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INTEGRAL OPERATORSON THE UCD(« )-CLASS

by
Daniel Breaz

Abstract. We consider the class of functions f = z+ a222 + 61323 +..., that are analytically

and univalent in the unit disk.
We consider the class of functions UCD(a), «a>0 with the properties

Ref'(z)>a|#"(z) (V)zeU .
In this paper we present some results from integrals operators at this class.

1.Introduction

Theorem A. [4] A sufficient condition for afunction f of the form
f(2)=2z+a,2> +a,2° +... (1)
so that it belongs to the UCD(a ), > O classis

ik1+ak 1] |a | <1. )
k=2

2.Main results

Theorem 1. Letbe f €S, f(z)=z+a,2° +a,2* +...,ze U . We suppose that the
coefficients of function f verify the condition

ik[l+a(k—1)]-|ak|s1.

We consider the integral operator

j f(t

0 t
whichisthe Alexander operator.
In this conditions, we have F eUCD(a), @ >0,zeU .
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Pr oof
Letbe f of theform (1), verifying the condition (2).

We have:

4 2 3 z 2 3

t+at“+at” +... at a.t

=_[ 2 3 dtzj(l+a2t+a3t2+...)dt:t+2—+3—+,,,
0 t 0 2 3

z

0

a a
=z+-272+ 2278,
2 3

Denoting

~ % k>
b, k=2,

we can write, F(z)=z+b,z> +b,2° + ...

In that following, we evaluate the relation (2), for the function F, with the
coefficients b, .

1

Zk[1+ak D] |be| = Zk[1+ak 1)]- Zk[1+ak D]ja | =<

x

> L+ a(k-1)]-|a| < ék[l+ a(k-1))-|a|<1.

k=2

According to therelation (2), from the Theorem A, we obtain:
F eUCD(a), a >0,z€U .

Theorem 2. Lethe f € A, f(z)=z+a,z2*+a,z° +...,a >0, zeU .We suppose
that the condition (2) is satisfied and we consider the Libera operator,

4

2
L(f)z)==
L(f)Xz)==

f(t

O —y

Then LeUCD(a), >0, zeU .

Pr oof
Let be f of theform (1) verifying the condition (2).

We have:
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z

2 ¢ 2(t2 t3 t4
F(z)=;£(t+a2t2 +agt® +.._)dt=2(7+a2§+a3?+..)

2(z2> a a
=S+ 2R3 =

0

z\ 2 3 4
I B P _z+z2ak k
3 4 k+1
Denoting
2a,
k = )
k+1

we canwriteL(f )z)= z+b,2* +b,2° +....

We evauate the relation (2), for the function obtained after integration with the
coefficients by..

Since k> 2, we have

23
Zk[lﬂxk D] |b| = Zk[1+ak 1)]- k+k

k=2

2
Zk[lﬂxk 1] Jay |- P

c 2_2
Z [L+alk- 1]|ak|—<3<1

that implies
L(f)eucD(a), >0,
S0, the Libera operator preserves this class.

Theorem 3. Letbe f e A, f(z)=z+a,z*+a,2° +...,zeU . We suppose that the
condition (2) is satisfied and we consider the Bernardi operator,

z
F@)=22[ 1) v, > 1.
Z;/
Then, wehave F eUCD(a), >0, zeU .

Pr oof
Let be f of theform (1), verifying the condition (2).
We have

N

Z

t? +agt® +. t7 1dt_ +at7*1+a3t7*2+ )dt_

o
o
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z
1+y( 77 t7+2 1+y( 277 a,z*? a, 27"
_=7 +a .. == +-2 43 =

7 (y+1 Zy+2 2 \y+1 y+2  y+3
=z+a27/—+122+a37/ 1, _z+zak r+1,
y+2 }/+3 s }/+k
y+k

We evaluate the relation (2) for the function F(z)= z+b,z* +b,z% +...
We have:

S KL+ alk -1 || = 3 KL+ alk - 1]-fay Z Zk[1+a (k1] [ay] -1 +k <
k=2 k=2
sik[1+a(k—1)].|ak|- r+l sik[1+a(k—l)]-|ak|£1,so:
k=2 r+1 =
F eUCD(a).
Theorem 4. Let

F(z)= 22 [ ).t

/4
z 0

If f isof theform (1), f €S, @ >0 and Ref'(z)> o]z "(z) (V)zeU , then

@+ 7)F(2)+ ZF"(z) = al7(2+ y)F "+ zF"].

Pr oof

4
F(z)= £(t)-t7dt < =
(2) (t) gy

After successive derivations, we obtain:

L.27*1.F(z)+z—y-|:'(2)=f(Z)-2771<:>L'F(z)+ ZF'(Z)zf(Z) =

=
| ¥
<

O =y N

F2)= [ 1)1t

1+y 1+y 1+y 1+y
LR T @ L ) e
S F”(z)++}/F”(z)+ 21F+ E/Z) _ t(2)

So, we have f"(z)= i:;: F'(2) lj}/ zF"(2)
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If Ref'(z)>a|z"(z) (V)zeU,a >0, then
f eUCD(ar)=|f'(z) = a|zf "(2).
In this inequality, we put the expressions of f' and f", and we obtain:

z(—z r JF "(2)+ L zF ”’(z* PEN
1+y 1+y

©ﬁ|(1+7/)F'(z)+ 7F"(z) m |‘ 2+y)F"(2)+ 2*F"(z )(<:>

1
F'(z)+ ——zF"(z) >
‘ (2) 7 Z (z)( a

< |+ y)F(2)+ = ( >a‘z[2+7 "(2)+ 2°F"(z )]

Remark 5. If f isof theform (1), f €S, >0 and Ref'(z)> o|# "(z) (V)zeU,
then

B

llog f'(z) <

N

al
Pr oof

According to the Theorem 4 we have:

‘F '(Z)+ i zF N(Z% >a Z(QJF ”(Z)+ i Z2 F m(zi PN
1+y 1+y 1+y

iﬂ/F”(z)+1le’”(z) ) :
sl2a-|2- *7' 1”” :a.|z|.{log(p(zpmf"(z)ﬂ =
F(z)+sz (2)
s12a|7-[logf'(z ‘@‘Iogf (2)] Sa-l|z|
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