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A RESULT ON THE EXISTENCE OF CRITICAL POINTS 
 

by 
Gabriela Clara Crişan 

 
 

Abstract : The main purpose of this paper is to present a short review on two variants of the so 
called three critical points theorem. The first variant was given in the context of Finsler 
manifolds in the paper [2] and the second one is presented in under some locally linking 
hypotheses. 

 
2001 Matematics Subject Classifications :  58E05 

 
  

1. Preliminaries on the existence of critical points 
 

Let M be a 1C  Banach manifold without boundary (∂M=Ø) and let T(M) be the total 
space of tangent bundle of M . A continous function 

║  ║:T(M)→ +R  is a Finsler structure on T(M) if the following conditions are 
satisfied: 

( i ) For each x∈M ,the restriction ║   ║ x = ║   ║/ )(MTx is an equivalent 

norm on )(MTx ; 

( ii ) For each 0x ∈M , and k>1 ,there is a trivializing neighbourhood U of 0x  

such that 
k
1
║   ║ x ≤ ║   ║ 0x ≤ k ║   ║ x  for all x∈U . 

M is said to be a Finsler manifold if it is regular (as a topological space) and if 
it has a Finsler structure on T(M) . 

It is known that every paracompact 1C -Banach manifold admits Finsler 
 structures on its tangent bundle and that every 1C -Riemannian manifold is a Finsler 
manifold . 

Suppose that M is connected .For x,y∈M define 
( ) [ ] ( ) ( ){ }yxthatsuchCMyx ==→=Ω 1,0.,1,0:, 1 σσσ .The length of curve 

( )yx,Ω∈σ is given by 

( ) ( )
( )

dttl
t

∫=
1

0

.

σ

σσ .        (1) 

Consider the Finsler metric on M defined as follows    
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( ) ( ) ( ){ }yxlyxd F ,:inf, Ω∈= σσ  .        (2) 
 The pair (M, Fd ) is a metric space and the induced topology is equivalent to 
the  topology of the manifold of M (see K.Deimling [4] ). 
 To a given Finsler structure on T(M) there correspond a dual structure on the 
cotangent bundle ( )MT *  given by 
 

( ){ } ( )MTxx
p

*,1:sup ∈== µµµ  .  (3) 

 
 Let  ℜ→Mf :  be a 1C -differentiable mapping .A locally Lipschitz 
continous vector field v : M→T(M) such that for each x∈M the following relations 
are satisfied:   ( i ) ( )xx dfv 2≤  

( ii ) ( ) ( ) 2)( xxx dfvdf ≥  

where ( )xdf  is given by Finsler structure on )(* MTx , is called a pseudogradient 

vector field of f  ( in short p.g.f. of f ) . 
If M is a 2C -Finsler manifold and RMf →: is a 1C -differentiable mapping, then 

)( f∇ ≠ Ø , where 
 

(∇ f)={v )(MΧ∈ : v is p.g.f. of f }.      (4) 
 

Let us note that if M is a Hilbert manifold with the Riemannian structure , the 

norms 
x
 come from inner product by 

2/1,
xx

= , and we can define a p.g.f. of f  
by  pa (grad f)(p) , where (grad f)(p) is given via Riesz representation theorem by  

( ) ).(,))((,)( MTXpgradfXXpdf pp
∈∀=  

Let M be a 2C -Finsler manifold , connected and without boundary . For a 1C -
differentiable real-valued function RMf →: , let us define by 
  

C(f)= ( ){ }0: =∈ pdfMp         (5) 
 

the critical set of f  and by B(f)=f(C(f)) the bifurcation set of f . The elements of 
C(f) are called the critical points of  f and the elements of B(f) represent its critical 
values . If p∉C(f) , s∉B(f) , then p is a regular point and s is regular value of the  
mapping f  . 
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 For s∈R denote by )()()( 1 sffCfCs
−∩= , the critical point set of f  at 

the level s. It is obvious that s a regular value of f  if and only if =)( fCs Ø. We also 

consider the set :sf = ( ]( )sffM s ,)( 1 ∞−= − . 

