px,(u) = (0,us), and S: Z — Z, S = Sy, := Px, — Px,. A function
F . Z — Y is called a quadratic-type or Q—type mapping iff it satisfies the
following equation

Flu+v)+ Flu—v)+ Flu+ SW))+ F(u—S(v)) = (1)

:4(F<u)+F(v)+F(“S(”;“_S(“)) +F(“_S(“);“+S(“))>

for all u,v € Z.
Notice that, whenever Z is an inner product space, the function

Z35u— F(u)=a-||Pxull® - || Px,ul|”

is a solution of (1) for any real constant a and recall that a mapping h : X — Y,
between linear spaces, is called quadratic if it satisfies the following functional
equation:

h(x +y) + h(x —y) = 2h(x) + 2h(y),Vz,y € X. (2)

If F'is asolution of (1) for X; = Xy = X, thenu = (z, 2) — f(z,2) := F(u)
is a bi-quadratic mapping, verifying the following equation [19]:

fle+y,z+w) + fleat+y,z—w)+ flr—y,z4+w)+ flx —y,z—w) = (3)

=4(f(z,2) + fly, w) + f(z,w) + f(y,2)), Vo,y,2,w e X.
For X =Y =R, (x,y) — f(x,y) = ax®y? is a solution for (3).

REMARK 1.1. Any solution F' of (1) has the following properties:
(i) F(0) =0 and F is an even mapping;

(ii) F(2" - u) = 2% - F(u), Yu € Z and Vn € N;

(iii) F oS = F,

(iv) F o Px, = F o Py, =0;

(v) If f(x,z) = F(u), then [ is quadratic in each variable.
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In fact, we shall make use of the following easily verified result:
PROPOSITION 1.2. Suppose that F : Z — 'Y is of the form
F(u) = fo(2) fi(z), Yu = (z,2) € Z = X1 X Xo,

with nonidentically zero mappings f1 : X1 — Y and fo : Xo — R. Then F' is
of Q-type if and only if f1 and fo are quadratic.

For convenience, let us fix the following notation, related to (1):

Qr(u,v) =Fu+v)+ Flu—v)+ Flu+ SW))+ Flu—Sw))— (4)

» (F(u)+F(U)+F<u+5(u)—2i—v—5(v)) +F<u—S(u)—2FU+S(v)))'

2. THE STABILITY OF QUADRATIC-TYPE EQUATIONS: THE DIRECT METHOD

Let us consider a control mapping ® : Z x Z — [0, 00) such that
5o o
O (2'u, 2'v)
\If(u,v) = Z W < o00,Yu,v € Z, (5)
=0
and suppose Y is a Banach space. We can prove the following generalized

stability result for the functional equation (1).

THEOREM 2.1. Let F': Z — Y be a mapping such that
F o Px, = F o Px, =0 and suppose that

HQF<U:U)H S(I)(U,U),VU,UEZ. (6)
Then there exists a unique Q-type mapping B : Z — 'Y, such that

1F(u) — Bw)|| < ©(u,u), Yu € Z. (7)

Proof. We shall use the (direct) method of Hyers. Letting u = v in (6), we
obtain

, Yu € Z.

-
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In the next step, one shows that

16» 16™m

HF(qu) F(27)

m—1 i i

(21, 24)

‘S g gt Vu € Z, (8)
i=p

for given integers p, m, with 0 < p < m. Using (5) and (8), {F(fﬁz }n>0 is a

Cauchy sequence for any v € Z. Since Y is complete, the sequence { 16" }n>0
is convergent for all u € Z. So, we can define the mapping B: Z — Y,

B(u) = lim F(2")

n—oo 167 '

for all u € Z. By using (8) for p = 0 and m — oo we obtain the estimation
(7). By (6), we have

HF(Q"(u +v)) N F(2"(u —v)) N F2™"(u+ S(v))) N F(2"(u— S()))

16™ 16™ 16™ 167
4 (F(igflu)) N F(i;(:;)) N %F (2 (u+ S(u) + v — S(v))) N

) B

for all u,v € Z. Using (5) and letting n — oo, we 1mmed1ately see that B is a
Q-type mapping.
Let By be a Q-type mapping, which satisfies (7). Then

1B(u) — Bi(u)]] <

< B(2"u)  F(2"u) N F(2"u)  Bi(2"v) <
- 16m 16n 16m 16n -
O (20u, 2y
22 16u1+1 — 0, for n — oo.

