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A CERTAIN CLASS OF QUADRATURES

by
Eugen Constantinescu

Abstract. Our aimisto investigate a quadrature of form:
1

I f(X)dx = ¢, f(x )+, F(X,)+ ¢y (X5)+ ¢, F(x,)+Csf(x)+ R(F) (1)

0
where f : [0,1] — IR isintegrable, R(f) is the remainder-term and the distinct knots  X; an

supposed to be symmetric distributed in [0,1]. Under the additional hypothesis that all X; an

of rationa type (see(4)), we are interested to find maximum degree of exactness of such
quadrature.

1 Introduction

Let Hm be the linear space of al real polynomials of degree < m and denote
e (t)=t',j e N.A quadrature of form

[ (=3, (%) + R() @

k=0

has degrees (of exactness) mif R(h) = 0 for any polynomial h e Hm .1f R(h) =0 for

all heHm and moreover R(e )¢ Oit issaid that (2) has the exact degree m. It is

m+1

known that if (2) has degree m, then m<2n—-1. Likewise, there exists only one
formula
(2) having maximum degree 2n—1.

The aim of this paper isto study the formulas like (2) for n = 5 having some
practical properties. Let us note that in this case, the optimal formula having
maximum degreem=9is

jf(x)dx:gckf(xk)ﬂ(f)

xkzii1 5+2 E,lsks4,x5:1
2 6 7 2
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Itisclear that not all knots X, are rational numbers.

Definition 1 Formula (1) is said to be of “practical-type”, iff
i) theknots X; areof form

1
x1=r1,x2=r2,x3:5,x4=1—r2,x5:1—r1 (4)

- . 1
where 1, r, distinct rational numbers from {O, Ej :

i) all coefficients c;,c,,C;,C,,C arerational numberswith ¢, =c. and ¢, =C,.
iii) (1) isof order p, with p >1. Therefore, in case n = 5 a practica-type formula has
theform

1
[ #(x)ebc= ACF(r)+ £0-r,)+ B(F(r,)+ F(-r,)+C- {%} R()
0
A, B being rational numbers, C =1- 2(A+ B), and when r,r, are distinct rational
numbers from [O, %J .

Lemma 1 Let s be a natura number and suppose in (5) we have R(h): O for all
he]],. ThenR(g)=0foreverygfrom ... -

2s+l 1
Proof. Let H(x)= (X_Ej . According to symmetry J' H(x)dx = 0 and also
0

R(H)=0. Obsarvethat e, (x)= x**"* = H(x)+ h(x)withh, € [ ], - Therefore

25+l

R(e,,;)=0and supposing ge[],., with g(x)=ax**+..,, we have
R(g) =85 R(ezs+1)+ R(hz ), h, € R, that isR(g) = 0.

Lemma 2 If in (5) we have R(h) = O for every polynomial of degree -<4, then
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(6)
r Illll';: L |
il 2 iy e I T ]
B Ilrj [y 4 1
il 2rai®ira — il — oy i |
|: ) = |-| |—I r'E. |II||I'I g _'|II|'._|I'._3.|.'_ Tl rg RS
I3 — 2701 — 2rel”
Proof. We use standard method, namely by considering polynomials
Wi -
[ - — 741,23, 4,5}, w(x) (o — &)
j (z —2;)w'(z;) 7 €11,2,3,4,5}, E ke
For instance, taking into account that
-.-.-'.' I _| | '_'r'| |'I| | ™, with & -
are finds
1
0— Rily) fh[;r]fh‘ — Aly(xzq)
0
and we conclude with
|
2
|
A= —— fi|i — (1 — 2r)h|[t2 — (1 — 2ry)2R2|dt
W lr)
|
-._J'

1075 — 107 | |

GO(1 — 2r) 2 (r1 — ) (1 — 1 — 19)

In asimilar way are finds coefficients B and C. Taking into account that (5) is
symmetric, we give:
Corollary 1 Quadrature formula (5) has order, m>5, if and only if the coeffcients
are given by (6).
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Lemma 3 If (5) has order m,m> 6, then r,,r, must be distinct rational numbers
from (0,1] such that
560r.2r2 +56(2 + 17 )—56(r, +1,)+560r,r,(1— 1, —1,)+5=0 ()

Proof. It is sufficient to impose condition R(e,)=0,e,(x)=x® . By considering

[a,b]=[-11], are find R(ee)=%— 2Ar? —2Br, = 0. Using Lemma 2, see (6) we

obtains condition (7).

Corollary 2 Suppose that (5) is of practical-type. If r,,r, aredistinct rational numbers
from (0,1] such that equalities (6) and (7) are verified, then (5) has order m=7.
Let usremark, that from above proposition implies that

i+ P _'r'|."3 .=

Corollary 3 The maximum order of m of practical-type quadratus formula at 5-knots
satisfied m< 7.

Proof. Formulas like (7) having order m = 8 does not exist. the reason is that by
assuming m > 8, then according to Lemma 1 we must have m = 9. But in this case

numbers r,and r, are not rational (see (3)).

