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LOCALLY COMPACT BAER RINGS

by
Mihail Ursul

Abstract. Locally direct sums [W, Definition 3.15] appeared naturally in classification results
for topological rings (see, e.g.,[K2], [S1], [S2], [S3], [U1]). We give here a result (Theorem 3)
for locally compact Baer rings by using of locally direct sums.

1. Conventions and definitions

All topological rings are assumed associative and Hausdorff. The subring
generated by a subset A of a ring R is denoted by <A> A semisimple ring means a

ring semisimple in the sense of the Jacobson radical. A non-zero idempotent of a ring
R is called local provided the subring eRe is local. The closure of a subset of a

topological space X is denoted by A. The Jacobson radical of a ring R is denoted by
J(R). A compact element of a topological group [HR, Definition (9.9)] is an element
which is contained in a compact subgroup. The symbol ® stands for the set of all
natural numbers. All necessary facts concerning summable families of elements of
topological Abelian groups can be found in [W, Chapter 1,10, pp.71-80].
IfR is aring, acR, then a'={xeR: ax=0}.
Recall that a ring R with identity is called a Baer ring if for each aeR, there
exists a central idempotent € such that a'=Re.
The following properties of a Baer ring are known:
i) Any Baer ring does not contain non-zero nilpotent elements.
Indeed, let acR, a>=0. Let a*=Rg, where ¢ is a central idempotent of R. Then
a=ac=0.
ii) If R is a Baer ring, a,beR, n a positive natural number and b"a=0, then
ba=0.
Indeed, b™'ab=0, hence b"'aba=0. Continuing, we obtain that (ba)"=0, hence
ba=0.
Recall [K1,p.155] that a topological ring R is called a Q-ring provided the set of
all quasiregular elements of R is open (equivalently, R has a neighbourhood of zero
consisting of quasiregular elements).

Definition 1. A topological ring R is called topologically strongly regular if for each

xeR there exists a central idempotent e such that Rx = Re .
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We note that a topologically strongly regular ring has no non-zero nilpotent
elements.

Let { R, }4cq be a family of topological rings, for each aeQ let S, be an open
subring of R,. Consider the Cartesian product H R, and let A={ {Xa } IS H R,:
aeQ) aeQ)

X4 €S, for all but finitely many aeQ}. The neighborhoods of zero of H S, endowed
aeQ)

with its product topology form a fundamental system of neighborhoods of zero for a

ring topology on A. The ring A with this topology is called the local direct sum

[W,Definition 31.5] of { R, },cq relative to { S, },cq and is denoted by H(Ra 'S, )

aeQ)

Definition 2. A topological ring R is called a Sring if there exists a family { R }qcq
of locally compact division rings with compact open subrings S, with identity such

that R is topologically isomorphic to the locally direct product H (Ra 'S, )

aeQ)

We will say that an element x of a topological ring R is discrete provided the
subring Rx is discrete.

2. Resaults

Lemal Let R,...,R be a finite set of division rings. If {€, :y € ['} is a family of
non-zero orthogonal idempotents of R=R, x...x R it is finite.
Proof. Assume the contrary, i.e., let there exists an infinite family {€, :Ne @ }of

non-zero orthogonal idempotents. Then Re, c Re,+Re, <... is a strongly

increasing chain of left ideals, a contradiction.
Theorem 2. A locally compact totally disconnected ring R is a S-ring if and

only if it satisfies the following conditions:
i) R is topologically strongly regular,
ii) every closed maximal left ideal of R is a two-sided ideal and a
topological direct summand as a two-sided ideal,
iii) every set of orthogonal idempotents of R is contained in a compact
subring.
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Proof. We note that if a locally compact totally disconnected ring satisfies the
conditions 1)-iii), then every its idempotent is compact.

(=) Let R=H(Ra 'S, ), where each R, 1is a locally compact totally

aeQ)

disconnected ring with identity e, and S, is an open compact subring of R, containing
Ca.

i) Obviously.

ii) Let x= {Xa } €R. Denote Q = {a eQ:X, # 0}. Then & = {ga }, where

g,=0 for a ¢ ), and €, otherwise, is a central idempotent of R. Obviously, x=xg,

hence ﬁXg@‘: Re € Rex ¢ RX andso Rx= Re.
iii) We claim that every closed maximal left ideal of R has the form
{an }x H(Rﬂ : Sﬂ) for some o € Q). Indeed, every set of this form is a closed

Bray
maximal left ideal of R.
Conversely, let I be a closed left ideal of R. Assume that pr,(I)#0. for every
aeQ. Then pry(I)=R, for every ae(. There exists y=ea><HX5 el and so ¢,

S#a

=g X HOﬂ € | . For any xeR, xe <e’a X:ae Q> cl, a contradiction.
Pra
It follows that there exists 0yeQ such that Ic {an }x H(Rﬂ : Sﬂ ) Since Il is a
Brag
maximal left ideal, I= {an }x H(Rﬁ : Sﬂ).
B#ay

(<) Let now be ring R a totally disconnected locally compact ring satisfying 1)-

iii). Then R is is semisimple. Indeed, the Jacobson radical of R is closed [K2]. If

0#e€J(R), then RX = Re, ¢ is a central idempotent. Then 0#e€J(R), a contradiction.

