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NEW CLASSES CONTAINING GENERALIZED SALAGEAN
OPERATOR AND RUSCHEWEYH DERIVATIVE

A. ALB Lupras, L. ANDREI

ABSTRACT. In this paper we introduce new classes containig the linear operator
RDY, A= A RD} f(2) = (1 — a)R"f(2) + aD} f(2), 2 € U, where R"f(2)
is the Ruscheweyh derivative, DY f(z) the generalized Salagean operator and A, =
{feHU): f(2) =2+ an12" +..., 2 € U} is the class of normalized analytic
functions with A; = A. Characterization and other properties of these classes are
studied.
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1. INTRODUCTION

Denote by U the unit disc of the complex plane, U = {z € C : |z] < 1} and H(U)
the space of holomorphic functions in U.
Let A, = {f € H(U): f(2) = 2+ app 12"+ ..., z€ U} with A; = A.

Definition 1. (Al Oboudi [8]) For f € A, X > 0 and n € N, the operator DY is
defined by DY : A — A,
Df(2) = f(2)
Dif(z) = (1=XN)f(2)+22f(z) = Drf (2), -
Dy f(z) = (1=X)D3f(2) +A2(D3f (2)) = Da(D5f (2)), =2€U.
Remark 1. If f € A and f(z) =2+ 372, ajz’, then
DYf(2) =2+ 350,01+ —1)N" a2, z€ U.

Remark 2. For A = 1 in the above definition we obtain the Salagean differential
operator [13].
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Definition 2. (Ruscheweyh [12]) For f € A, n € N, the operator R" is defined by
R": A— A,
Rf(z) = f(2)
R'f(z) = 2f'(2), -
(n+1)R"™Mf(2) = 2(R"f(2)) +nR"f(z), zeU.

Remark 3. If f € A, f(2) = 2+ 3 250,27, then R"f (2) = 2+ Y32, S,J“JJ 11, a;z’,
zeU.

Definition 3. /3] Let v,a > 0, n € N. Denote by RDY  the operator given by
RDY A= A,

RDY  f(z) = (1 = a)R" f(2) + aD} f(2), zeU.

Remark 4. If f € A, f(2) = 2+ Y325 a;27, then
RD} f(z) =2+ Y2, {a 1+ (G~ DA™+ (1 a) SH } a;2, 2 € U.
This operator was studied also in [4], [6], [7], [9], [10].

Remark 5. For v = 0, RDKOf(z) = R"f(z), where z € U and for v = 1,
RDY  f(2) = DX f (2), where z € U.
For A =1, we obtain RD? ,f (z) = Ly f (2) which was studied in [1], [2] and [5].

Definition 4. Let f € A. Then f (2) is in the class S, (1) if and only if
/
2 (RDL /()

Re - >up, 0<u<l, zel.
RDY f(z)

Definition 5. Let f € A. Then f(z) is in the class CY , (n) if and only if

[z (rDS, f(z))']/

(RD (=)

Re >p, 0<u<l, zel.

We study the charaterization and distortion theorems, and other properties of
these classes, following the paper of M. Darus and R. Ibrahim [11].
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2. GENERAL PROPERTIES OF RDY

In this section we study the characterization properties and distortion theorems for
the function f(z) € A to belong to the classes Sy, (1) and C} (1) by obtaining
the coefficient bounds.

Theorem 1. Let f € A. If

o0

G fali+ G- DA+ - a) LIS
=2

n'(j—l)' }‘aj‘gl_,ua 0<u<l, (1)

J
then f (z) € SY,, (1). The result (1) is sharp.

Proof. Suppose that (1) holds. Since

oo

, , n n+j—1)!
1—MZ]Z:;(J—M){OJ[1+(J—1))\] +(1—04)(n!(j]_1)3}aj\
ZM;{MHU—DA] ) B g

= . , n (n+j7—1)!
;y{a[lw—w sa-a 0

then this implies that

1+ 505 {all+ G = DA + (1 - a) B0 o
o'} . n n+7—1)!
1+ 55 {all+ (G = DA+ (1 - a) 5= o

So, we deduce that

> U

2 (RDQ’Q f(z))'

Re
RD;\L’af(z)

>u, 0<u<l, zel.

We have f (z) € S}, (1), which evidently completes the proof.
The assertion (1) is sharp and the extremal function is given by

S (1—p) :
f)=z+ T
g G-m{all+G-DA"+ (- a) SE
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Corollary 2. Let the hypotheses of Theorem 1 satisfy. Then
L—p
. . n n+j—1)1)"
(= m {all+ G- DA"+(1-a) SN

Theorem 3. Let f € A. If

|aj| <

V> 2.

(n+j—1)
n!(j —1)!

Zu— { LG - DA+ (1—a)

bod<t-m 0sp<n,

(2)
then f (z) € Cy,, (1). The result (2) is sharp.

