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1. Introduction and preliminaries

We denote by U, the disc {z € C: |Z| <r},0<r<1,U,=U.
Let A4 be the class of functions f'which are analytic in U and £ (0) = f’(0) — 1

Let S be the class of the functions /'€ 4 which are univalent in U.

Definition 1.  Let f and g be two analytic functions in U. We say that f is
subordinate to g, f< g, if there exists a function @ analytic in U, which satisfies ¢(0) =

0, |0(2)| < 1 and fiz)= g(p(2)) in U.

Definition 2. A function L : U x I — C, I = [0, ®), L(z, f) is a Loewner chain, or a
subordination chain if L is analytic and univalent in U for all z € U and for all ¢, t, €
I, 0< t <ty L(Z, tl) < L(Z, tz).

Lemmal[4]. Letry € (0, 1] and let L(z, ¢) = a;(¢¥) z + ..., a;(t) # 0 be analytic in
U " for all ¢+ € I and locally absolutely continuous in /, locally uniform with respect to

U

-’
For almost all ¢ € I suppose:

oL(z 1) OL(z.t)
27—p(z,t)7, zZ e IJ},0

where p is analytic in U and satisfies Re p(z, ) >0,z € U, t € L.
L(z1)

If |a1(f)] > o for t — oo and
a,(1)

forms a normal family in U o then for
each ¢ € I, L has an analytic and univalent extension to the whole disc U.

In the theory of univalent functions an interesting problem is to find those
integral operators, which preserve the univalence, respectively certain classes of
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univalent functions. The integral operators which transform the class S into S are
presented in the theorems A, B and C which follow.

The integral operators studied by Kim and Merkes is that from the theorem:

Theorem A[1]. Iff e S, then for a € C,

1
o | < Z the function F, defined by:

(1) Fa(z)=joz(%] du
belongs to the class S.

A similar result, for other integral operator has been obtained by Pfaltzgraff in:

Theorem B [3]. If f € S, then for a € C,

1
o | < Z, the function G, defined by:
@  G,lz)= j @] du
belongs to the class S.

An integral operator different of (1) and (2) is obtained by Silvia Moldoveanu
and N.N. Pascu in the next theorem:

1
Theorem C [2].If f € S, then for o € C, | o-— 1| < 7 the function /, defined by:

Q|-

® 1G] of, 1w |

belongs to the class S.

In this note, using the subordination chains method, we obtain sufficient
conditions for the regularity and univalence of the integral operator:

1
o

z o—1
4) Ha<z>=[a [ @ 2 o ) du}

where f; € 4, kzl,_n, 0<A <1, Zkkzl.
k=1
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2. Main results

Theorem 1. Letfi,fo, ... fne A, eCla—1|<land Aj, Ay, ..., A, € R,OSA L,

k=1n, Y ke =1.1f
k=1

@12y vy v k=1n,
k

& fofzf)jon ZLE

then the function H,, defined by (4) is analytic and univalent in U.

Proof. Because flkl(z)-fzk2 (2) ... fnk" (z) =z + ay2* + ... is analytic in U, there

(@) f722) . £ (2)

exists a number r; € (0, 1] such that #0 for any z €

z
M *a Ao 1
U,. . Then for the function [(Mj (Mj et (M) :l we can
1
z z z
choose the uniform branch equal to 1 at the origin, analytic in U, e
A %) A
(6) 81(z)=(f1(z)j -(fZ(Z)j -....-(—f”(z)j =1+bz+
z z z
RV -
and we have:
etz
(M) [, w g du=zgy(z0),
where:
I _ -
(8) 2 (zt)=—e m+...+Le (a+mit n y ..
a o+n
Let we consider the function:
) g =af,(z)+ae —e)e V. g (e 2)

Since |a— 1] < 1 we have g;(0,f)=e * (I-a+a e*)#0 forany 7 € [ and it
results that there exists 7, € (0, 7] such that g3(z, #) # 0 in U o for all ¢ € 1. For the
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function [g3(z, £)]""* we can choose an uniform branch, analytic in U o forany t e I. It

results that the function:

(10) L(z 1) =z [gs(z 0]"* = [ga(z D],
where:

a—1

~t
€ o A A
(1 guzn=af (10 2 - firw) dus
+a(e—e)z (flk1 (e7'z) ... fln (e_’z)) ol
is analyticin U, .
Using Lemma 1 we will prove that L is a subordination chain.

We observe that L(z, {) = a,(f) z + ..., where:

(12) a()=e’ (1 —o+a )™
Because |o — 1] < 1 we have a;(¢) # 0 for all # € / and

2—-o
t— 1
(13) ah)=c @ [(1-a)ye? +al°
and
2—-a
. . tRe— 1 -
(14) 11m|a1(t)|:11me o |0c|°t:oo if Re > 1 or
t—o t—w a
o —1] < 1.
L(zt) . . . :
It follows that T) forms a normal family of analytic functions in Urz,
4
r
ro=-2.
22
OL(zt
L
z
Let p: U, x1I. ) =—FF.
ep rox’p(z) 6L(Z,t)
ot

In order to prove that p has an analytic extension with positive real part in U, for
all ¢ € I it is sufficient to prove that the function:
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(15) w(zt)= rEH-1 is analytic in U for ¢ € I and
p(zt)+1
(16) lw(z H|<1l,(V)ze U, tel

But |W(Z,t)|<maX|W(Z,t)|=‘W(eie,l‘) ,0 € R and it is sufficient that
z|=1

(17) ‘w(eie,t)‘él,(V)t>O, or
(18)

(1-Juf)

(Ot—l)u{xlfl'(u)+}L2f2'(u)+.'.+kn1fn'(”)} )
u- fi'(u)

-1
@D w

<3 1-fu

¥
1

from (5) where u = €, u € U, |u|=e™". It results (16).

Hence the function L is a subordination chain and L(z, ) = H,(z) from (4) is
analytic and univalent in U.

< 1
Theorem 2. If £, f5, ..., fn € S, 0 <A < 1, Zkk =1, then fora € C, |o. — 1] SZ,the

k=1
function H,, defined by (4) belongs to the class S.

Proof. Because f; € S, k = I,_n we have:

= 'O Iz
Ji(2) 1—|Z
then
(1]2p) ZLD) <(14)2]) <4
and
(1—|z|2) (a—l)% <la—1|(1+]2])* <4 |a-1] <1

1
because |o — 1| < Z Then, from Theorem 1 we obtain that H, € S.
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Example.Letfl(z)—(l Eel fz()—— and f3(z) =z.
Then, for klzl, Xzzl, 7»3=i we have:

3 4 12
a A M " "
1 z) - 2 z) - = . .z =

@@ 1@ =

)\.1+)\42

__ =z i) z __ ¢z

(1 _ Z)2 7\41+7\42 (1 _ Z)2 7\.1+7m2 (1 B Z)%
| 1
= H,(2)=| o[ | ——| du
(1-2)®

W

3 3¢z z
Fora=>= Hy(z)=| > [ | ——| du
ora=2= Hi)=| o ]
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