 It is well-known that if s∉B(f) then )(1 sf − is Ø or a differentiable 
submanifold of M , of codimension 1 , and )( fM s  is a differentiable submanifold 

with boundary of M , of codimension 0 , and ∂ )()( 1 sffM s
−= . 

 Suppose that the manifold M and the mapping f  satisfy the following 
hypoteses: 
(a) (Completeness) (M, Fd ) is a complete metric space, where Fd  represents the 
Finsler metric on M defined by (2) . 
(b) (Boundedness from below) If B=inf {f (x) : x∈M} then B>-∞  . 
(c) (The Palais-Smale condition) Any sequence ( ) 0≥nnx  in M with the properties that 

( )( ) 0≥nnxf is bounded and ( ) 0→
nxdf  has a convergent subsequence 

( ) ,
0≥knk

x with px
kn → . 

 The above conditions (a)-(c) are sometimes called compactness conditions 
because if M is a compact manifold they are automatically verified. It is clear that the 
point p, which appears in condition (c) of Palais-Smale, is a critical point of   f  , 
p∈C(f) . 
 Let v ( )f∇∈  be a p.g.f. of  f  and let Mx∈  be a fixed  point .Because v is 
locally Lipschitz  the following Cauchy problem  
 

( ) ( )

( )





=

−=

x
t t

0

.

ϕ

υϕ ϕ           (6) , 

 
has a unique maximal solution ( ) ( )( ) Mxx vvv →+− ωωϕ ,: , where ( )xv

−ω <0< ( )xv
+ω . 

Denote by ( )Xv
tϕ  the above solution and by t ( )xv

tϕ→ the corresponding integral 

curve of (6). Taking into account the hypotheses (a)-(c) it follows that ( ) +∞=+ xvω , 
i.e. { } 0≥tt

υϕ  is a semigroup of diffeomorphisms of M (see K.Deimling [4]. 
 For a vector v ( )MΧ∈  let us consider the sets Z(v)={p 0: =∈ pvM }, 

( ) ( ) ( ) ( )( ){ }xxtxxMxFix vvv
t

v
+−∈∀=∈= ωωϕϕ ,,:  . It is easy to see that the 

following relations hold :   
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C(f)=
( )

)(vZ
fv ∇∈

∩             (7) 

C(f)=
( )

( )v

fv
Fix ϕ

∇∈
∩        (8) 

 If  x )( fC∉ , then  ( )( ) )(xfxf v
t <ϕ  for t>0 and  ( )( ) )(xfxf v

t >ϕ  for  t<0 
. 
 The following three critical points type result was proved in the paper [2]. 
 
Theorem 1: Let M be a 2C -Finsler manifold, connected and without boundary , and 
let RMf →:  be a 1C -differentiable real-valued mapping . Assume that the 
hypotheses (a)-(c) are satisfied and there exist two local minima points off f  . Then 
f  posses at least three distinct critical points.  

The following two corollaries are obtained from the above important result. 
 
Corollary 1: Let M be a 2C -Finsler manifold, connected and without boundary, and 
let RMf →:  be a 1C -differentiable real-valued mapping . Assume that the 
hypotheses (a)-(c) are satisfied and f  has a local minimum point which is not a 
global minimum point. Then f  posses at least three distinct critical points. 
 
Corollary 2: Let mM  be a m-dimensional 2C -manifold which is closed (i.e. M is 
compact and without boundary) and connected . If RMf →:  is a 1C -differentiable 
real-valued mapping with two local minima points, then f  posses at least four 
distinct critical points . 
Remark : The following exemple shows that exist smooth functions RRf →2:  
having two global minima points and without other critical points, 
Hence some supplementary hypotheses are necessary to be imposed. The polynomial 

function ( ) ( ) +−−=
22 1, xxyxf ( )22 1−x  has global minima at the points (1,2) and 

(-1,0) and it has no other critical points. 
 

