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COEFFICIENT BOUNDS FOR NEW SUBCLASSES OF
BI-UNIVALENT FUNCTIONS USING HADAMARD PRODUCT
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ABSTRACT. The aim of the present paper is to introduce a new subclass of
bi-univalent functions defined in the open unit disc using Hadamard product. We
obtain estimates on the coefficients |as| and |as| for functions of this class. Some
results related to this work will also be pointed out.
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1. INTRODUCTION

Let A denote the class of the functions f of the form
f(z) = z+2anz” (1)
n=2

which are analytic in the open unit disc U = {z € C : |z| < 1} and satisfy the
normalization condition f(0) = f (0) = 0. Let S be the subclass of A consisting of
functions of the form (1) which are also univalent in U. For n € Ny, we introduce
the subclass Q(n, d, 8, A) of S of functions f of the form (1), satisfying the condition

Re { (1-N\)D¥ | f(z)+AD¥Ef(2) } >B,2¢eU, (2)

z

where sz, 5 is the differential operator given by Hadamard product between
Salagean and Ruscheweyh operators, such as

D,’i,(;f(z) =2+, C(6,n)nka,z"
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For k = ¢ = 0, it reduces to the class @ () studied by Ding et al. [3], (see also [4-7]).

Now by having
() =2z (2 € U),

and
FHf(w) = w, (lw] <ro, f(2) > )

where f~1(w) = w — agw? + (2a% — az)w?® — (5a3 — 5azas + as)w* + ..., we say that
a function f(z) € A is bi-univalent in U if both f(2) and f~!(z) are univalent in U.

Let ¥ denote the class of bi-univalent functions in U given by (1). For a brief
history and interesting examples in the class X, see [8]. In fact, Brannan and Taha
[9] (see also [11]) introduced certain subclasses of the bi-univalent functions similar
to the familiar subclasses S*(«) and K («) of starlike and convex functions of order
a(0 < a < 1), respectively (see [10]). Following the same manner of Brannan and
Taha [9] (see also [11]), a function f € A is in the class of strongly bi-Starlike
functions of order a(0 < av < 1) if each of the following conditions is satisfied: For
fex,

arg{z}c(g)} <%ha0<as<lzel),
and

g(w)

m«g{wg@f)} < a0<a<lwel),

where ¢ is the extension of f~!(z) to U. Similarly, a function f € A is in the class
Kx () of strongly bi-convex functions of order « if each of the following conditions
are satisfied: For f € X,

arg{l—i— Z}c,(g)} < a0<a<lzel),

and

arg{l—i— wgg/(g;)} <% a0<a<lwel),
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where g is the extension of to U. The classes S5 (a) and Kx(«) of bi-starlike func-
tions of order av and bi-convex functions of order «, corresponding (respectively) to
the classes of S*(«) and K («) were also introduced analogously. For each of the
classes S5 (o) and Ky (a), it was noted that the estimates obtained for the first two
coefficients |az| and |ag| are not sharp (for details, see [9,11]).

The object of the paper is to introduce two new subclasses of the function class
Y and to find estimates on the coefficients |ag| and |ag| using the same techniques
given earlier by Srivastava et al. [8], Frasin and Aouf [12], and Porwal and Darus
[2]. In order to prove our main results, we need the following lemma due to [15].

Lemma 1. If h € p then |ci| < 1, for each k, where p is the family of all functions
h analytic in U for which Re{h(z)} > 0, then

h(z) =14+crz+cz? +c32® +... ,z€U.

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS Qx(n,d, o, \)

Definition 1. A function f(z) given by (1) is said to be in the class Qx(n,d,a, \)
if the following conditions are satisfied: For f € X,

(1- )\)Df!éf(z) + ADf;lf(z)

arg . <%,a(0<0¢§1,)\21,z€U), (3)
and
1 —\)DF g(w)+ ADF1g(w
arg( D,19() s () <%7a(0<a§1,)\21,w6U), (4)
w

where the function g is given by
g(w) = w — agw? + (243 — az)w® — (543 — Sagas + ag)w + ... . (5)