Hence the uniqueness cla1m for B holds true. [J

REMARK 2.2. In the above proof we actually used the following fact only:

FOPX1—|—FOPX2:O.
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Let us consider a mapping ¢ : X x X x X x X — [0, 00) such that

v,z ) = Y PEEEETNE0) vy we x
=0

As a direct consequence of Theorem 2.1, we obtain the following result (see
[19], Theorem 7):

COROLLARY 2.3. Suppose that X is a real linear space, Y is a Banach
space and let f: X x X —Y be a mapping such that

[ flz+y,z+w)+ fr+y,z—w)+ flr—y,z+w)+ flr —y,z —w)—

—4 (f(m,z) +f(y’w) +f(x,w) +f(ya Z))H < go(x,z,y,w),

and f(z,0) 4+ f(0,2) = 0, for all x,y,z,w € X. Then there exists a unique
bi-quadratic mapping b : X x X — 'Y, such that

1f(z,2) = b(z,2)[| < ¥(x,2,2,2), Yo,z € X. (9)

Proof. Let consider X; = Xy = X, u,v € X x X,u = (x,2),v = (y,w),
F(u) = f(x,2), and ®(u,v) = p(z, z,y,w). Since ¥(u,v) = (x, z,y, w) < oo,
then we can apply Theorem 2.1. Clearly, the mapping b, defined by b(z, z) =
B(u) is bi-quadratic and verifies (9). O

For some particulary forms of the mapping ®, verifying (5), we will obtain
some interesting consequences.

In the following corollary we give a stability result of Hyers-Rassias type
for the equation (1).

Let us consider a Banach space Y, the linear spaces X, X5, and suppose
that Z := X; x X is endowed with a norm ||ul|z.

COROLLARY 2.4. Let F': Z —'Y be a mapping such that
1Qr(u, v)lly < e([[ully +lv]lZ), Yu,ve Z

where p € [0,4) and € > 0 are fivred. If Fo(I —S)=0and Fo(l+S)=0,
then there exists a unique Q-type mapping B : Z — 'Y, such that
2e

[|F(u) — B(u)|ly < 94 _ op

|y, Yu e Z.
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Proof. Consider the mapping ® : Z x Z — [0,00), ®(u,v) = e(||ul|}, +
lolf3). Then

 P(2'u, 2'0) [lullZ + 1lvllZ
(u,v ::Z TG v u , Yu,v € Z,
=0

and the conclusion follows directly from Theorem 2.1. [

Now, let us consider, as in Corollarry 2.4: X; = Xy = X, where X is
a normed space, u,v € X x X,u = (x,2),v = (y,w), F(u) = f(z,z), with
[ X xX =Y and [[u]| = ||ull, := /||z||P + ||z||P,p > 0. Although the

functions || - ||, is not a norm, the above proof works as well. Actually, we
obtain the following

COROLLARY 2.5. Let f: X x X — Y be a mapping such that
[[fz+yz+w)+ flat+y.z-w)+ fle—yz+w)+ flz -y, 2z —w)-

—4(f(z,2) + [y, w) + [z, w) + fy, )| < e (] + [yl + 12" + [|wl]7)

forall z,y,z,w € X and for some fized e,p, 0 < p <4, >0. If f(x,0) =0
and f(0,y) = 0, for all x,y € X, then there exists a unique bi-quadratic
mapping b: X x X —'Y, such that

2e
24 _9p

1 (2, 2) = b, 2)|| <

forallx,z € X.

(=P + 11217)

3. A RELATIONSHIP BETWEEN THE STABILITY OF EQUATIONS (1) AND (2)

We recall the following stability result of type Hyers-Ulam-Rassias for the
quadratic functional equation (2)( see [16], Theorem 2.2):

PROPOSITION 3.1. Let X be a real normed vector space and Y a real
Banach space. If ¢ and ¢ : X x X — [0, 00) verify the condition

&(x,y) = ZM < oo, forallz,ye X (10)
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and the mapping f : X — Y, with f(O) = 0, satisfies the relation

|F@+y)+ fla =y - 2f(@) = 2fw)|| < play), forallzy e X, (11)

then there exists a unique quadratic mapping q : X — Y which satisfies the
inequality

Hﬂ@ - fj(x)H < ¢(z, x), for all z € X.