2.Existence of critical points under some linking conditions 
 
 In what follows we prove the existence of three critical points for a function 
which is bounded below and has a local linking at 0 . 
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Definition 1:Let X be a Banach space with a direct sum decomposition 
21 XXX ⊕= .The function ( )RXCf ,1∈  has a local linking at 0 , with respect to 

the pair of subspaces ( )21 , XX  , if , for some r>0 , 
( )
( ) .,,0

,,,0
2

1

ruXuuf

ruXuuf

≤∈≤

≤∈≥
 

Remark: If  mapping f  has a local linking at 0 , then 0 is a critical point of f  . 
Consider two sequences of subspaces:  

,...,... 22
1

2
0

11
1

1
0 XXXXXX ⊂⊂⊂⊂⊂⊂ such that .2,1, =∪=

∈
jXX

Nn

j
n

j  

For every multi-index ( ) 2
21 , N∈= ααα , we denote by αX  the space 21

21 αα XX ⊕ . 

Let us recall that  2211 , βαβαβα ≤≤⇔≤ . 
We say that a sequence ( ) 2Nn ∈α  is admissible if, for every 2N∈α  there is 

Nm∈  such that  αα ≥⇒≥ nmn  . 
For every RXf →: , we denote by αf  the function  f  restricted to αX . 
We shall use the following compacteness conditions . 
 
Definition 2: Let c R∈  and ( )RXCf ,1∈ . The function  f  satisfies the ( )*cPS  
condition if every sequence ( )

n
uα  such that ( )nα  is admissible and 

( ) ( ) 0,, ' →→∈
nnnnn

ufcufXu ααααα  , contains a subsequence which converges to 
a critical point of  f  . 
 
Definition 3: Let ( )RXCf ,1∈  . The function  f  satisfied the ( )*PS  condition if 
every sequence ( )

n
uα  such that ( )nα  is admissible and  

( ) ( ) 0,sup, ' →∞→∈
nnnnn

ufufXu ααααα  , contains a subsequence which 
converges to a critical point of  f  . 
Remarks: 1) When { }0:,: 21 == nn XXX  for every n N∈ , the ( )*cPS  conditions is a 
usual Palais-Smale conditions at the level c. 
2) The ( )*PS  conditions implies the ( )*cPS  conditions for every c R∈ . 
Let us recall some standard notations in this context: 
 

( ){ }
( ){ }
( ) ( ){ }.0,:

,:

,,:

' ==∈=

≤∈=

≤∈=

ufcufXuK
cufXuf

SudistXuS

c

c

δδ
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Lemma 1: Let f be a function of class 1C  defined on a real Banach space X . Let 
0,, >⊂ δεXS  and c R∈  be such that, for every 

[ ]( )εε 2,21 +−∈ − ccfu ∩ ,2δS  the following inequality holds 

( ) ,/4' δε≥uf  

then there exists [ ]( )XXC ,1,0 ×∈η    such that  
 (i) ( ) ,,,0 Xuuu ∈∀=η  
(ii) ( )( )uf .,η  is non increasing , ,Xu∈∀  
(iii) ( )( ) ] ] ,,1,0,, Sfutcutf c ∩∈∀∈∀<η  
 (iv) ( ) ,,1 εεη −+ ⊂∩ cc fSf  
(v) ( ) [ ] .,1,0,, Xutuut ∈∀∈∀≤− δη  
 
Definition 4: Let A, B be closed subsets of X . By definition, BA ∞p  if there is 

2N∈β  such that , for every βα ≥  there exist [ ]( )αααη XXC ,1,0 ×∈  such that  

(i) ( ) αη Xuuu ∈∀= ,,0 , 
(ii) ( ) .,,1 αη XAuBu ∩∈∀∈  
 
Lemma 2 Let ( )RXCf ,1∈  and  c R∈ , 0>ρ  . Let N be an open neighborhood of 

cK . Assume that f  satisfies ( )*cPS  . Then, for all 0>ε  small enough , 
εε −∞+ cc fNf p\ . Moreover the corresponding deformations  

