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Abstract. Let p be a prime number, let f(X), g(X)0Z[X] and let £ be an integer number . We
provide sufficient conditions, in terms of p, f(X), g(X) and k, in order for the polynomial

Iy (X)= Pkdeggg(p’kf(X))
to be irreducible over Q.
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1. INTRODUCTION

In [2], [4], [5] some results related to Hilbert's irreducibility theorem have
been provided. A class of irreducible polynomials over a number field K is obtained
in [2] as follows. Let f{X), g(X) 0 K/X] be relatively prime and assume deg /< deg g.
Then it is shown that there are only finitely many prime numbers p which remain
prime in K, for which the polynomial f{X) + pg(X) is reducible. An improved version
of this result has been obtained in [3], where explicit bounds for p in terms of K, f(X)
and g(X)are provided, which ensure the irreducibility of the polynomial f(X)+pg(X).

In the present paper we take a prime number p, two monic polynomials f{X),
g(X) 0Z[X], and consider for any integer £ the composition

e ()= Pkdeggg(p’kf(X))

Note that A, (X) 0 Z/X], hy(X) is monic, degh; =deg fdegg, and, in case k = 0, hy(X)
coincides with the composition g(f(X)). We are interested in the problem of describing
sufficient conditions for f{X), g(X), p and k in order for the polynomial /;(X) to be
irreducible over Q.

Before going any further, let us first look at a few examples.
Example 1. Let g(x) = x" - 9.
Then, for any monic polynomial f{X) 0 Z/X], any prime number p, and any integer &,
one has the decomposition

e (1)= 700 ~9p% =(1(x)-3p* [ ()43

Evidently this happened because our polynomial g(X) was reducible over Q. So in the
following we will only consider polynomials g(X) which are irreducible.
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Example 2. Let f{X) = X + ¢, for some ¢ 0Z.
Then, for any monic polynomial g(X)0Z[X] which is irreducible over Q, any prime
number p, and any integer &, the polynomial

h(X)= Pkdeggg(pfk(XH))

will be irreducible over Q. Let us then restrict our discussion in what follows to the
case whendeg f > 2.

Example 3. Let g(x)=x, and f(x)=x2-9.
Then, for any prime number p, and any integer 4, the polynomial is the same,

e (X)=x2 -9

which is reducible. This of course will also happen if we replace the above f{X) by any
other reducible polynomial. We will assume from now on that both polynomials f{X)
and g(X) are irreducible.

Example 4. Let g(X) = X - 8 and f{X) = X° - 3.

Take k£ = 0, so that for any p we have hy(X) = g(f(X)). Note that, although both
polynomials f{X) and g(X) are irreducible over Q, their composition g(f{X)) is not.
More precisely, we have the factorization.

(1.1)  m(x)=g(r(x)=x*-6x? +1=(X2 —2X—11X2 +2X—1)

In this short note we present a simple criterion, easy to use in practice, which
provides explicit, sufficient conditions on f(X), g(X), p and k, under which one can
conclude that the polynomial /;(X) is irreducible over Q.

2. AN IRREDUCIBILITY CRITERION OVER Q,

Let f(X), g(X) be monic polynomials in Z[X], let p be a prime number, and let
k be an integer number. Define the polynomial 4,(X) as above.

The basic idea in the criterion presented below is to work over the field Q, of
p-adic numbers, and to provide a stronger criterion, which ensures that the
composition /(X) is irreducible over Q,. Then /(X) will also be irreducible over Q.

Since we work over Q, the above assumptions that f(X) and g(X) are
irreducible over Q are not helpful, and it is natural to assume the stronger condition
that f(X) and g(X) are irreducible over Q,.

Clearly, this assumption is not enough in order to be able to conclude that
hi(X) is also irreducible over Q,. For instance, if we take in Example 4 above any
prime number p for which none of the numbers 2 or 3 is a quadratic residue modulo p,
then both polynomials X°-8 and X°-3 will be irreducible over Q,. and still the
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polynomial /(X) is reducible over Q, and so also over Q,,.
Denote by ép a fixed algebraic closure of ép. In the following we assume

that the polynomials f{X) and g(X) satisfy a stronger irreducibility property. Namely,
we will assume that if » 0 0, is a root of g(X) and if y 0 ¢, is a root of f{X), then

(2.1)  |o,(n.7):0,|=deg fdeg g

Here the condition (2.1) is equivalent to asking that g(X) remains irreducible over
Q,(y), or, similarly, that f{X) remains irreducible over Q,(#).

