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A SUBCLASS OF HARMONIC UNIVALENT FUNCTIONS

A .R. HAGHIGHI, N. ASGHARY AND A. SEDGHI

ABSTRACT. Complex-valued harmonic that are univalent and sense preserving
in the open unit disc U can be written in the form f = h + g where h and g are
analytic in U. In this parer authors introduce the class

RS(m,n,a),(0<a<1,me N,ne€ No,m>n)

consisting of harmonic univalent functions f = h + g. for which
oo
> E(m = n)(Jag| + [ba]) < (1= @)1 = [ba]), [ba] < 1.
k=2

We obtain distortion bounds extreme points for functions belonging to this class and
we study some features of subclasses of this class. We also show that class studied
in this paper is closed under convolution and convex combinations.
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1. INTRODUCTION

A continuous complex-valued function f = u+ iv is said to be harmonic in a simply
connected domain D if both u and v are real harmonic in D.

In any simply connected domain we can write f = h + g where h and g are analytic
in D. We call h the analytic part and g the co-analytic part of f.

A necessary and sufficient condition for f to be locally univalent and sense-preserving
in D is that |h/(2)| > |¢/(2)|]. See Clunie and Shell-Small[1]

Denote by Sy the class of functions f = h + g that are harmonic univalent and
sense-preserving in the unit disc U for which f(0) = f,(0) — 1 =0.

Then for f = h 4+ g € Sy we may express the analytic functions h and g as

h(z) =2+ apz® g(z) =D b, ba] < 1,(1.1)
k=2 k=1
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note that Sy reduces to the class of normalized analytic univalent function if the
co-analytic part of its member is zero.
A function of the form (1.1), is harmonic starlike for |z| =r < 1. If

Rew >0,(1.2)

h(z) +9(2)

o0
Silverman in [2] proved that the coefficient condition Z E(lag|+|bk|) < 1is sufficient

k=2
condition for function f = h + g to be harmonic starlike.

2. THE cLASS RS(m,n, )

Denote by RS(m,n,«) the class of all harmonic function of the form (1.1) that
satisfy the condition

Zk m —n)([ax] + [Bil) < (1= @)(1— [bal), (2.1)

whereme Nyne Ng,m>n, (0<a<1)and|b| <1

The class RS(m,n,a) with by = 0 will be denoted by RS%(m,n,a) and suppose
that RS(1,0,a) = RS(«)

If h,g and H,G are the form (1.1) and if f = h+§, F = H +G then the convolution
of f and F is defined to be the function

(f * F) =z + Z akAka + Z kaka, (2.2)

k=2 k=1

while the integral convolution is defined by

(FOF) (2 Z LTIV LY
k=

k
K=1

See [3]
The d-neighborhood of f is the set:

Ns(f) ={F.>_ k(lax — Akl + b — Bi|) + [b1 — B1| < 6}, (2.4)
=2

See 4 -1
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3. MAIN RESULTS

First let us give the interrelation between the class RS(m,n,a1) and RS(m,n, az)
where (0 < a1 < ag < 1).

Theorem 1. RS(m,n,az) € RS(m,n,a;) where (0 < ag < ay < 1). Conse-

<
quently RS°(m,n,as) € RS°(m,n,a1). In particular RS(m,n,a) C RS(m,n,0)
and RS°(m,n,a) C RS®(m,n,0).

Proof. Let f € RS(m,n,as) we have
> k(m = n)(lan| + [ba]) < (1= ) (1 = |ba]) < (1= a1)(1 — [b1])
k=2

Thus f € RS(m,n,aq).
The proof of theorem is complete.

Theorem 2. The class RS(m,n,«a) consisting of univalent sense-preserving har-
monic mappings.

Proof. If z1 # zo then

f(z1) = f(22) g(z1) — g(22)
) Az = )~ h(z)

|21 — 22 Zk\bkl

1-—

|21 — 2( 1—Zkyaky

> k(m —n)|by|
1— k=1 >0

o0

I—Zk —n)|ag]

which proves univalence .
Note that f is sense-preserving in U because

[ (2 \>1—Zk\ak\|2'!k ' >Z Ib [l >Zk!bk|12\k t>1g'(2)]

k=1

Therefore f is sense-preserving.
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Theorem 3. RS(«) C RH(m,n,a), Vm € N,Vn € Ny
Proof. Let f € RS(«)

o0

Since Zk’(]akl—klbk\ Z m —n)(|lax| + |bk|).
K=2 =2
Thus f € RS(m,n, ).
Corollary 4. If f € RS(«) then f is harmonic starlike.

Proof. By hypothesis we have

> k(Jak] + [br]) < (1= a)(1 = |ba]) <
P

Thus f is harmonic starlike.

Theorem 5. If f € RS(m,n,«) then

(1 —a)(d —[ba])r?

and
(1—a)( = |bi])r?

)] 2 r(1 =) = =g

The bonds are sharp for the functions

F(2) = 24 oyfz 4 LA 0i]) 5

2(m —n)
and 1 L
J() =2+ forlz + _2831(;; 1) 2

Proof. Let f € RS(m,n.a). Taking the absolute value of f
we have
o oo
A =lz+ ) apt + ) b zk| <
k=2 k=2
oo [e.e]
21+ D larllZ[+ D [ball=l" + [ba]l2] <
k=2 k=2

o0
r(L+ o)) + > (lak] + [bx])r
k=2

4
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(14 |b1)) Zk m —n)(|ag| + |bg|)r?
k:2
e
and .
£ 2 (el = 3 (load + kDIl >
k=2
(L= o) = gy 3l + e 2
R

2(m —n)
the functions z + |b1|z + wz and z + |b1|Z + Mz’ show that the

)
bounds given in theorem are sharp.

