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TRACKING PROBLEM FOR LINEAR PERIODIC,
DISCRETE-TIME STOCHASTIC SYSTEMS IN HILBERT
SPACES
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ABSTRACT. The aim of this paper is to solve the tracking problem for
linear periodic discrete-time systems with independent random perturbations,
in Hilbert spaces. Under stabilizability conditions, we will find an optimal
control, which minimize the cost function associated to this problem, in the
case when the control weight cost is only nonnegative and not necessarily
uniformly positive.
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1.NOTATIONS AND THE STATEMENT OF THE PROBLEM

Throughout this paper the spaces H, V, U are separable real Hilbert
spaces. We will denote by L(H,V') (respectively L(H)) the Banach space
of all bounded linear operators which transform H into V' (respectively H).
We write (.,.) for the inner product and ||.|| for norms of elements and op-
erators. If A € L(H) then A* is the adjoint operator of A. The operator
A € L(H) is said to be nonnegative and we write A > 0, if A is self-adjoint
and (Az,z) > 0 for all z € H. For every Hilbert space H we will denote by
H* the Banach subspace of L(H) formed by all self-adjoint operators, by H™*
the cone of all nonnegative operators of H*® and by I the identity operator on
H. The operator A € H* is positive (and we write A > 0) if A is invertible.

The sequence L, € L(H,V),n € Z is bounded on Z if sup ||L,|| < oo and is 7
neZz
-periodic if L,, = L, for all n € N. We say that the sequence L,, € H°,n € N

is uniformly positive if there exists a > 0 such that L, > al for all n € N.
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Let (Q, F, P) be a probability space and £ be a real valued random variable
on . If £ is a real or H -valued random variable on (2, we write E(&) for mean
value (expectation) of £ and we will denote by L*(Q,F, P, H) or L*(H) the
Hilbert space of all equivalence class of H-valued random variables 7 such that
E |[n||* < oo.

Let &, € L?*(R),n € Z be real and independent random variables, which
satisfy the conditions E(E,) = 0 and let F,,, n € Z be the o— algebra generated
by {&,i <n—1}. Let ﬁk be the set of all sequences {uy, }n>k, where u,, is an U-
valued random variable, F,,— measurable with the property supFE HunH2 < 00.

n>k

We consider the system with control, denoted {A : D, B }[}

xx=x€ HkeZ

and the output
where A, B, € L(H), D,,H, € L(U H),P, € L(U,V) foralln € Z, n > k

and the control u = {ug, ugy1, ...} belongs to the class U,.. If one of D,, or H,
are missing we will remove it from the notation {A: D, B : H}(e.g. {A, B} if
D=H=0).

Throughout this paper we assume the following hypothesis:

Hy: The sequences A,,, B, € L(H), D,,H, € L(U,H),P, € L(U,H), K, €
UT,r, € H and b, € R,;n€ Z are T-periodic, 7 € N* and

D:D, +b,H H, > 61,5 >0 for all n € {0,..,7 — 1}. (3)

The tracking problem consist in finding a feedback control « in a suitable
class of controls such us the solution z,, of the controlled system (1) is "as close
as possible” to a given, bounded signal r = {r,}.

For every z € H and k € Z, we look for an optimal control u € Uy, ., which
minimize the following cost functional

g1

T 1 2
I(z,u) = lim —kE Z[Hxn —ral|”+ < K, u, >, (4)

1=oeq — n=k

where z,, is the solution of (1) and u € Uy, (Ug. C ﬁk is the subset of all
admissible controls with the property that (1) has a bounded solution). Now
it is clear that if u € Uy, then [} (z,u) < oco.
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Under stabilizability conditions (see Theorem 12) we will design the optimal
control, which minimize the functional cost Ix(z,u). We note that in most of
the previous work (see [2], [5], [7] and the references therein) the control weight
K, is positive definite for the well posedness of the problem. Recently works
(see [1] for the continuous case) show that some stochastic quadratic control
problems (and consequently some tracking problems with reduces to such a
problems) with H,, # 0 are nontrivial even for K,, < 0. For this reason we
consider in this paper the control weight K, belonging to the largest class U™
and this choice is compenssed by a quadratic term, which is related to H,,(see

