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Abstract. The main purpose of this paper is to find the rational numbers x which have the
property that {2»- x}E%,VnE N.
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INTRODUCTION

If nEN, n>2 has the standard decomposition n = p/'..p/", we define the

n
length of n to be the number Q(n) = Zai , Q1) =0. In [1] and [2] I showed that
i=1
VnEN, n > 3, there exists the positive integers a, b such that n = a + b and Q(ab) is
an even number. The second proof from [2] uses the following lemma: if rEN*, nE N
, and p; has the usual meaning (the j-th prime number) and p is a prime number p = £3,

there exist the natural numbers a;, j =1,7 such that

a 1
{p'p 53 i

If » = 1, it results that there is an & N such that {2°: % 1< % . Starting from

this point I posed the problem of finding the rational numbers x such that {27 x}>
%, VneN.
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THE MAIN RESULTS

It is enough to consider the case whenx = - (n, k& N, (n, k) = 1) is a rational

number 0 < x < 1. After some multiplications with 2, we can suppose that k£ and » are
odd numbers. If 1 > x> %, then {2x}= 2x — 1 <x and, after some multiplications with

2, then we can suppose that 3+ <x < 1. We will prove now the main statement of the
paper.

Proposition 1

Let x a rational number x = T where n, k are coprime, odd natural numbers. The

number x has the property that:

fex<d
and
{2"x}z §,Vm& N.
Then
2% 420 429 4290
X= 2ar+2 _1
where

ap=0<a1<a:<..<a,
are natural numbers which satisfy the inequalities
Q- <2, ¥i=0,r—1.
¥ € N and a, + 2 is the smallest number / € N* for which
2'=1.

Proof. We show by induction that ¥ m & N we have

2] = 2% 4201 4 2M 4 2f0
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where bo< b1< b:...< b, = m are natural numbers depending on m and satisfying the
inequalities

bi+1-bi§2, V i= O,I”—l.

bo could be only 0 or 1. For m = 0 the statement is obvious since [4x] = 1; the
last equality holds since

1
— <x<
3

N | —

The same inequality shows that [8x] =2 or [8x] =3 =2 + 1. This means that the
statement is true for m = 1. Let us suppose that the statement is true for mE N* and we
want to prove the statement for m + 1. Using the induction hypothesis we infer that

22 = (2] + {27y = 20 4201 2B 4 000 o2

where bo< b1< b:...< b,= m are natural numbers depending on m and satisfying the
inequalities

bi-b<2,Vi=0,r—1.
bo could be only 0 or 1. We analyze first the case
{2m+2x}< %

We will show that in this case bo= 0. Let us suppose that bo= 1. It results that
2= 20t g2ttty ot pheTly Lo

From this last equality we obtain (taking into account that bo=1 and {2""x}<
1) that

{2m+1x}< % {2m+2x}< %

The last inequality is impossible since from the hypothesis we know that

{Zerlx}2 % .
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Therefore bo=0. From the above equalities we obtain that
23 = bt ol g Bty pbotl g o2

which lead us (taking into account the fact that that {2"2x}< % at the conclusion that

The properties of numbers b; together with »o= 0 (then bo+1 = 1) ensure us that
the induction step is true in this case. We have to analyze the case

{2"%xy> 1.
Using again the equality
2m+3x — 2br+1 + 2br_1+1 + .+ 2b1+1 + 2b0+1 +2 {2m+2x},

we obtain that
The properties of numbers b; ensure us that also in this case the induction step
is proved. We showed therefore by induction that ¥ m €N we have the identity

[2m2%x] = 20 4 2P 4 420 4 2h0

where bo<b1<b:...<b, = m are natural numbers depending on m and satisfying the
inequalities

bin-bi<2, Vi=0,r —1.
bo could be only 0 or 1. Let a,.+ 2 the smallest /E N* such that

2'=1.
a,+ 2 exists since k is odd. We have @, + 2 > 2 since k # 1(do not forget that x = %, n
and k being coprime odd natural numbers; also we have 1 <x < 1. Since 2“2 =1 it

2 2
follows that

{2ar+2 %} — {%} — {x} =x= 2ar+2x_ [261},+2x]‘

Taking into account these equalities and the statement proved above by
induction, it results that

2% 20 429 4290

2(1,.1’2 _ 1

X

where
ac<ai<az:<..<a,

are natural numbers which satisfy the inequalities
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Air1- a4; < 2, Vi=0,r -1.
ao 1s 0 or 1. We have to show that ao= 0. This result from

(29 2 x}=x< %

and from the first case of the induction above.
We will show now that if

2% 20 429 4 2%

x 2dr+2 _1

where
ai=0<ai1<a:<.<a,
are natural numbers which satisfy the inequalities
aim- <2, Vi=0,r—1 (rE N,
then
{2"x}> 1, VmEN.
For proving this statement it is enough to show that the number

X, L R, L, L
2bl‘+2 _1

y=

(wWhere
bo=0<bi<bh:<.<b
are natural numbers which satisfy the inequalities
bi-b;<2, Vi=0,5-1;5€ N)
has the property that

l<cy< 1
3=VS 3
We have

20 4 2b Ty 420 2bt g

y < = <1,
2bS+2 _1 2b5+2 _1 2

For showing the second inequality we will consider two cases. The first one is
when b,= 2/; /< N. In this case we have
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R R i T
21+1 2/-1 1 21+3
Ifbs=2l+1;lENtheny22 +22[ 3+...+2 +1 221 3+1 >l
2% 324 -1 3

Using the same arguments as in the above Proposition we can show the
following result:

Proposition 2
. n .
Let x a rational number, x = ; , where n, k are coprime odd natural numbers.

We suppose that x has the following property:

1 1

—<x< -

5 4
and

m 1
{2"x}> g, VmeE N.
Then
29r 4291 4 424 4 2%
x =
2dr+3 _1

where

a=0<a:<a:<..<a,
are natural numbers which satisfy the inequalities
ain- a;< 3, Vi=@ (r€ N),
If there is an i (0 <i < r) such that
a1~ a;=3,
then
ai.1=a;-1.
We denote
a1 =a,+3;a-1=0.

It will results that
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a1=a,.-1,a:<2.
The number a,+ 3 is the order of 2 in U(Zy, -).
Proof: The proof is similar with that of Proposition 1. The fact that @, = a,+3
follows from the inequalities

1 1
- <x<-.

5 5
The only fact which has to be proved is that for any i (0<i<r) such that
Qi1 - a; =3,
then

a1 = ai-l.

Replacing x by {2 x }, we observe that it is enough to show the statement
only for i = 7. We have to show that a,.;= a,-1. Let us suppose that

a,.1<a,-2.

Then

29 42471
<- - @ -

x < <

1
har+3 _ | 5°
The last inequality is equivalent with
245292527 +4>0
and

20r 711450,

< l; this
5

The last inequality is obviously true since a,> 1(if a,= 0 then x = %

is impossible). We obtained a contradiction since x is greater than 5 The second part

of the proof is identical with that of Proposition 1.
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