It may be worthed to remark, for practical purposes, that theabove condition
(2.1) holds automatically when the degrees of f{X) and g(X) are relatively prime we
are still under the assumption that both f{.X) and g(X) are irreducible over Q,. Indeed,

both deg f and deg g divide the number lQp (77, ;/): QPJ, and on the other hand one

always has
0,(2,7): 0, ] < deg f deg g

So, if deg f* and degg are relative prime, then (2.1) holds true.

Let us also remark that even if we assume that (2.1) holds, we can not
conclude that g(f{X)) is irreducible. To see this, let us take p = 3 in Example 4 above.
Note that since 8 is not a quadratic residue modulo 3, g(X) is an unramified,
irreducible polynomial over Q;. On the other hand, f{X) is an Eisenstein polynomial,
so it is irreducible over Q;. The field Qs(7, ), where n 0 0, is a root of g(X) and y 0

Q, is a root of f(X), contains an unramified quadratic extension of Qj, and also a
ramified quadratic extension of Q;. Thus (2.1) holds in this case, while our polynomial
hi(X) = g(f(X)) is not irreducible.

Let now p be a prime number, and denote as usual by Z, the ring of p-adic
integers. Although we are mainly interested in the case when f(X), g(X) 0 Z, we will
assume from now on that f(X), g(X) 0 Z,[X], f(X), g(X) monic, irreducible over Q,, and
satisfying (2.1). Next, take a positive integer £.

We show that if £ is large enough, then the polynomial

22)  h(x)=p*eeeg(pt r(x))

is irreducible over Q,.
To fix some notation, let

f(X)=X"+bX"" +..+b,
g(X)sz+ch”H+...+cd
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and denote by y,, ..., y,and  respectively by #,, ..., 54, the roots of f{X) and g(X) in
Q,. Denote by v the unique extension of the p-adic valuation to Q,, normalized such
that v(p) = 1.

Next, let § 0 ép be a root of /(X). Note that y,,..., v, #1, ... , s, as well as 6, are

algebraic integers.
Note also that from (2.2) it follows that

glpr(0)=0

This means that p_k f ((9) coincides with one of the roots of g(X). Let sofl,...d},
such that

23 pfe)=n,
As a consequence of (2.3) we have
W (0) =v(p'n,)=k+v(n,) > k

This gives in turn

Letm 0{1,...,r} such that

2.4) v(H - 7/m) = max v(@ - 7/[)

1<i<r

The last two relations imply that

Wo-y,)= %
r
Denote

a)(}/m):z max{v(ym —71.): 1<i<ri# m}

Let now 4(f) denote the discriminant of f(X). This is easy to compute in practice, in
terms of the given coefficients b;,..., b, of f{ X). By the expression of v(A(f)) as a sum
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of terms of the form v( =Y j),and the fact that all these terms are nonnegative since

the roots v;,..., 7, of f(X) are p-adic integers, it follows that each such term v( =V j)
is bounded by v(A(f)). Therefore

@5  oly,)<vA(f))

Assume now that

2.6) k> rv(A(f))

Combining (2.4) with (2.5) and (2.6), we find that

@7 wo-7,)>aly,)
By Krasner's Lemma (see [1], p. 66) it follows from (2.7) that

@8 9,(r.)<c0,()

Now from (2.7) and (2.3) we see that

29 0,(r,.n)<c0,)
Since

[0, (7,-1.): 0, |= deg f degg
by (2.1), from (2.9) it follows that
[Qp(ﬁ) : QPJ > deg fdegg = degh,

We conclude that /4 is irreducible over Q,.
We have obtained the following irreducibility result.
Theorem 1. Let p be a prime number, let f{X), g(X) 0 Zp[X] be monic, irreducible,
and satisfying (2.1), and let k be an integer number satisfying (2.6). Then the
polynomial hi(X) defined by (2.2) is irreducible over Q,.

In particular, if f(X), g(X) 0 Z[X], then hi(X) 0 Z/X], and being irreducible
over O, hi(X) will also be irreducible over Q.
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