(3)):
2.BOUNDED SOLUTIONS OF THE AFFINE DISCRETE TIME SYSTEMS

Let us denote by X (n,k) n > k > 0, the random evolution operator asso-
ciated to {A, B} that is X (k, k) =1 and X (n, k) = (A1 +&-1Bn1)...(Ar+
&k By), for all n > k. Then it is known that the linear discrete time sys-
tem {A, B} with the initial condition x; = x € H has a unique solution
Ty = x,(k,x) given by x,, = X(n, k)z.

DEFINITION 1. We say that {A, B} is uniformly exponentially stable iff there
exist > 1, a € (0,1) such that we have

E|X (n, k)z|* < Ba™ " ||z||”
foralln >k >ng and z € H.

REMARK 2.If B,, = 0 for all n € Z, we obtain the definition of the uniform
exponential stability of the deterministic system x, 11 = Apxp, 2, = € Hyn >

k denoted {A}.

PROPOSITION 3. (see [8], or [2] for the finite dimensional case) If g, € H,n € Z
is a bounded sequence and { A} is uniformly exponentially stable then the system

Yn = A;yn—kl + 9n (5)

has a unique bounded on Z solution. Moreover, if Hy holds and g, s T-periodic,
then vy, 1s T-periodic.

DEFINITION 4. A sequence {n,},n € Z of H-valued random variables is T-
periodic, T €N* if

P{nnl—i—T S Al: coos M+ € Am} = P{nm € Ala v Ny, € Am}’ (6)
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for all ny,ng, ...y, € Z and all A, € B(H), p=1,..,m.

Reasoning as in [8], we can establish the following result:
PROPOSITION 5. Assume that the sequences D,,, H,, b, and q, € H are bounded
on Z. If {A, B} is uniformly exponentially stable then the system

(without initial condition) has a unique solution in L>(H) which is mean square
bounded on Z, that is there exists M > 0 such that E ||z,||* < M for alln € Z.
Moreover, if Hy is satisfied and the sequences qn,{&.},n € Z are T-periodic,
then the unique solution of (7) is T—periodic.

3.DISCRETE-TIME RICCATI EQUATION OF STOCHASTIC CONTROL

We consider the mappings

D, : H* — U, D,(S) = D:SD, + b, H*SH,,
Vi H® — L(H,U), Vu(S) = D:SA, + b, H*SB,
Ao HY — M, An(S) = AZSA, + b, B:SB,

and we define the transformation

Gn(S) = (Vu(S))" (K, + D(S)) "' Vu(9), S > 0,
G,(0) =0

It is easy to see that if S > 0, then it follows, by (3) that K,, + D(S) is
invertible. We introduce the following Riccati equation

R, = A,(Rnt1) + 1 = Gu(Rpy1) (8)
R,>0,n€Z, 9)

connected with the quadratic cost (4).

DEFINITION 6.4 sequence { Ry, }nez, Ry, > 0 such as (8) holds is said to be a
solution of the Riccati equation (8).
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Let us consider the sequence R(M, M) = 0, we will prove that the following
sequence

R(M,n)=A,(R(M,n+1))+1—-G,(R(M,n+1)) (10)
1s well defined for alln < M — 1.

LEMMA 7. The sequence R(M,n) has the following properties
a) RIM,n) > 1, R(IM +71,n+7) = R(M,n)
b) R(IM —1,n) < R(M,n).

foralln < M —1

Proof. a) Let us denote
F(M,n) = =K+ Dp(R(M,n+1))] " V,(R(M,n+1)),n € N*.
Then (10) can be written

R(M,n) =[A} + F*(M,n)D;] R(M,n+ 1) [A, + D, F(M,n)] +
by [B: + F*(M,n)H| R(M,n + 1) (B, + H,F(M,n)] + I
+ F*(M,n)K,F*(M,n)
and it is clear that R(M,n) > I for all M > n. Using Hy we obtain R(M +

T,n+ 1) = R(M,n) and arguing as in the proof of the Lemma 3 from [7] it
follows b).