[ ] αααη XX →×1,0:  satisfy  

( ) [ ] ,,1,0,, αα ρη Xutuut ∈∀∈∀≤−        (9) 

( )( ) ] ] .\,1,0,, Nfutcutf c
ααη ∈∀∈∀<        (10) 

Proof The condition ( )*cPS  implies the existence of 0>γ  and 2N∈β  such that, 

for every βα ≥  and [ ]( ) ( ) ( ) .,\2,2 '
2

1 γγγ αγαα ≥∩+−∈ − ufNXccfu  

It suffices then to choose { } 4/0,4,,2/min: δγεργδ ≤<=  and to apply Lemma1 to 
.\: NXS α=  

 
Lemma 3  Let ( )RXCf ,1∈  be bounded below and let  .inf: fd X=  If ( )*dPS  
holds then d is a critical value of f  . 
Proof. If d is not a critical value of f , then , by Lemma2 , there exist 0>ε  such that   
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.εε −∞+ dd ff p             (11) 
From the definition of d , ε

α
−df  is empty for all α and ε

α
+df  is non-empty for α large 

enough . This contradicts (11). 
 
Lemma 4:   Let ( )RXCf ,1∈  be bounded below . If ( )*cPS  holds for all c R∈ , then 
f   is coercive . 

Proof. If f   bounded below and not coercive then  c:=sup{d dfR :∈  is bounded} is 
finite . It is easy to verify that cK  is bounded . Let N be an open bounded 
neighborhood of cK . By Lemma2 , there exist 0>ε  such that   

εε −∞+ cc fNf p\ .         (12) 
Moreover we can assume that the corresponding deformations satisfy (9) with ρ=1. It 
follows from the definition of c that Nf c \2/ε+  is unbounded and that 

( )RBf c ,0⊂−ε  for some R>0 . It follows from (9) and (12) that, for all α large 
enough , ( ).1,0\ +⊂+ RBNf c ε

α But then Nf c \2/ε+ ( )1,0 +⊂ RB  . 
This is a contradiction . 
The main result in this section is the following: 
 
Theorem 2 Suppose that ( )RXCf ,1∈  satisfies the following assumptions        
(A1) f   has a local linking at 0 ; 

(A2) f   satisfies ( )*PS ; 
(A3) f   maps bounded sets into bounded sets ; 
 (A4) f   is bounded from below and .inf: fd X= <0 . 
Then f   has least three critical points . 
 
Proof . 1) We assume that 1dim X  and 2dim X  are positive , since the other cases 
are similar . By Lemma3 , f  achieves its minimum at some point 0v . Supposing 
K:={0, 0v } to be the critical set of f , we will be led to a contradiction . We may 

suppose that 3/0vr <  and  ( ) 2/
0 , dfrvB ⊂ .        (13) 

By assumption (A2) and Lemma2 , applied to f  and to fg −=: , there exists 
] [2/,0 d−∈ε  such that   

( ) εε −∞ frBf p3/,0\ ,               (14) 
( ) εε −∞ grBg p3/,0\  ,               (15) 
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( ) =−∞+ εε dd frvBf p,\ 0 Ø .     (16) 
Moreover , we can assume that the corresponding deformations exists for 

( )00 ,mm≥α  and satisfy (9) with ρ= r/2 . Assumption (A2) implies also the existence 
of 01 mm ≥  and δ>0 such that , for ( )11 , mm≥α ,   

[ ]( ) ( ) δεε αα ≥⇒−+∈ − ufdfu '1 ,  .       (17) 

2) Let us write ( )nn,:=α  where 1mn ≥  is fixed . It follows from (13) and (16) that    
( ) 2/

0 , dd frvBXf αα
ε

α ⊂∩⊂+ .               (18) 