We can show that Proposition 3.1 is a consequence of our Theorem 2.1.
Namely, we have

THEOREM 3.2. The stability of the Q-type equation (1) implies the Hyers-
Ulam-Rassias stability of the quadratic equation (2).

Proof. Let XY, ¢ : X x X — [0,00) and f : X — Y as in Proposition
3.1. We take X; = X and consider a linear space X, such that there exist a
quadratic function h : X, — R, with E(O) = 0 and an element zy € X5, such
that (z) # 0 (In Hilbert spaces such a mapping is, for example, z — ||2|[?).

If we set, for u = (z,2),v = (y,w) € X x Xy,

CD(u,U) = q)(x,z,y,w) = 2|]~7J(Z> + B(w)| ' @(l’,y)

and

Flu) = F(z, ) = (=) - f(x), (14)
then we easily get (using (10) and the properties of the quadratic mapping):

00~ 27,
ng 4‘2—1 OO’

for all u,v € X x X,. At the same time, by (11),

U(u,v) =

[\Dlr—\

1Qr(u, v)|| = 2/A(z) + h(w)| - (f(z +y) + [z —y) = 2f(x) = 2f(y)) <
< 2|h(2) + h(w)] - @(z,y) = ®(u,v), Yu,v € X x X,.
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Now, by Theorem 2.1, there exists a unique Q-type mapping B : X x Xy — Y,
such that
|F(u) = B(u)|| < ¥(u, u),

and

B(u) = lim F(2") = lim h(z)- f(gn )

Nu = (z,2) € X x Xo.

Since B(zo) # 0 for at least a zg € X5, then the following limit exists

4(z) = lim f(i:a:) for all z € X,
and . ) ) i i
1A (2)f(x) = h(2)q(2)]| < h(z) - d(z, 2), V(z,2) € X X X3,
Since

h(z) - 4(x),Yu = (2,2) € Z,

B(u) =
then the estimation (11) holds .
By Proposition 1.2, g is quadratic. If a quadratic mapping ¢, satisfies (12),
then B(u) = h()()—h()()foraHU—( z) € X x Xy, Since h is
nonidentically 0, then ¢(x) = G, (z), for all x € X. Hence § is unique. [J

As a very particular case, we obtain the classical result of Hyers-Ulam-
Rassias stability (see, e.g., [8]) for the quadratic equation (2):

COROLLARY 3.3. Let f : X — Y be a mapping such that

(o +y) + fla—y) = 27() =2 )| <= (llall + lyl") . for all 2,y € X,

and for any fized e,p, with 0 < p < 2, ¢ > 0. If f(0) = 0, then there exists a
unique quadratic mapping ¢ : X — Y which satisfies the estimation

|7) ~ a@)]| < s - (el + ) for attx € X

Indeed, let i : R — R, A(z) = 22 and f : X — Y, where X is a normed
space and Y a Banach space. We apply Theorem 2.1 for X; = X, Xy, = R,
u,v € X X R, with u = (z,2),v = (y,w) and the mappings

F(u) = F(z,2) =2+ f(),
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®(u,v) = 02, 2, y,w) = 2(z* +w?) - (||2[|” + [ly[I"),

to obtain the existence of a unique quadratic mapping ¢ and the required
estimation.

REMARK 3.4. As it is wellknown (see [8,14]), Czervick showed that the
quadratic equation (2) is not stable for ¢(z,y) of the form e(z* + y?), ¢
being a given positive constant. In fact, he proved that there exists a mapping
f:R — R such that (11) holds with the above @, and there exists no quadratic
mapping § to verify

|7) — @) < c@llalP. for itz €

This suggests the following:

EXAMPLE 3.5. Let us consider a real normed space X;, a Banach space
Y, and a quadratic function b : Xo = R — R, with ~(0) =0, (1) = 1.
Then the equation (1) is not stable for

O(u,v) = (z, 2,y w) = 2¢ - (|[z|* + [ly[]*) (h(2) + h(w)). (15)

In fact, we can show that there exists an F' such that the relation (6) holds
and there exists no Q-type mapping B : X; x Xy — Y which verifies

1F(u) = Bu)|| < ce)h(2)||z|?, Yu = (z,2) € X1 x Xo. (16)

Indeed, let ) )
F(u) = F(z,2) = h(z) - f(z),

and ® as in (14), such that (6) holds. Therefore
[P+ 9+ Fe = y) = 27(2) = 27(w)]| <2 (el + yll?) , for all 2,y € X.