DEFINITION 8./3] The system (1) is stabilizable if there exists a bounded on Z
sequence F' = {Fy, }pez, F, € L(H,U) such that {A+DF, B+HF'} is uniformly

exponentially stable.

DEFINITION 9./3/A solution R = (R,)nez of (8) is said to be stabilizing for
(1) if {A+ DF, B+ HFY} with

F,=—(Ky+Du(Ruy1)) " Vu(Rpi1),n €Z (11)

15 uniformly exponentially stable.

THEOREM 10.  Suppose (1) is stabilizable. Then the Riccati equation (8)
admits a nonnegative T- periodic solution. Moreover, this solution is stabilizing

for (1).

Proof. Since (1) is stabilizable it follows that there exists a bounded on
N* sequence F' = {F,}nen+, F,, € L(H,U) such that {A+ DF,B+ HF} is
uniformly exponentially stable.
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Let z, be the solution of {A + DF, B + HF} with the initial condition
z = = and let us consider w,, = F,z,. _

Since F), is bounded on N*, it is not difficult to see that u, € Uy,. As
in the proof of Proposition 3 in [7] it follows that there exists the positive
constant A such as

0 < (R(M — 1, k), ) < (R(M, k), x) < V(M. k,,7) < A,

where R(M,n) is the solution of the Riccati equation (8) with the final con-
dition R(M, M) = 0. Thus, there exists Ry € L(H) such that 0 < R(M, k) <

Ry < M for M € N*, M > k and R(M, k) o Ry, in the strong operator

topology. We denote

L= lim (< G (R(M,n+1)z,x >— < G,(R(n+1))x,x >)

M —o0

, Py = Ky+Dyp (R(M,n+1)), P, = K,+D, (R(n+1)) Y, =V, (R(n+1))
and Y, =V, (R(M,n + 1)). From the definition of G,, we get

L= lim (P Yarn®, Yarnz) = (P, Yoz, Yoz))
= lim (((Py, = B) Yoz, Yaz)
+ (i Yagn = Yoz) , (Yagnr — Vo)) + 2( Py Yoz, (Yagnz — Yax))).

Using Lemma 7 it follows that Py, > D, (R(M,n+1)) > 61, § > 0 and
we deduce that HPA}’IHH < % forall M > n—+1> k. Thus

Jim ([P = Pyl < tim ([P 1P~ Pl

1.,
< Sﬂ}linoo | Prsne — Poul| =0 (12)

where u = P, 'z. Now it is a simple exercise to prove that L = 0 and

lim (G,(R(M,n+ 1))z, z) = (G,(R(n + 1))z, z) .

M—o0

From the definition of R(M,n) and the above result we deduce that R, is a
nonnegative, bounded on Z solution of (8). From the statement a) of Lemma
7 it follows that R,, is 7- periodic.
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Before to prove the last statement, we will see that the Riccati equation

(8) is equivalent with the following equation

R, = (A;kz + F;D;:) R (An + DnFn) +

b, (Br+ FrH)R,.1 (B, + H,F,)+ I+ FK,F,

where F), is given by (11). If we denote Wn =1+ F K, F; > 1,it is clear that
the Lyapunov equation

L, = (AZ + F;D:D Lia (An + DnFn) +

by (B + F'H?) Ryyy (B + HoF,) + W,
has a nonnegative bounded on Z and uniformly positive ( L, > I) solution,
namely R,. It follows (see [6]) that {A + DF, B + HF} is uniformly expo-

nentially stable. Hence the nonnegative 7- periodic solution of the Riccati
equation is stabilizing for (1).

REMARK 11. As in [7] it can be proved that the Riccati equation considered in
this paper has at most one stabilizing solution. Thus, it follows that, under the
hypotheses of the above theorem, the Riccati equation has a unique nonnegative
and T- periodic solution.