Then the intersection of all left maximal closed ideals will be equal to zero. It
follows that any idempotent of R is central. Let I, is a closed left ideal of R. By
assumption I, is a two-sided ideal and there exists an ideal Ry such that R=R,®I, is a
topological direct sum. Evidently, Ry is a locally compact division ring; denote by e
the identity of Ry. Obviously, e, is a compact central idempotent of R.

Assume that we have constructed a family {e,: a <B} of orthogonal idempotents
such that each Re, is a locally compact division ring. By iii) the family {e,: a<p} lies
in a compact subring, hence it is summable. Denote Z e, =¢ and assume that R(1-

a<pf
e)#0. Consider the Peirce decomposition R=Re@®R(1-e). The ring R(1-¢) satisfies the
condition of Theorem. If R(1-e)=0, then e is the identity element of R. Assume that
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R(1-e)#0. Then there exists a non-zero idempotent O#egeR(1-e) such that R(1-
e)eg=Reg is a locally compact division ring.

This process may be continued and we obtain a family {e,: a€Q} of orthogonal
idempotents such that 1= Z e, 1s the identity of R and each R ¢, is a division ring.

acQ)

Fix a compact open subring W of R. We claim that R topologically isomorphic

to H (Re,:We,). Indeed, put y(r)=(r,) for each reR. Firstly we will prove that v is
aeQ

defined correctly. Let U be an open subring of R such that rtUcW. There exists a finite
subset Qo such that e, €U for all agQy. Then for each agQ, re, ertUcCW =
re,€W e,.

It is easy to prove that y is an injective continuous ring homomorphism of R in

H (Re:We,).

aeQ)
v is dense in H (Re,:Wey): It suffices to show that Ww(R)2>®,qRe,. Indeed, if
aeQ)
r=r, +..+r, € Ral +...+ RO[n , then y(r)=r.

y is open on its image: Indeed, if U is a compact open subring of R then there
exists a compact open subring U; of R such that U WcUNW. There exists a finite
subset Q¢={a,...,0,} =Q such that e, eU; for all ag ). Choose a compact open

subring U, of R such that UyeicU  for  ie[l,n]. Then
y(U)oU,e, x..xU,e, x HWea ; We claim that if
u.,...u, e, w eW ,a+a,..,a,, then the family

{ue :ie[Lnjuiwe, :a #a,,...,a,} is summable. It suffices to show that the
family {Wea a*a ,...,an} is summable in W. Let V be an arbitrary open ideal of

W. There exists a finite subset Q;cQ, Q> Qq such that e, €V for all agQ;. Then for

each agQ; w,=w.,e, €¢WVCV, therefore we have for each QcQ, Q, NQ =,
Zwﬂ €V. Therefore {wea a#a, ,...,an} is summable in R.

BeQ,

Denote  x=ug, +..+U€, + Zwa' Then xeU and y(x)=

a#oy,...,ay
ue, x..xu.e, x w, . We have proved that y(U)
a#tay,...a,
oU,e, x..xU,e, x HWea
azay,..,a,
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Theorem 3. Let R be a totally disconnected locally compact Baer ring. Then R is
topologically isomorphic to a locally direct sum of locally compact Baer Q-rings
which are locally isomorphic to locally compact Q-rings without nilpotent elements
and without discrete elements.

Proof. Let V be a compact open subring of R. Each idempotent of R is central. There
exists an idempotent ecR and a family {e,},cq of orthogonal local idempotents of V
such that e=X ,.o e 4 . Then R is topologically isomorphic to a direct topological
product [Joca (R 4:Ve,))xR(1-e).

Rings Re,, aeQ , R(1-e) are local Q-rings. It suffices to show that every locally
compact Baer Q-ring is locally isomorphic to a Q-ring without non-discrete elements.

Let V be an open compact quasiregular subring of R. We affirm that an element
xeR is discrete if and only if xV=0. Indeed, if x is a discrete element then there exists
a neighbourhood U of zero such that RxNU=0. Choose a neighbourhood W of zero
such that WxcV. Then, evidently, Wx=0. There exists a natural number n such that
Vo W. Then vox=0 for each veV, hence xv=0. Then xV=0=Vx. (Actually we proved
that in a topological ring without non-zero nilpotent elements the notion of a discrete
element is symmetric.)

Denote by I the set of all discrete elements of R. Then I is an ideal of R. We
affirm that INV=0: if xeINV, then xV=0, hence x>=0 which implies that x=0.

We affirm that R/l has no non-zero nilpotent elements: if x?>€l, then x>V=0.
Then x?>v=0 for every veV, hence xv=0. We proved that xV=0, therefore xel.

We claim that R/I has no non-zero discrete elements. Let xeR xWcl for some
neighbourhood W of Og. Then xWV=0, hence xV*=0 for some natural number n,
hence xV=0, and so xel.
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