Corollary 6. If f € RS(m,n,«) then

(1= 1b:)2(m —n) = (1 —a))

{w:|w| < 2m—n) C

FU)}

Next we determine the extreme points of closed convex hulls of, RS(m,n, a),denoted
by clco RS®(m,n, )

Theorem 7. Set hi(z) =z , hi(z) = 2z + k((in aT)L) (k=2,3,...)

g(2) =z + k((l a))fk (k=2,3,...) then f € clcoRS°(m,n, a)

if and only if it can be expressed in the form

2) = Mhi + Yrgr, (3.1)
k=1

o0
where Ay >0, 1 >0, A =1-> (As+7%) 20,71 =0

k=2
In particular the extreme point of RSY(m,n,a) are {hy} and {gi}.
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Proof. For function f of the form (3.1) Write
1 -«
Z)\khk +'Ykgk—z+z)\k )2* + 'Yk ik

then

Z n a) Ak—i-’yk Zx\k+")/k—1—)\1<1
=2 k=2

(1—-a) k:m—n

Thus f € clcoRS®(m,n, a).
Conversely : Set

k(m—mn
o= K
(k=2,3,...)
7 k(m—mn
Yk (1 )\bk|
-«
(k=2,3,..)

and vy; = 0.
We note that (0 < A\, < 1), (0 <~ < 1) according definition of (A1) we have

o0

M=1-3 (A +m)

k=2
note that by condition (2.1) A; > 0, Consequently we have obtain
[e.9]
2) =Y Akl + gk
k=1
as required.
Theorem 8. The class RS(m,n,a) is closed under convexr combination.

Proof. Fori=1,2,3,... let fi(z) € RS(m,n,a), where f;(z) is given by

—z—l—Zakz +Zk m —n)(|ag,| + bk, ) < (1 —a)(1 = |by]).
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o0
For Z t; =1 (0 <t; <1), the convex combination of f; may be written as
i=1

Z t,,fl(z) =z+ Z(Z tiaki)zk + Z(Z tibki)z
=1

k=2 i=1 k=2 i=1

then we have

Dkl =) tlow] + 3 b
=thZk = m)lan,| + [bg,|) < (1= )(1 = [ba]) Yt
k=2 =1

=1
= (1 —a)(1— b))

Therefore Ztifi € RS(m,n, ).
i=1
Theorem 9. For (0 < a3 <as < 1) let f € RS(m,n,a1) and
F € RS(m,n.az)
Then f* F € RS(m,n,a2) C RS(m,n,ay)

Proof. Let
f(z)=z+ Zakzk + Zbkzk’ € RS(m,n,ay)
k=2 k=1
and
F(z)=z+ Z Apzt + Z BpzK € RS(m,n,as)
k=2 k=1
then

(o.9] o
(f*F)(2) =2+ Z arApzt + Z by, By 2k
k=2 k=1
We wish to show that coefficients of f % F' satisfy the required condition given in
(2.1).
For f € RS(m,n,a1) we note that |ax| <1 and |bg| < 1.
Now for the convolution function f * F' we have

> k(m —n)(JagAg| + [brBrl) <> k(m — n)(|Ag] + [bg]) < (1= a2)(1 = |b1])
k=2 k=2
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Thus f* F € RS(m,n,az) € RS(m,n, ).

Let K% denote the class of harmonic univalent function of the form (1.1) with
b1 = 0 that map U onto convex domain It is known [2, Theorem 5.10] that the sharp
< (kH , | Bl <! ) are true.

inequalities |Ax]|

These result will be used in the next theorem.

Theorem 10. Suppose that f(z) = z + Z apz® + Z biz* and

f(z) € RS°(m,n,a) and also F(z) = z + ZAkzk + ZBkzk belong to KY then
k=2 k=2

_ — kA brBr i 0
f()F(z)—z—l—g - —i—K:l 5 € RS"(m.n,«)

Proof. Since f € RS%(m,n, a) then Zk‘(m —n)(lag| + [bk|) < (1 — a) we have
k=2

= A by B
k=2

> E+1 kE—1
Zk m —n)(|ak]| | + |brl| ) <
k=2

> (akl + b)) < (1 - @)
k=2

Therefore fOF € RS?(m,n, ).
Let Pgl denote the class of functions F complex and harmonic in U.
F = H + G such that ReF(z) > 0 and

H( —1—|—ZAkz G ZBkZ
k=1

it is known [8, Theorem 3 | that the sharp inequalities
‘Ak‘ <k+1, |Bk‘ <k-1.
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Theorem 11. Suppose that f € RS°(m,n,a) and
F(z)=1+ Z Azt + Z ByzF
k=1 k=2

belong to Py, if T > 2 then #(fOF) in RS®(m,n,«)

Proof. Since f € RS%(m,n, ) then we have

NE

k(m —n)(lar] + [bx]) < (1 — )

e
I|

2

now using the (2.3) we have

ap Ay by B,
|+ | <
Tk Tk

M8

k(m —n)]

[\

k(m —n)(lag| + [bk]) < (1 — )

Mgﬁ

B
||

2
Thus 7(fOF) € RS (m,n, a).

Theorem 12. Let f € RS°(m,n,a) and 6 < a if F € Ns(f) then F is harmonic
starlike

o0 o0
Proof. Let F(z) =z + Z Apz" + Z B,,2" belong to RS"(m,n, )

k=2 k=2
we have

> k(AR + [Bel) <) k(1Ax — ar| + [Br — bel) + > E(Jag] + [be]) <
k=2 k=2 k=2

d+(1—a)<1
Thus F(z) is harmonic starlike function.
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