We note that for & = 6 = 0,\ = 1, the class Qx(n,d, a, A) reduces to the class
H$ introduced and studied by Srivastava et al [8], for k = § = 0, the class reduces to
Qx(a, A) introduced and studied by Frasin and Aouf [12]. Also for 6 = 0, the class
Qx(n,d,a,\) reduces to @Qx(n, a, A) studied by Porwal and Darus [2]. We begin by
finding the estimates of the coefficients for functions in the class Qx(n,d, a, \).
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Theorem 2. Let the function f(z) given by (1) be in the class Qx(n,d,a, N),
ne€ Ny,0<B<1,A>1. Then

r{+1) 1
laa] < 4o | 5575 ' [\/4’“(1 +A)2 +af2.3F(1 + A) — 4F(1 + N)7] v
and
L5+ 1) 1 2a
las| < 12aF(6+ 3) [(1 —N)3F + A3F(1+ N + [(1—X)2k+ )\2k+1]2] (7)

Proof. From (3) and (4), we can write

(1— )\)Df,éf(z) + /\ijlf(z)

z

= [p(2)]%, (8)
and

(1- )\)Df’ég(w) + )\Df"glg(w)

w

= la(w)]%, 9)

respectively, where p(z) and g(w) are in p and have the form

p(2) =14 prz+pz? +p3z® + ..., (10)

and
q(w) =1+ prw + guw? + gzw® + ... . (11)

Now, equating the coefficients in (8) and (9), we obtain

[(1 = N)2F + X2 (6, 2)as = apy, (12)
(1= 03+ 23110 (5, 3jas = 5202 + alor — 1, (13
—[(1 = N)2% + XM C(6,2)as = aq, (14)
[(1 = A)3" + A3"H1(2[C(6,2)]%a3 — C(6,3)az) = %[20@2 +a(a—1)gil.  (15)

From (12) and (14), we obtain
PL=—q (16)

and

2[(1 = \)2" + A2MP[C0(6,2)]%a3 = o*(pf + 4f). (17)

Now from (13), (15) and (17), we obtain
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2[(1 — N)3F + A3FF1[C(6,2)]%a3 = a(p2 + q2) + 3[a(a — 1)(p} + ¢3)]

_ _ k k+1712 2a2
— a(ps+ ) + a(a2 1) 2[(1-)2 +)\2a2 2O62)1Pa3

Therefore we have

2 _ a?(p2+g2)
2 = RN 2 ta2.3F (1N —4F (1N 2ICT(6,2)]2 *

Applying Lemma 1 for the coefficients ps and ¢o, we immediately have

[(5+1)

\a2|§4a’F 1

(6+2)’ [\/4k(1+>\)2+a[2.3’“(1+>\)—4’9(1+)\)2] '

This gives the bound as asserted in (6).

Next, in order to find the bound on |as|, we subtract (13) from (15) and obtain
2[(1 — \)3F 4+ A3F+1(C(6,3)as — C[(6,2)]%ad)
=3(20(p2 — q2) + ala — 1)(pf — af)),

s — a(p2—q2) + o? (i +47)
3 T 2[[A=N)BFHAFTI(CS,3) T 2[(1—N)2F+A2FHI]Z(C6,3)°

—

N[ =

_ 6a(p2—g2)I'(6+1) + 6U(6+1)(a?) (3 +47)
a3 = S[A—N)3FTASFHIT(6+3) | 2[(1—N)2F+A2FHI2T(5+3) °

Applying Lemma 1 for the coefficients ps and ¢o, we immediately have

12aT(6+1) 24T'(6+1)a?

|as| < (T3 4 A3F T TT(373) T [ N2FFA2F 12T (373)”

i.e.

I'(6+1) 1 2
|as| < 120 (53 [(1_A)3k+A3k(1+A) + [(1_A)2kix2k+1}2]
This completes the proof of Theorem 2.
Putting A =1,k =6 = 0, in Theorem 2, we have

Corollary 3. Let f(z) given by (1) be in the class HE(0 < oo < 1). Then

laal < @/ 535

and

a(243a)
]a3| S —3 -
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3. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS Hx(n,d, 5, \)

Definition 2. A function f(z) given by (1) is said to be in the class Hy(n,d, 3, \)
if the following conditions are satisfied:

{ (1-— )\)DT’f sf(2) + )\Df‘glf(z)
Re : :

}>@zeaneNm0§B<LAzL (18)

z
and
1—A\)DF g(w) + ADF1g(w
Re{( ) n,s ( ) n,s ( ) >ﬁ,u)€U,7”L€N070§/8<17)‘21 (19)
w

where the function g is defined by (5).