Let us suppose, for contradiction, that there exists a Q-type mapping B
which verifies (15). By Remark 1.1, the mapping ¢ : X; — Y, ¢(x) := B(z,1)
is a solution for quadratic equation (2). The estimation (15) gives us

1f(2) = 4(@)l| < e(e)l]2]?, Vo € Xi.

This says that the quadratic equation (2) is stable for ¢(z, y) = e(||z||*+]||y|[?),
in contradiction with the assertions from Remark 3.4.
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4. THE STABILITY OF FUNCTIONAL EQUATIONS OF QUADRATIC-TYPE:
THE FIXED POINTS METHOD

As we will see, Corollary 2.4 can be extended using the alternative of fized
point, that is recalled in the next lemma:

LEMMA 4.1. ([17,24]) Suppose we are given a complete generalized metric
space (X, d) and a strictly contractive mapping J : X — X, that is

(B1) d(Jx,Jy) < Ld (x,y) Yo,y € X,

for some ( Lipschitz constant ) L < 1. Then, for each fized element x € X,
either

(Aq) d(J"z, J" ) = 400, Vn >0,
or
(As) d(J"z, J" M z) < +00,Vn > ny,

for some natural number ng.

Actually, if (Az) holds then:
(A21)  The sequence (J™z) is convergent to a fixed point y* of J;
(Aaz) y* is the unique fized point of J in the set

Y ={ye X, d(J"z,y) < +o0};
1
(A2z) d(y,y") < Ed(ya Jy),Vy €Y.
Let Xi, X5 be linear spaces, Z := X, x X5, Y a Banach space, and consider

the mappings S : Z — Z,S(u) = (u1, —usg), Qp defined by (4) and ¢ : Zx Z —
[0,00) an arbitrary given function. We can prove the following stability result:

THEOREM 4.2. Let F : Z — Y be a mapping such that F o (I —S) =0
and F o (I +5)=0. Suppose that

|1Qr(u,v)|| < ®(u,v), Yu e Z (17)

If, moreover, there exists L < 1 such that the mapping

o -0 (3.3
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has the property
(H) Q(u)gL-24-Q<g),VueZ,
and the mapping ® has the property

O (2, 2"
(H") i 2270 2"0)

n— 00 24n

=0,Vu,v € Z,
then there exists a unique Q-type mapping B : Z — 'Y, such that

(Est) IF () - B)l| < ——9w),

forallu e Z.
Proof. We consider the set
F={G:Z—-Y G0O)=0}
and introduce a generalized metric on F :
d(G,H) =dqo (G, H)=inf{K €¢ R,||G(u) — H (u)|| < KQu),Yu € Z}
Obviously, (F,d) is complete. Now, we consider the (linear) mapping

G (2u)
24 7

J: F—F,JG(u) =
We have, for any G, H € F :

d(G, H) < K = ||G (u) — H (u)|| < KQu),Yu € Z =

Therefore we see that

1 1

d(JG,JH) < LK.

< LKQ(u),YVu € Z =

d(JG,JH) < L-d(G,H) VG, H € T,
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that is J is a strictly contractive self-mapping of F, with the Lipschitz constant
L. If we set u = v =t in the relation (16), then we see that

I|F (2t) — 16F(t)]| < Q(2t),Vt € Z.
Using the hypothesis (H) we obtain

F(2t) Q(2t)
——~ —F < —= < LO Z
that is d (F, JF) < L < oc.

We can apply the fixed point alternative, and we obtain the existence of a
mapping B : F — F such that:
e B is a fixed point of J, that is

B (2u) = 16B (u) ,Vu € Z. (18)
The mapping B is the unique fixed point of J in the set
{GeF, d(F,G) < x}.
This says that B is the unique mapping with both the properties (17) and (18),
where
JK € (0,00) such that ||B (u) — F (u)|| < KQ(u),Vu € Z. (19)
Moreover,
e d(J"F,B) — 0, for n — oo, which implies the equality
F(2m
lim (2"u)

N—00 24n

= B(u),Yu € Z. (20)
1
e d(F,B)< ﬁd (F, JF), which implies the inequality

L
d(F,B) < ——
(FB) <=

that is (Est) is seen to be true.
The statement that B is a Q-type mapping follows immediately: replacing u
by 2"u and v by 2"v in (16), then we obtain

F(2"(u+v))  F(2"u—v)) F@2u+S))  F2"(u—c(v)))
H T - 16" * 16
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o (F) | FED L (g (Sl o s<v>>) N

o (p (S0 ) s

for all u,v € Z. Using (19) and (H*) and letting n — oo, we see that B satisfies
equation (1). O

REMARK 4.3. In fact, in Theorem 2.1. it suffices to suppose, as in [7]-
Theorem 8.1, that the series

[e.9]

Z (P U 21
i+1
—~ 16
1s convergent for each u € Z, and that
d (2"u, 2"
lim % =0,Vu,v € Z.

