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Let 4 =llpg(n)ll,,en, i=o, ... » be @ matrix with p(n) ER. A sequence s = {s,},=n 1S
n
said to be A-summable to p if lim Z pr(n)-s,=p.
Nn—»0 k=0
A sequence a = (a,), is called p, g-convex if
anr— P+ @apn +pga,>0 , (V) n>0.

Let K be set of all real sequences, K. the set of all real sequences positive, K, ,
the set of all p, g-convex sequences and T : K, ,— K be a linear operator, defined as:

T(a;n)= ) py(n)-dguy
k=0

where pi(n)ER (nEN) and sEN are arbitrary.
The purpose of this work is to determine sufficient conditions for a real

triangular matrix llpy(n)l,=n, s, ... » such that T(K,, ,) & K..

Theorem 1
Let a = (a,)n=0 €K,  be given arbitrary. T(a; n) &€ K, if
i)
D pi(n)-q' =0
- p#q ., p#0, q=0
D pi(n)-p'=0
i=0
or
D pi(n)-q' =0
1:0 p=q=#0
2 pi(m)ipt=0
i=0
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k=i

1 k . '
—- > pi(n)p Z(ij >0 , k=0,n-2
i=0 r=0

q-p j =

Proof. For the computations we need the following notation: pi(n) = pi, (V) k= 0,7,
nEN. Consider

n-2
T(a;n) = Y ¢ [agipn — (P +Dgapr + P qagiy ],
k=0

n—2 n—2 n—2
T(a; n) = zck Ay —(P+Q)- zck “Agikr1 T PG zck “dgik

k=0 k=0 k=0
n—-2

T(a; )= Y agp -[cxa = (P+ @)k + Pq- ] + asnr [Cas- (PHg)eaa] +
k=0

+ Cua Agintag  [prger-(ptq) coltp - q-co as.

Therefore

Pqco = Po

pacy = (p+q)co = py L
Chor —(P+@)ck +pgcy =py » k=2,n-2 (1)
Chs —(PHQ)Cyn =Py

Cn—2 = Py

From (1), it follows:

¢, —(p+q)c, +pgc, =p, , r=2,n-2
(cr—2 _pcr—l)_Q(cr—l _pcr):pr

-2 -1 -2
qr (cr—Z_pcr—l)_qr (Cr—l_pcr):prqr

Let add those equalities for » = 2,k . We obtain:
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k
cofpcl-qk'l‘(ck_l-p'ck)= Zpr -q“z , k=2n-2

r=2
peL— ¢ 1 < r2
PG = o T Zp,-q ’
q q r=2

k-1 k-1 k
pk'ck‘l’k_l'ck-lz(l?crco)'(5} J{f} dpoq

LS
~—~
|
J’_
VR
!
S~—
|
R
S
5

pre—p e = (per-co)- (

Let add those equalities for i = 2, ..., k. We obtain:

k i-1 k i-1 i
Pee-per = (pei-co) Z(ﬁj + Z(ﬁj D pqg
i2\4 i=2\ 4 r=2

i—1

k )
1 p k i
_.c PeL ¢ E = 1 P r
@ =t k q + %[;J : Ezpr‘q
= r=

q Pt i gp* " 4

k i k k
By the formula Zai . Zb,, =Zb,~ . Za, we can write:
i=2 r=2 i=2 r=i

e
|
~| O
=~ O
+
b}
0
=1
o
S
M=
< |“c
_l’_
= —
N
M=~
AN
QN
M=
7N\
Q|
~—

p p i=2 qp =2 r=i
k i—1
1 _ p fo—i r+i
Ck k-1 + - k 0 Z . + lkfl Pi ql (Ej ) k=
p pt =2\ 4 7]~ —o\4q

From (1) we have
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+
Co—ﬂ, Cl_i—}-l; q2 po
p-q P9 p°-q
Therefore
1
+ 1 Y2 + Yo,
€= pk+€kc~]+1 _kp[l"'};qz OJ_OZ(E
q-p qp p P9 pT-q Pq | io\4

From (1) and (1) it follows that:

1 n—2 n=2—i p r+i
=D R [—j =P
qp i=0 r=0 q (1”)
1 n—3 n=3—i p r+i
Cp3 = n_2 zpl 'ql Z (_j = Pu +(p+q)pn
7] 28— =0 \ 4
Because
1 n-2 .
Cpa = -1 sz 'ql "Wnoi—i = Pn
qp i=0
where
(2) -1
! p#q
w; =y P _ ’ j=lLn-1
q
J ,P=9
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it results:
R : PuPy b~
Cpo = -1 Zpi'pl'wn—l—i_%'p_:pn'
- =0 qp i 1
Thus:
n
Zpi P W, =0
i=0
Because
1 l’l—3 .
Cp3 = ) sz 'plwn—Z—i =Pna Tt (p +q)pn
qp i=0
it results also
2
q 5 qa
1 & puap » Y Pt P2
Cp3 = n—-2 Zpipl'wn—Z—i_ - .p - ’ »
qp i=0 q ; - 1 q ; - 1

and thus:

n
Zpi 'pl Wpo— =0
i=0

From (2) and (3) we obtain:

n .
Zpi q' =0
i=0
" pP+q
zpi p'=0
i=0
or
n .
zpi q'=0
i=0
; p=9q
zpi 'i'pi:()
i=0
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this means 1).
From condition ¢;> 0 for all k from 0 to n-2 we obtain ii).
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