We note that for K = 6 = 0, and A = 1, Hx(n,d, 3, \) the class reduced to the
classes Hyx(f) studied by Srivastava et al.[8], and for K = § = 0, the class reduced
to the classes Hx (B, A) studied by Frasin and Aouf [12].

Theorem 4. Let the function f(z) given by (1) be in the class Hx(n,d, 5, \),
ne€ Ny,0<B<1,A>1. Then

T+ 1) 21— B)
laz] < 2‘r(5+2)‘\/(1 — N3+ A (20)
and
12(1 — BT + 1) 2(1 - 8) 1
N () [[(1 TNZF AZIE T T A3F  agR 1)

Proof. Tt follows from (18) and (19) that there exists p,q € P such that

(1- )\)Df,éf(z) + )\foglf(z)

z

=6+ (1= B)p(2), (22)

and N .
(1-— )\)Dn’(sg(w) + )\Dn:g g(w)

w

=6+ (1 - B)q(w), (23)

where p(z) and ¢(w) have the forms (10) and (11), respectively. Equating coefficients
in (22) and (23) yields

[(1 = N)2F + X2 (6,2)az = (1 — B)ps, (24)
[(1=X)3* + A3*1C(6,3)az = (1 — B)pe, (25)
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—[(1 = XN)2F + XM (68, 2)as = (1 — B)qu, (26)

and
[(1— N)3F + A35F1)(2[C(6,2)]%a2 — C(6,3)as) = (1 — B)ga. (27)

From (24) and (26), we have

—P1=q1 (28)

and
2[(1 — A)2" + A2"20[(6,2)1%a3 = (1 - B)* (] + 4)- (29)

Also, from (25) and (27), we find that
2[(1 — A)3* + A3 T1C[(6,2)]%a3 = (1 — B)(p2 + 2), (30)

o (1= B)(p2 + a2
2= 3[(1 = N3+ A3FTIC[(5,2) 2

i.e.

T +1)
a2l <2\ 557 ‘\/ DY 3k+A3k+1 (82)

which is the bound on \agl as given in (20).
Next, in order to find the bound on |a3| by subtracting (27) from (25), we obtain

2C(6,3)[(1 — \)3% + A3+ 1az =
2[(1 — N)3% + A3FT1[C(6, 2)]%a3 + (1 — B)(p2 — ¢2)
or, equivalently

2[(1-N)3 435 1][C(6,2)]%a3 + (1-8)(p2—q2)
20(6,3)[(1—N\)3F +A3F+HT] 2C(6,3)[(1—\)3F+A3FF1]

a3z =
Upon substituting the value of a2 from (29), we obtain

31=8)°(pi+¢)lP(0+1) | 3(1—=pB)(p2— gl (0+1)

= . 33
s [(1 = N)2F 4+ X2K+1120(5 + 3)  [(1 — A\)3F 4+ A3FHLT (6 + 3) (33)
Applying Lemma 1 for the coefficients p1, ps, ¢1 and g we obtain
121 -6 +1) 2(1-p5) 1
< 4
las] < I'(6+3) [(1 = N)2k + \2k+1)2 + (1 — \)3F + \3k+1 (34)

which is the bound on |as| as asserted in (21).
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Putting A =1, k = 6 = 0, in Theorem 4, we have the following corollary.
Corollary 5. Let fz) given by (1) be in the class Hx(n,d,5,\),(0 < 8 < 1). Then

jar) < 202 (35)
and ) _—

Remark 1. If we put § = k =0, in Theorems 2 and 3, we obtain the corresponding
results due to Frasin and Aouf [12].

Remark 2. If we put § = 0, in Theorems 2 and 3, we obtain the corresponding
results due to Porwal and Darus [2].

Remark 3. If we put 6 = k = 0,\ = 1, in Theorems 2 and 3, we obtain the
corresponding results due to Srivastava et al [8].

Remark 4. Similarly, just as stated in [2], it would be nice to find estimates for
lan|,n >4 (not necessarily sharp) for the class of functions defined in this work.
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