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ON A SPECIAL DIFFERENTIAL INEQUALITY
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Abstract. We find conditions on the complex-valued functions A, B, C defined in the unit disc
U and the real constants ¢, S, 7, Jsuch that the differential inequality

Re|A(2)p* (2)+ B(2)p* (2)+ C(2)p (2)+ a(2p'(2) ~ B(20'(2))* + y20'(2) + 6]
>0,

implies Re p(Z)> 0, where pe H [1,n].
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1. Introduction and preliminaries
We let H[U] denote the class of holomorfic functions in the unit disc
U=1{zeC:|7<1}.
Forae Candn e N* we let
Hlan]={fe H[U], f(@ =a+aZ% auZ"'+...,ze U }
and
A={fe H[U], f@D=z+amZ" "+ an.2"%+...,2e U}
with A; = A
In order to prove the new results we shall use the following lemma, which is a
particular form of Theorema 2.3.i [1, p. 35].

LemmaA. [1, p. 35] Let : C*x U — C afunction which satisfies
Re v (o, 0,2) <0,

where p,ceR, O'S—g(l+p)2,ZEUandn2l.

If peH|[1,n] and
Re v (p(2),20"(2; 2> 0
then
Re p(2) > 0.
2. Main results
3

2
Theorem. Let azo,ﬂzo,yzo,as%Jrﬂ%Jrg—n and n be a positive

integer. Suppose that the function A, B, C : U — C satisfies:
177



Gh. Oros, Georgia Irina Oros-On a special differential inequality

) ReA(2) <0
iilReC(z2)>0
(1)
3 2 3 2
i) Im” B (2) < 4 30;” +'[mT—ReA(Z)} {ReC(Z)+30;n +ﬂn7+§.

If peH[l,n]and

Re [A(2)p*(2)+ B(2)p*(2)+ C(2)p* (2) + a(2p'(2)) -

()
- Bz 2)) +y20'(z)+ 5 >0
then
Re p(2) > 0.
Proof. We let i C*x U — C be defined by
w(p(2).20(2):2)= A2)p*(2)+ B(z)p*(2)+ C(2)p? (2) + a0 (2))” -
3)
- @) +r(2)
From (2) we have
Re w(p(2), zp"(2); 2> 0, forz e U. 4)

For o, p € R satisfying o < —g(l + p)2 ,and ze U, by using (1), we obtain:

Re v (pi, 0, )=
RA2)p* (2) + B2)D*(2)+ C2)p(2)+ @ (@) - A (P +70(2) + 6]
~Re|A(2)p* - p*iB(2)- p2C(2)+ac® - fo 2 +yo +5 |-

=p*ReA(z)- p’ ImB(z)- p*ReC(z)+ac’® - fo? +yo +5<
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3
< p*ReA(z)- p* Im B(z)- p*ReC(z)- X" (1+3p>+3p*+p°)-

B
4

(1+2p2+ p4)—§(1+ p2)+5£

3
S_an pﬁ—pFO;n ,82 ReA(z)}+pImB()

2 3 2
{Rec(z)+ San’ ﬂi+m}—ﬂ—ﬁi—m+§s
4 2

3

2
<-Z p°-p {p [30? +ﬂ%—ReA(z)j— pIm B(z)+
2 3 2
+Rec<z)+3an BB D<o
8 2 2 8 4 2

By using Lemma A we have that Re p(z) > 0.

If 6= 3& ﬂn — 7 then theorem can be rewritten as follows:

Corollary 1. Let « > 0,4 > 0,y > 0, and n be a positive integer. Suppose that the
function A, B, C: U — C satisfies:

) ReA(2) <0
i) Re C (2)>0
3 2 3 2
i) Im’ B (2) < 4 30;” +’BnT—ReA(Z)} {ReC(z)+M‘Tn+ﬂnT+§}.

If peH|[1,n] and
Re|A(2)p* (2)+ B2)p*(2)+ C(2)p (2)+ (D)} - B(z0(2)) +

+;/zp’(z)+5+3—+

3 2
on ﬁh_+m >0
8 2 2

then
Re p(2) > 0.
If
A(z)=-1-3i,B(z)=1-2,C(z)=5-4i,n=1l,a=2,=5,y =3,6 =3,
then in this case from Corollary 1 we deduce:
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Examplel. If peH[1,1] and

Rel(~1-30)p* (2)+(1- 2)p* (2)+ (5 - 40)p* (2)+ 2@ (2)} - S(@0'(2)* +320(2) + 3]0

then
Re p(2) > 0.
If a = 0, then theorem can be rewritten as follows:

2
Corollary 2. Let >0,y 20,0 < ﬂ%-ﬁ- % and n be a positive integer. Suppose

that the function A, B, C : U — C satisfies:

)Re A(2)<0
iiYRe C (2)>0
iii) Im° B (2) < 4 {’BnTZ—Re A(z)} [Rec(z)+ﬁ”72+ﬂ.

If peH|[1,n] and

Re [A(2)p* (2)+ B(2)p* (2)+ C(2)p*(2)~ A(z0' (D) + 7 2/(2)+ 6 ]>0
then
Re p(2) > 0.
If A(z)=-3+i,B(z2)=i(2+2),C(z)=4-i,n=3,=2,y=4,5 =5,
then in this case from Corollary 2 we deduce:

Example 2. If pe H[1,3] and

Re|=3+1)p* (2)+1(2+ 2)p* (2)+ (4-1)p (2) - 2@ (2))” + 470(2)+ 5> 0
then
Re p(2) > 0.
If B = 0, then Theorem can be rewritten as follows:

3
an
. m

Corollary 3. Let « > 0,y > 0,6 < and n be a positive integer. Suppose

that the function A, B, C : U — C satisfies:

i Re A(2) <0
ii) Re C (2) > 0

3 3
iii)IrnzB(z)£4{3agn —ReA(z)} {Rec(z)ﬁ”;” +§}

If peH|[1,n] and
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Re |A2)p* (2)+ B(2)p (2)+ C(2)p* (2)+ a(20'(2)) +7 2p'(2)+ 5 150
then
Re p(2) > 0.
If

A(z)=-5+4i,B(z)=(1+2),C(z)=2+i,n=4,p :%,7 7.5 :%’

then in this case from Corollary 3 we deduce:
Example 3. If pe H[1,4] and

Re (-5+40)p° (@) + 1+ Dp*(2)+ 2+ )9 ()3 (@2 + 72} § |0
then
Re p(2) > 0.
Ify = 0, then Theorem can be rewritten as follows:

an®  pn?

Corollary 4. Let ¢ >0,8>0,6 < + e and n be a positive integer.

Suppose that the function A, B, C : U — C satisfies:

i) Re A(2) <0
ii)ReC(z)>0

3 2 3 2
iii) Im? B (2) < 4 30{—8n+ﬂnT—ReA(z):| |:ReC(z)+30;n +ﬁ”7.

If peH[1,n] and
Re [A(2)p* (2)+ B(2)p* (2)+ C(2)p*(2)+ a(20'(2)) ~ B(@p'(2)) +5 ]>0

then
Re p(2) > 0.

If
A(z)= -1+2i,B(z)=+4+2,C(z)=5-i,n=5,0 =4, f =1, = 7 then in this
case from Corollary 4 we deduce:

Example4. If pe H[1,5] and
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Re|(-1+2i)p*(2)+ (4 + 2)p*(2)+ (5-1)p (2) + 4(zp (2)) +7]>0
then
Re p(2) > 0.
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