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INCLUSION AND NEIGHBORHOOD PROPERTIES OF CERTAIN
CLASSES OF MULTIVALENTLY ANALYTIC FUNCTIONS
DEFINED BY USING A DIFFERENTIAL OPERATOR
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ABSTRACT. Making use of a differential operator, we introduce and investi-
gate two classes of multivalently analytic functions of complex order. In this pa-
per, we obtain coefficient estimates and inclusion relationships involving the (7, 0)-
neighborhood of various subclasses of multivalently analytic functions of complex
order.
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1. INTRODUCTION

Let T'(j,p) denote the class of functions of the form:

o0

f(z) =2F — Z arz®  (ar, > 0;p,j € N =1{1,2,...}), (1.1)
k=j+p
which are analytic in the open unit disc U = {2 : |z] < 1}.

A function f(z) € T'(j,p) is said to be p-valently starlike of order « if it satisfies
the inequality:

f(2)

We denote by TJ* (p, @) the class of all p-valently starlike functions of order «.
Also a function f(z) € T'(j,p) is said to be p-valently convex of order « if it
satisfies the inequality:

Re{zf/(z)}>oz (zeU; 0<a<pypeN). (1.2)

Re{l—l—zf,’;g)}>a (zeU;0<a<ppeN). (1.3)
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We denote by Cj(p,a) the class of all p-valently convex functions of order a.
We note that ( see for example Duren [10] and Goodman [12] )

e =L eripa) (0sa<men.
For each f(z) € T(j,p), we have ( see [9] )
@(5) = P! P4 _ S La Sk—a — .
F7(2) - k;p I (g € No=NU{0};p>q). (L5)

For a function f(z) in T'(j,p) , we define

DYS (=) = £9()

Le(@ () = DF@D(5) = @ () = % (+a)(,
Dy f'%(z) = D'V (2) (p_q)(f (2)) (p_q)f (2)
_ P _ N k! k—q anzF—a
-~ (p-9) k;Lp(k—Q)! <P—Q> e o
D, f9(z) = D(D,f9(2))

and

N L N k! E—a\" i
= K Z G agz

—q)! —
Wi, E—at \p—q

(p,j € N;q € Nosp > q). (1.8)

The differential operator Dy f (@) () was introduced by Aouf [6, 7]. We note that,
when ¢ = 0 and p = 1, the differential operator D} = D" was introduced by
Salagean [19]. Also when ¢ = 0, the operator Dy was introduced by Kamali and
Orhan [13], Aouf [5] and Aouf and Mostafa [8].

Now, making use of the differential operator D} f (@) () given by (1.8), we intro-
duce a new subclass R;(n,p,q,b, §) of the p-valently analytic function class T'(j,p)
satisfying the following inquality:
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1 (2(DrfD(2))
b(D;f(Q)(z)_(p_q)) <p
(z€U;p,j € N;g,n € No;be C\{0};0< 8<1;p>q). (1.9)

Now, following the earlier investigations by Goodman [11], Ruscheweyh [18],
and others including Altintas and Owa [1], Altintas et al. ([2] and [3]), Murugusun-
daramoorthy and Srivastava [14], Raina and Srivastava [17], Aouf [4] and Srivastava
and Orhan [20] ( see also [15], [16] and [21]), we define the (j, d)-neighborhood of a
function f(z) € T'(j,p) by ( see, for example, [3, p. 1668] )

Nis(f)=39:9€T(Gp)g(z) =2 = Y b2 and Y klay—by <6
k=j+p k=j+p
(1.10)
In particular, if
h(z) = 2" (p e N), (1.11)

then we immediately have

Njs(h)=<g:9€T(j.p),g(z) =2 — > bz® and > klbg| <dp. (1.12)
k=j+p k=j+p

Also, let L;(n,p, q,b, 3) denote the subclass of T'(j, p) consisting of functions f(z)
which satisfy the inequality:

1 [ (Dpf9()
3 <(p_q)zpql —0(p, Q)> <p
(z€U;p,j € N;g,n € No;be C\{0};0< 8 <1;p>q), (1.13)
where
_ 1 (¢=0),
bp.9) = p—q! { pp—1...(p—q+1) (¢#0). (114)

Remark 1. Throughout our present paper, we assume that 0(p,q) is defined by
(1.14).
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2. NEIGHBORHOODS FOR THE CLASSES R;(n,p,q,b,3) AND L;(n,p,q,b,3)

In our investigation of the inclusion relations involving Njs(h), we shall require
Lemmas 1 and 2 below.

Lemma 1. Let the function f(z) € T(j,p)be defined by (1.1). Then f(z) is in the
class Rj(n,p,q,b, ) if and only if

2 <z]j:;]>n (k + 86| = p)0(k, q)ar. < 56| 6(p, q) - (2.1)

k=j+p

Proof. Let a function f(z) of the form (1.1) belong to the class R;(n,p,q,b, ).
Then, in view of (1.8) and (1.9), we obtain the following inequality:

z n £(q) z !
RG{W_(Z’—Q)}>—W?I (2 €U), (2.2)

or, equivalently,

= > (522)" (k- p)o(k, gyagt
k=j+p (p q>

o) — 5 (22)" oGk, g)apF-r
k=j+p <p q)

Re

> B (zeU).  (2.3)

Setting z =r (0 < r < 1) in (2.3), we observe that the expression in the denominator
of the left-hand side of (2.3) is positive for r = 0 and also for all (0 < r < 1).
Thus, by letting » — 1~ through real values, (2.3) leads us to the desired assertion
(2.1) of Lemma 1.

