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functions.

2000 Mathematics Subject Classification: 35Q40, 46N50

1. Introduction

The motion and the evolution in time of a charged particle on a linear chain
of m sites are given by Schrodinger equation:

H|ψ(t) >= i�d|ψ(t)>
dt

where |ψ(t) >= Σmcm(t)|m > is the wave function expressed as ca linear com-
bination of Wannier states |m >, cm(t) =< m|ψm(t) > are the time-dependent
amplitudes.

The Hamiltonian of this system is:

H(t) = VΣ∞
m=−∞(|m >< m+1|+|m+1 >< m|)−eE(t)aΣ∞

m=−∞m(|m >< m|)
The Schrodinger equation becomes:

idcm
dt

= −Ef(t)mcm + V (cm+1 + cm−1)

where Ef(t) = eaE. We find the solution of equation for arbitrary f(t) and
use it to examine ,for different cases,two observables. The first observable is
the probability propagator

ψm(t) = |cm(t)|2
which gives us the probability that the particle is at site m, at time t, given that
it was at site 0 initially. The second observable is the mean-square displacement

< m2 >= Σmm
2ψm(t)
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2.Results and interpretations

Using the discrete Fourier transform, we get:

ck(t) = Σme
−ikmcm(t)

The equation becomes :

∂ck

∂t
+ 2iV coskck = Ef(t)∂c

k

∂k

Using the method of caracteristics, we get :

dt
1

= dk
−Ef(t)

= dck

−2iV cos(k)ck

The solution is:

ck(t) = ck+Eη(t)e2iV [sin(k)V (t)−cos(k)U(t)]

where:

η(t) =
∫ t

0
f(t′)dt′

U(t) =
∫ t

0
cosE(η(t) − η(t′))dt′

V (t) =
∫ t

0
sinE(η(t) − η(t′))dt′

Using

e2iV sin(k)V (t) = Σ∞
n=−∞Jn(2V V (t))eikn

e−2iV cos(k)U(t) = Σ∞
n=−∞Jn(2V U(t))eink−in

π
2

where Jn(z) is the Bessel function of the first kind and order n, we get:

cm(t) = Σrcr(0)eirEη(t)(−V (t)−iU(t)
V (t)+iU(t)

)
1
2Jr−m[2V (V 2(t) + U2(t))

1
2 ]

We notice that:

U2(t) + V 2(t) = u2(t) + v2(t)

where

u(t) =
∫ t

0
sin[Eη(t′)]dt′, v(t) =

∫ t

0
cos[Eη(t′)]dt′
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So

ψm(t) = |cm|2 = J2
m(2V [v2(t) + u2(t)]

1
2 )

< m2 >= 2V 2[v2(t) + u2(t)]

Case 1f(t) = sinωt.Then

η(t) =
∫ t

0
f(t′)dt′ = 1−cosωt

ω

u(t) =
∫ t

0
cos[Eη(t′)]dt′ = tcos E

ω
J0(

E
ω
)

v(t) =
∫ t

0
sin[Eη(t′)]dt′ = tsin E

ω
J0(

E
ω
)

Let be:

A(t) = u(t) − tcos E
ω
J0(

E
ω
)

and

B(t) = v(t) − tsin E
ω
J0(

E
ω
)

Then

ψm(t) = J2
m[2V (u(t)2 + v(t)2)

1
2 ]

= J2
m[2V t(A

2(t)+B2(t)
t2

+ J2
0 ( E

ω
) + 2

A(t)cos E
ω

+B(t)sin E
ω

t
J0(

E
ω
))

1
2 ]

We notice that ψm(t) is dominated by t, excepting the case J0(
E
ω
) = 0.

Also,

< m2 >= 2V 2[u2(t) + v2(t)]

= 2V 2t2[A
2(t)+B2(t)

t2
+ J2

0 ( E
ω
) + 2

A(t)cos E
ω

+B(t)sin E
ω

t
J0(

E
ω
)]

The conclusion is that we have dynamical localization if and only if E
ω

is a zero of the Bessel function of the first kind and order 0.
Case 2 f(t) = acosωt− b. Then

η(t) =
∫ t

0
f(t′)dt′ = a

ω
sinωt− bt
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u(t) =
∫ t

0
cos[Eη(t′)]dt′ =

∫ t

0
cos[Ea

ω
sinωt′ − bEt′]dt′

If ωt′ = τ ⇒
u(t) = 1

ω

∫ ωt

0
cos[Ea

ω
sinτ − bE

ω
τ ]

For ωt = 2nπ ⇒
u(t) = t

2nπ

∫ 2nπ

0
cos[Ea

ω
sinτ − bE

ω
τ ] = tJ bE

ω
(aE
ω

),if bE
ω
∈ N

Also

v(t) =
∫ t

0
sin[Eη(t′)]dt′ =

∫ t

0
sin[aE

ω
sinωt′ − bEt′]dt′

If ωt′ = τ ⇒
v(t) = 1

ω

∫ ωt

0
cos[Ea

ω
sinτ − bE

ω
τ ]

For ωt = 2nπ ⇒
v(t) = t

2nπ

∫ 2nπ

0
sin[Ea

ω
sinτ − bE

ω
τ ] = 0

Let

Au(t) = u(t) − tJ bE
ω

(aE
ω

), Av(t) = v(t)

Then

ψm(t) = J2
m(2V [v2(t) + u2(t)]

1
2 )

= J2
m(2V [A2

v(t) + A2
u(t) + t2J2

bE
ω

(aE
ω

) + 2[Au(t) + Av(t)]tJ bE
ω

(aE
ω

)]
1
2 )

= J2
m(2V t[A

2
v(t)+A2

u(t)
t2

+ J2
bE
ω

(aE
ω

) + 2Au(t)+Av(t)
t

J bE
ω

(aE
ω

)]
1
2 )

and

< m2 >= 2V 2[u2(t) + v2(t)]

= 2V 2t2[A
2
v(t)+A2

u(t)
t2

+ J2
bE
ω

(aE
ω

) + 2Au(t)+Av(t)
t

J bE
ω

(aE
ω

)]
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We notice that ψm(t) and < m2 > are both dominated by t , except the
case when J bE

ω
(aE
ω

) = 0.

So, we have dynamical localization if and only if aE
ω

is a zero of the Bessel
function of the first kind and order bE

ω
.

a) a = 7.1 b) a = 8

Fig.1: The probability propagator ψ0(t) for E
ω

= 1 for b = 1 and different
values of the parameter a.

Fig. 2: The probability propagator ψ0(t) for E
ω

= 1 for b = 1 and for a = 5.5,
a = 7.1, a = 8, simultaneously.

All the curves are decaying, except the case when J bE
ω

(aE
ω

) = 0 and this is

the phenomenon of dynamic localization.
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