L emma 4 Then does not exist pairs of rational numbers (r,,r, ) which satisfy

2 a2, . v .
" 5 ) iy ol 4 S | Ty r'a y = [,

-1 '-'Tl-":': il
Proof. The case (1- 2r, J1- 2r, ) = Oisimpossible. Further, consider
@-2r)1-2r,)=0

andlet 1-2r, = gl—Zr :i,p a,x,yeZ,d>0,y>0with(p;g) =1, (xy) =1
35— 7(1-2r, )|

- 7]3-5(1-2r, )| ’
7x2(39% -5p?)=3y?(5q = 7p?). It follows tha  x* =0(mod3)or
p? = 0(mod3). Therefore x or pis divisible by 3, x = 0 (mod 3), x = 3k with k e Z .

Because (@-2r,) = we obtain
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Then after dividing by 3, are finds y?(5q2 — 7p?)=3-7(39% ~5p?) , with means
that 50° — 7 p® must be divisible by 3.
From (x; y) = litisclear that y isnot divisible by 3. Now

-_qu = Tpg Ei[q2 —pz | — [qz | pg:l = —[qg | p2 | =0 (mod 3)
implies p? +q? = 0(mod3) which is impossible unless p = q=0(mod3), which
can’t happen because (p; g) = 1.

Theorem 1 The practical quadratures at five knots, having maximal degree of
exactness m =5 are those of form

1

[ H0ox= Alt 1)+ F-n )l Bt )+ e R0 @
0

where R(f) isremainder, r,,r, aredistinct rational numbers from (0, 1] and

| hs 1ha |
A -
4l | | _'r'| 11T Rl I 1 T
.I
||||-_ |||_|-. | I
i |
4 G ]
] 2raltirs i | L ral
5 @
] Wiy -+ ra by s R UERT i I a4 g
i - = — — = -

151 Jr i 2rel”

Let us note that in quadrature formula from (8) we have

" L2 T | - ] 2 - . "
'l'lrl.'. k| 11 il LT s by rai | " " | 1 |

!Iillr;' = = _._-

If by [Zo,zi,...,zk; f]is denoted the difference of a function f :[0,1]—> IR at a
system of distinct points {zo, Z, Zy } C [0,1], it may be shown that.

Theorem 2 Any partial quadratures at five knots, having maximal degree m = 5 may
be written as
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1
If(x)dx: f(l}ri[rl,l,l—rl; f:|+
) 2) 12| V2

2
+%-[Q,rz,%i— r,l-r; f}+ R(f)

where 1,1, aredistinct rational numbers from (0,1].

9)

2 Examples
In the following of Rj (f ) j € N*, we shall denote the remainders terms in certain
guadratures formulas.

Example 1. The closed formulas like (8) are obtained in case r, =1, namely
1

[ #(x)ex= A1 (0)+ f(l)]+COf[%j+ B [f(1)+ fa-r)]+R(f) o

0
6
_l41-2r) -6,
105. 2°
| [ I

Ay - o T
H 151 ey HITS _'|'.'..| - 2 1541 Y | =

where r € Q,r € (01),R (&)

Example 2. For instance, when (rl, r, ) = (1; %} , (10) gives

j f(x)dx=9—7o[f(o)+ f(l)]+;—2{f(%j+ f(§j+£ f[1j+ Rz(f)} (12)

4

Example 3. In case (rl,r2)=(%;
3
4

!f(x)dx=%[f[%j+ f( }—%{f(:—;} f(§j+11()—gf[%j+ R3(f)} (12)

_ 115
21.2%°
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3 Theremainder term
In order to investigated the remainder we use same methods asin [1]- [6].

Theorem 3 Let mzl,hzl,x , Xs —1 X, =1-1,,%X =1-r1,.
2 2 2’

- fracar roar ]

1
2 1 1 1
R(f ): J‘tZQ(t{E_ts r]_s r21§11_ r2 ,1_ r1,§+t, f:|dt .

1
2

5

Proof. Let a)(x): H(x— X; ) Because our formula (8) is of interpolatory type, it
j=1

follows that we have

1
ff[ T dr fL,yj T, T, T3, Ty, T, fldz + R f)
a a

1
where R(f)= Iw(x)[x,xl,xz,x3,x4,x5; f Jdx.

0
1 1
But If(l— x)dx:jf(x)dx and using the symmetry of knots {X,,X,,...,X;} we
0 0

have

N | ’ - )
Ly {\"I-"'-'-_.-I ra, | =i fl1 .l') L I:‘I.:' ra, sy b= L —ri f "'J :

Further, the equality @(1— )= —o(x)gives
1

I
R{f) — — fu;i.'rl {] — T, 71,72, 5 | — 19,1 — :r‘ﬁf} dr

0

Therefore the remainder from (8) may be written as R =

N | =

1
ja) f x dx with
0
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| =
lr-:".lr £l I:'I.'-l '._'-_.I "z "IJ:I I . 'I.:'I.-I'_.' 'I.'I'I b “r]

In this manner

1
| |
R(f) / (.r — :) wlx) [.r r1,72, 5, | —ro. 1 — ry.f] dr
/ 2 2

which is the same with (13).

Further for g € C[0,1] we use the uniform norm ||g| = rrEa%<]|g(x)|

Corollary 4 Let usdenote
| L 2 "y || T Fa X | L L | L -r L PR JJI || ll| ot a"l.l.l'

If R(f)istheremainder in (8), thenfor f e C®[0/]

R(F) < 430 £
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