Using (14)  and (17) , it is easy to construct a deformation    [ ] ασ XSn →× 21,0: ,  

where  { }ruXuS j
n

j
n =∈= ::  , j=1,2, such that  

( )( ) ] ] 2,1,0,0, nSututf ∈∀∈∀<σ   and ( )( ) 2,,1 nSuduf ∈∀+= εσ .    (19) 

By  (18)  there exists ( )αψ XBC n ,2∈  , where  { }ruXuB j
n

j
n ≤∈= ::  , j=1,2  

such that  ( ) ( )uu ,1σψ = ,u∈ 2
nS ,  

( ) ( ) 2/
0

2 , d
n frvBXB ααψ ⊂∩⊂ .             (20) 

Set      [ ] 21,0: nBQ ×=  and define a mapping 0: αfQ →∂Φ  by   

( )
( ) ( )
( ) ( ) .,1,,

,,10,,,

,,0,,

2

2

2

n

n

n

Butuut

Sututut

Butuut

∈==Φ

∈<<=Φ

∈==Φ

ψ

σ  

Lemma 4 implies the existence of  R>0 such that ( )RBf ,00 ⊂  . 

Hence there is a continuous extensions of  Ф , αXQ →Φ :~ , such that     

( )
( )

.sup:~sup
,0

0 fcf
RBQ

=≤Φ          (21) 

By assumption (A3) , 0c  is finite . 
3) Let η , depending on α ,be the deformation given by (15) . We claim that Ф(∂Q) 
and ( )1,1: nSS η=  link nontrivially . We have to prove that , for any extension 

( )αXQC ,~ ∈Φ  of Ф , ( ) ≠∩Φ SQ~ Ø . 
Assume , by contradiction , that 

( ) ( )21 ,~,1 utu Φ≠η            (22) 
for all [ ]1,0,, 2

2
1

1 ∈∈∈ tBuSu nn  . It follows from (15) , (19) and (9) that (22) holds 

for all [ ]1,0,, 2
2

1
1 ∈∈∈ tSuBu nn  . By (20) we obtain (22) for t =1 and for all 
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2
2

1
1 , nn BuBu ∈∈  . Using homotopy invariance and Kronecker property of the degree , 

we have  
( ) ( ) 00,,deg0,,deg 10 =Ω=Ω FF  ,          (23) 

where    

( ) ( ) ( ).,~,1:

,:

21

21

utuuF

BB

t

nn

Φ−=

×=Ω

η
 

We obtain from (9) 
( ) 21, uut ≠η          (24 

for all   [ ]1,0,, 2
2

1
1 ∈∈∈ tSuBu nn  . It follows from (15) that (24) holds for all  

[ ]1,0,, 2
2

1
1 ∈∈∈ tBuSu nn  . Let us define on  [ ] Ω×1,0   the map  
( ) ( ) 21,: uutuGt −=η  .   

Using (23) and homotopy invariance of the degree , we have   
( ) ( ) ( ) 00,,deg0,,deg0,,deg0 21

01 ≠Ω−=Ω=Ω= nn PPGG   , a contradiction . 

4) Let us define  ( )( )ufc
Qu

Φ=
∈Γ∈Φ

~supinf: ~  , where 

( ) ( ) ( ){ }QuuuXQC ∂∈∀Φ=Φ∈Φ=Γ ,~:,~: α  
It follows from (21) and from the preceding step that  0cc ≤≤ε .  

Assumption (A2) implies the existence of  12 mm ≥  and γ>0 such that , for 
( )22 , mm≥α  , 

[ ]( ) ( ) γε αα ≥⇒∈ − ufcfu '
0

1 ,  . (25) 

 
By the standard minimax argument , [ ]0,cc ε∈   is a critical value of  αf  , contrary to 
(25) . 
Corollary3: Assume that  ( )RXCf ,1∈  satisfies (A2) and (A3) . If  f  has a global 
minimum and a local maximum then  f  has a third critical point  
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