ExaMPLE 4.4. If we apply Theorem 4.2 with the mapping
O: 7 x 2 —0,00), (u,v) = e([[ullz +[[vll7),
where € > 0 and p € [0,4) are fixed, then we obtain Corollary 2.4.

5. STABILITY PROPERTIES OF FUNCTIONAL EQUATIONS OF
ADDITIVE-QUADRATIC-TYPE

The following equation was discussed in [20]:

flz+y,z+w) + fle+y,z—w)= (21)

=2(f(z,2) + [(y,w) + f(z,0) + f(y,2)), Vo,y,z,w € X.
with f: X x X — Y. A solution of this equation is called an additive-quadratic
mapping. Obviously, for X =Y =R, (x,y) — f(z,y) = axy? verifies (20).
We again rewrite (20) as an equation with the unknown function in a single

variable to obtain, by the fixed point alternative, a generalized stability result.
A function F : Z = X; x X5 — Y, which verifies the equation

Flu+v)+ Flu+ S)) =
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:2(F(u)+F(v)+F(U+S(u);1}_s(v>) +F(“_S(“);“+S(”))>

for all u,v € Z, is called an A-quadratic-type or A — Q—type mapping. In the
case of inner product spaces, the function given by

F(u) =a-||Pxull - ||Px,ull*,Yu € Z,

is a solution of (21).

It is easy to verify that any solution F' of (21) has the following properties:
(i) F(0) =0 and F is an odd mapping;
(ii) F(2" - u) = 2% F(u), Yu € Z, ¥n € N;

(iii) FoS = F;

(iv) F o Py, = F o Py, = 0;

(v) If f(x,2) = F(u), then f is additive in the first variable and quadratic
in the second variable.

Let us introduce the following notation, related to (21):

1

Dp(u,v) = F(u+v) + F(u+5(v))—

P (F(u>+F(U)+F<u+5(u)—2i—v—5(v)) +F(u—5(u);v+5@)))_

THEOREM 5.1. Let © : Z x Z — [0,00) be an arbitrary function and
consider a mapping F': Z —Y such that F'o (I +5) = 0. Suppose that

(7) || Dp(u,v)|| < O(u,v), Yu € Z;

(13) There exists L < 1 such that the mapping

-6 (23)

has the property
T(u) §L~23~F<g> u € Z;
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9nyy, 2"
(441) lim 222" vy ez

N—00 23n

Then there exists a unique A-Q-type mapping A : Z —'Y, such that

IF () = Aw)]| < 7= T(w),

forallu e Z.

Except for obvious modifications, the proof coincides with that of Theorem
4.2. We note only that one uses the following formula for the (complete)
generalized metric:

d(G,H)=dr (G,H)=inf {K € Ry, ||G (u) — H (u)|| < KT'(u),Vu € Z}
and that the (linear) mapping

G (2u)
23 7

is a strictly contractive self-mapping of F := {G : Z — Y, G(0) = 0}, with the
Lipschitz constant L < 1:

J:F = F,JG(u) =

d(JG,JH)< L-d(G,H),VG,H € F.O
As a direct consequence of Theorem 5.1, we obtain the following
COROLLARY 5.2. Let F': Z — 'Y be a mapping such that
1Dr(u,0)lly < e(l|ullz + [vllZ), Yu,v € Z,

for some fized ,p, with0 <p <3,e>0. If Fo(l+S) =0, then there ezists
a unique A-Q-type mapping A : Z — 'Y, such that

2e
1) = AWlly < 55—, - ull, Yue Z.

2

Proof. This follows immediately, by setting O(u, v) = e(||u|[, + ||v||%). O

REMARK 5.3 We emphasize that Theorem 5.1 can be used to obtain a
counterpart of Theorem 3.2.
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