4. THE MAIN RESULTS

Let us denote f, = A,r, — r,y1 and p, = B,r,. The following theorem
gives the optimal control, which minimize the cost function (4).

THEOREM 12. Assume that the hypotheses of the Theorem 10 hold. Let R,
be the unique T-periodic solution of the Riccati equation (8). If g, and h, are
the unique T-periodic solutions of the Lyapunov equations

9n = (An + DnFn)*gn-i-l + Rnfn—l (13>
hy = (A + DuF,) hyis + by (B, + HoFL)* Rusipn (14)
where F,, is given by (11), then
1
W=~ ‘
i=1

— (Riv1 fi, i) + bi (Rigapis pi) + 2 (gig1 + hig1, fi)]

%_1/2 [D;k (gi+1 + hi—l—l) =+ bZHZ*RH-lpZ]
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where the optimal control is
an - an’n - Fnrn - [D;kL (gn—l—l + hn+1) + an;Rn—&-lpn] ) (16)

n >k, T, is the corresponding solution of the system (1) and V, = K, +
Dy(Ryi1)-

PrROOF. The equations (13) and (14) have unique solutions according
Proposition 3, since the solution of the Riccati equation (8) is stabilizing for
(1). Let us consider the function

vyt H— Ryv,(x) = (Rpx,x) + 2E (g — Ry foo1 + hn, ) .
If x,, is the solution of the system (1), then
Evpi1 (Tps1 — ra1) = Evg (0 — 1) — Eff|lzn — TnHQ + (Kntn, un)] - (17)

+E ||V (Fy (20 = 1) =t — V(D5 (gnin + hagt) + b HE Rogapa)) ||

2
- HVn_1/2 I:D:L (gn+1 + hn+1) + an;Rn-i-lpn] ||
— <Rn+1fm fn> + by, <Rn+1pn;pn> +2 <gn+1 + N1, fn> .

Let T, be the solution of the system (1), where
ﬂn - ann - Fnrn - Vn_l {D:L (gn—l-l + hn—i—l) + an:LRn—l-lpn] .

It is not difficult to see that Z, and @, are bounded on {n € N,n > k} and
U € Ug,. Using (17) we get

1
n—k [vk(x - rk) - Eanrl (fnJrl - TnJrl)] = (18)
1 n—1
i=k

2
|V D7 (goss + hisa) + bl Reapl |+

(Ris1fi, fi) — bi (Rizapis Di) — 2(Giv1 + hig1, fi) -

Since r, is bounded on Z and R, is stabilizing we deduce that there exists
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P > 0 such that Ev, 1 (Tpi1 — rnt1) < P. Asn — oo in (18), it follows
1 n—1 9
Ie(z,u) = nhj)lon % ;[— i / (D (gi+1 + hit1) + b H] Ritapi

— (Rixa fi, i) + bi (Rivapi, pi) + 2 (gi1 + hiz1, fi)]

=23

— (Ris1 fi, i) + bi (Rivapi, pi) + 2 (gi1 + his1, fi)]

If w € Ugy,, it is not difficult to deduce from (17), that Iy(z,u) < Ii(x,u).

Thus min Iy(z,u) = Ix(z,w).
uEUk7z

REMARK 13.Assume that the hypotheses of the above theorem fulfilled. If
Uy, 1s given by (16), then (1) has a unique bounded solution on Z, according
Proposition 5. Denoting by X (n, k) the random evolution operator associated
to the system {A+ DF, B+ HF'}, we get

2

D* (gl+1 + h’Z+1) + b H Rerlpz]

(VU D: (giv1 + hiyt) + b H Rivapi] + Firi}

Since the optimal cost doesn’t depend on the initial value, xy, it is not
difficult to see that, if we use the above solution in (16), we obtain the optimal
control, which minimize the cost function (4).

Moreover, if {€,},n € Z is T-periodic, then T, is T-periodic (19).
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