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ABSTRACT.The main result shows that if f : [1, +00) — R is a continuous
function such that lim zf(z) exists and it is finite, then
r—00

T}erolon/la f(z™)dx = /;OO fi;x)dx,

for any a > 1. Two applications are given.
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1.INTRODUCTION

There are many important classes of sequences defined by using Riemann
integral. We mention here only one which is called the Riemann-Lebesgue
Lemma: Let f : [a,b] — R be a continuous function, where 0 < a < b.
Suppose the function g : [0,00) — R to be continuous and T-periodic. Then

lim /abf(x)g(nx)dx = ;/OTg(x)dx /ab f(z)dz. (1)

n—oo

For the proof we refer to [4] (in special case a = 0, b = T) and [5]. In the
paper [1] we proved that a similar relation as (1) holds for all continuous and
bounded functions ¢ : [0, 00) — R of finite Cesaro mean.

In this note we investigate another class of such sequences, i.e. defined by
n [{" f(z")dx, where f :[1,400) — R is a continuous function and a > 1 is a
fixed real number.

2. THE MAIN RESULT

Our main result is the following.

THEOREM. Let f : [1,+00) — R be a continuous function such that lim zf(z)

exists and it is finite. Then, the improper integral [;° @dw s convergent and
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T}Lr{}On/la f@™)dx = /100 fgjx)dx, (2)

Proof. Consider lim xf(z) = [, where I € R. Then, we can find a real
number zy > 1 such that for any x > xy we have

l—1<f(3:) l—l—l.
2 T oz 2

for any a > 1.

Let us choose a real number m > 0 satistying the inequality [ — 1+ m > 0.
Then, for any z > xg we have

Ogl—l—i-mgf(x)_i_ﬁgl—i-l—i-m )
2 T 2 2

Define the function J : [1,4+00) — R by

J(t) = /f (th) + ZZ) da.

The function J is differentiable and we have

J(t) = fit)+t2_0

for any t > zo. Therefore J is an increasing function on interval [z, +00).
Moreover, by using the last inequality in (3) we get by integration

Jt) = 7o (82 + 2) do+ [ (12 + 5) do
< [ (Tx mﬂg) T+ l+1+m)f£0%§
< (B2 ) do ot e,

for any ¢ > z¢. It follows that hm J(t) is finite. But, we have

0= FPaem(i-3).
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hence

HOO/ S d:v—hmJ()

t—o00

which is finite.
For a fixed real number a > 1, denote

—-?/ F(at)dzandU (¢ /) @)

Because function ¢ : [1,400) — R, g(z) = .CEf(.CE), is continuous and
lim g(x) is finite, it follows that g is bounded, i.e. we can find M > 0 with

the property

l9(x)] < M, 2 € 1,00 (4)

Changing the variable x by z = u!, we get dv = tu'~'du, hence

t)—tAﬂf%gdu (5)

From (4) and (5) we obtain

[J(t) = U®)] = t| [ f(at)da — f L dar| =

=t (fat) - 42 )dx\<t11 o et = ©)
— 1 J¢ ot f(at)| b da < M [} Z5hde —
:Aﬁhﬁ@%ﬂ )—1(1-a")],t>0

Because

: L 1 —t
Jim [ =) = 1

from (6) it follows that

=0,

lim J(t) = lim U(#),

t—o0

i.e. we have

lim/ UG dx— lim af(mt)dt

t—o00 t—oo J1

and the desired result follows.

REMARK. The relation (2) is a natural reformulation of the first part of
Problem 5.183 in [3] proposed by the second author and S. Radulescu.
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3. TWO APPLICATIONS

APPLICATION 1. Let us evaluate
o dx
lim 7 / , 7

where k > 0, a > 1 are fixed real numbers.
Using the result in Theorem for function f(z) = x—ik, x > 1, we obtain

a dx o dx 1 T o 1
I / :/ 0 — " ln(k+1).
L TR S A (i R nx+k‘1 p k1)

Note that for £k = 1 we get

lim n/a dx =In2,
n—oo J1 g" 41
i.e. the second part of Problem 5.183 in [3].

APPLICATION 2. Let us evaluate

I 8
nl—>rgon/0 .132n+£l}n—|—1 Z, ()

which is a problem proposed by D. Popa to Mathematical Regional Contest
” Grigore Moisil”, 2002 (see [2] for details).

Fix a € (0,1) and we can write
n—2 n—2 1 l.n—Z

/1 r d / d +n/ dz
n ———aAx =N ———ax —————— .
Ox2n+xn_|_1 O$2n_|_$n+1 al’2n+$n+1

For the first term in the right side we have

n—1

a n—2 a
Oén/ x—dmﬁn/ e =" .
0oz + o+ 1 0 n—1

For the second term we obtain

/1 "2 p /1 x"dx /1/a tn gt
n| ——dr=n =n - dt.
o T2+ +1 a r2(x? + a2+ 1) 1t gn 41
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The function f(t) =

a7 satisfies lim #f(t) = 1 and we have

— 00

% f(t) oo dt 2 t+le 7w
—ldt = / - = —arct 2| =
/1 t i i 2rtr1 30 B ‘1 33
Applying the result in Theorem it follows that

n—2

dr =

I /1 T 7

11m n = .

n—oo Jo a2 4 gn + 1 3V/3
REFERENCES

[1] Andrica, D., Piticari, M., An extension of the Riemann-Lebesque lemma
and some applications, Proc. International Conf. on Theory and Applications
of Mathematics and Informatics (ICTAMI 2004), Thessaloniki, Acta Univer-
sitatis Apulensis, No.8(2004), 26-39.

[2] Andrica, D., Berinde, V., a.o., Mathematical Regional Contest ”Grigore
Moisil” (Romanian), Cub Press 22, 2006.

[3] Batinetu-Giurgiu, D.M., a.o., Romanian National Mathematical Olympiads
for High Schools 1954-2003 (Romanian), Editura Enciclopedica, Bucuresti,
2004.

[4] Dumitrel, F., Problems in Mathematical Analysis (Romanian), Editura
Scribul, 2002.

[5] Siretchi, Gh., Mathematical Analysis 1. Advanced Problems in Differ-
ential and Integral Calculus, (Romanian), University of Bucharest, 1982.

Dorin Andrica

"Babes-Bolyai” University

Faculty of Mathematics and Computer Science
Cluj-Napoca, Romania

E-mail address: dandrica@math.ubbcluj.ro

Mihai Piticari
"Dragog-Voda” National College
Campulung Moldovenesc, Romania

385