Conversely, by applying the hypothesis (2.1) and letting |z| = 1, we find from
(1.9) that

' 3 kg ! k—1p)0 k, a zk_l’
A0 () G- 9o
0(p,q) k:%;rp (p_q) 0(k, q)axz*

= (E20) - potk g ﬁ|b|{e<p,q> 5 <’“‘q)ne<k,q>ak}

k=j+p p—q k=j+p p—q

COpg) - > <§:Z>n9(l€,qm_ b(p.q)— > (%)ne(k,q)ak

k=j+p k=j+p

=1l

Hence, by the maximum modulus theorem, we have f(z) € R;j(n,p,q,b, ), which
evidenlty completes the proof of Lemma 1.
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Similarly, we can prove the following lemma.

Lemma 2. Let the function f(z) € T(j,p)be defined by (1.1). Then f(z) € L;j(n,p,q,b, 3)
if and only if

& k— q n—+1
Z:<p_q> 0(k,q)ar < B|b]. (2.4)
k=j+p

Our first inclusion relation involving N; 5(h) is given in the following theorem.
Theorem 3. Let

(j +p)BblO(p,q)
(£250)" (G + B16)6G + b, )

0= (p > [0]), (2.5)

then
Rj(n,p,q,b,8) C Njs(h). (2.6)

Proof. Let f(z) € Rj(n,p,q,b,3). Then, in view of the assertion (2.1) of Lemma 1,

we have
Jt+pr—q
(p_q) (J+B16DoG +p.q) E ak

k=j+p
< 3 (B20) w0 - s dran < 5100000, (2.7
k=j+p
which readily yields
B1b[6(p, q)
ag . o . (2.8)
_Zj;p (EE) G+ BIDOG + P a)

Making use of (2.1) again, in conjunction with (2.8), we get

+r—q
(552) wsna 3 o

k=j+p

< 31100 0) + (0= 810 (222 o +pu) 'S a

k=j+p

Blol(p—B161)0(p. ) _ (G +p)B10|8(p,q)

< B0, a) + =257 GBI
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Hence

.- (J+p)Bb[ 0P, q)
kay < o =5 (p> b)) (29)
k; T (E0) G+ BIDOG +pea)

which, by means of the definition (1.12), establishes the inclusion relation (2.6)
asserted by Theorem 3.

In a similar manner, by applying the assertion (2.4) of Lemma 2 instead of the
assertion (2.1) of Lemma 1 to functions in the class L;(n,p,q,b, ), we can prove
the following inclusion relationship.

Theorem 4. If

o= Ul , (2.10)
<‘7pq> 0(j +p.q)
p—q
then
Lj(n,p,q,b,8) C Njs(h). (2.11)

3. NEIGHBORHOODS FOR THE CLASSES Rg-a)(n,p, q,b,3) AND Lg-a)(n,p,q,b, B)

In this section, we determine the neighborhood for each of the classes

R (n,p,0,b,8) and L (n,p,q,0, 5),

which we define as follows.
A function f(z) € T'(j,p) is said to be in the class R](.a) (n,p,q,b, ) if there exists
a function g(z) € Rj(n,p,q,b,3) such that

‘ f(z)
9(z)

—1‘<p—a (zeU; 0<a<p). (3.1)

Analogously, a function f(z) € T(j,p) is said to be in the class Lg-a) (n,p,q,b,5)
if there exists a function g(z) € L;(n,p,q,b, 5) such that the inequality (3.1) holds
true.

Theorem 5. If g(z) € Rj(n,p,q,b,B) and

6(%) G+ B16DOG + p.q)

a=p— . n
<j+p>{(‘7‘;f;q) <j+/3|b|>0<j+p,q>—mbw@,q)}
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then
Nj,é(g) C Rg'a)(n7pa(bb7 6)7 (33)

where

. n -1
5< 0l +) {1 - 810.0) | (ZEET) G+ 510000 + p.0) } 3
Proof. Suppose that f(z) € N;s(g). We find from (1.10) that

> klax—bil <9, (3.5)
k=j+p
which readily implies that
Z |ar, — by ST (p,j € N). (3.6)
k=j+p JTp

Next, since g(z) € Rj(n,p,q,b,3), we have [cf. equation (2.8)]

kg;fkg j+p_q€£kf;;WV+ ) &0
p—gq J J+Dpq
so that N
—-b
’f(z) _1’ < k:%:-Fp’ak k‘
9= 1T Sy,
k=j+p
5 (5220 G+ 51000 + p.a)
<0\ po e G
T (TR G oG + o) - 8101000.0) |

provided that « is given by (3.2). Thus, by the above definition, f(z) € R§a) (n,p,q,b,5)
for a given by (3.2). This evidently proves Theorem 5.

The proof of Theorem 6 below is similar to that of Theorem 5.
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Theorem 6. If g(z) € Lj(n,p,q,b,3) and

. n+1
+p— .
G Y
*=pP= 1 1 ) (3.9)
(J+p) { (w> 0(j +p,q) — B Ib\}
p—q
then
Njs(9) € L (n,p.q,b,8), (3.10)
where
j+p—q\"! !
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