Proof. Suppose that (2) holds. Since

1 > Z”— Hali+ =D+ -a

u}jy{ [1+(G-DA" U—a)%JX:S?}Mﬂ—
;32{06[1443—1)/\] +(1—04)n!(j_1)!}\%‘|
then this implies that
1+ 55,2 {all+ (- DA + (1 - 0) S50 o .
1+ 32, {alt+ G = DA™ + (1 - a) Gt oy

So, we deduce that

(n+7—1)! '
]

v

[Z(RDiwﬂzwa

" (RD3 . 1(2))

>u, 0<u<l, zeU.

We have f (z) € CY{, (1), which evidently completes the proof.
The assertion (2) is sharp and the extremal function is given by
o

(1—p) :
f(z)=z+ —2.
ng 3G — ) {04 I+ —DA"+(1-a) (:!U;l))!}
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Corollary 4. Let the hypotheses of Theorem 3 be satisfied. Then
1—p

laj| < : L V>
jG—m{all+G - D"+ (1 - a) GE=H
Also, we have the following inclusion results:
Theorem 5. Let 0 < puy < po < 1. Then S;ﬁa (1) 2 S;\”a (12) -
Proof. By Theorem 1.
Theorem 6. Let 0 < py < pig < 1. Then CY, (1) 2 CY, (p2) -
Proof. By Theorem 3.
We introduce the following distortion theorems.
Theorem 7. Let the function f € A and
io: { 1+ (j—1) A" —|—(1—a)(zl_i(_,j_11)}\aj\<1—u, 0<u<l
= My —1)!
Then for z € U and 0 < p < 1,
IRDY ()] 2 |2] = =2 of
and
|RDY o f(2)] < [¢l + 52 |22,
Proof. By using Theorem 1, one can verify that
oo ‘
(z—m;{a[1+<j—1>x]”+<1—a>W} o] <
o0 Y
S {0+ (- Sl <1

Jj=

Hence,

S {antG-nasa-a T e < g7

= n!(j —1)! I
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We obtain

’RDSL,af(Z)‘ = Z+Z{a[1+(j— DA™ + (1—Q)W}ajzj <

z|+Z{ 1+ G- DA+ (-0 EE g e <

(n+j—1)!
nl(j—1)!

The other assertion can be proved as follows

|RD o f(2)] = |2+ > {a[l FG-DN"+(1—a) M}ajzj >
7=2

z\+2{ I+G-DN"+(1-0)

1—
blosl o < a1+ 122 1P

n!(j—1)!
|z|—j22{a[1+<y—1w R L
= R <n+j—1>!} L=y
z| — a1+j—1)\+1—a_7az>z — |z|".
H;{[ (= DA + (1= o) S bl 4l = 12 = =
This completes the proof.
Theorem 8. Let the function f € A and
(n+j—1)

E:JW‘ { 1+ -DA"+(1-a) }Mﬂ<1 o 0<pu<l

n!(j—1)!
ThenforzeUandOS,u<1,
L—p 2
RDY f(2)| > |z] — ————|#
[RD}af ()] = 1l = 55— I
and

|21

1—
RDY < —_—
Proof. By using Theorem 3, one can verify that

o

2= Y {all+ G- 0"+ (1 -a) B o <
=2

(n+j—1)!

Z]]_ { —i—(]—l))\] —i—(l—a)w}‘aj‘gl_ﬂ-
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Hence,
i{ 1+ —1)N" +(1a)(n—|—]—l)}| | < < 1-n
2 ISV A e
We obtain

n > . n n+j—1)! »
’RD/\@f(z)‘: z+Z{a[1+(]—1))\] +(1—a)(n!(j‘7_1)!)}ajzﬂ <

z|+Z{ 1+ G- DA+ (-0 EE g e <

rzujzzjz{auw—nﬂ # 0= 0) S ol o < B+ 5

The other assertion can be proved as follows

‘ 2

|RD} f(2)] = |2+ > {a[l FG-DN"+(1-a) M}ajzi .
j=2

n!(j—1)!
St G DA+ (1 —ay @ HIZDI
4 Z{ 14 G- DA + (- 0) B g >
S ot DA+ (1 PHI =D e Top
g g{ 14 G = DA+ (1= 0) TR a4 2 el - 5t o

This completes the proof.
Also, we have the following distortion results.

Theorem 9. Let the hypotheses of Theorem 1 be satisfied. Then

_ L—p 2|2
A R C R Y G YL e ey
and L
1f (2)] < |2l + a E

C-—wa@+N"+(1—-a)(n+1)]
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Proof. In virtue of Theorem 1, we have

2-mla@+N)"+ 1 —a)(n+ 1] lal <
j=2
thus,
jz_;w = C-wWa@+N"+(1-a)(n+1)]
We obtain

o oo
j 2
[f =2+ a2 <zl + ) lagl|z* <
j=2 j=2

2] + Sl of?
- al+N)"+(1—-a)(n+1)]
The other assertion can be proved as follows:
= L—p 2
> 2| =) lajl |2 > |2] - :
R PR Y (YN e Ty I

This completes the proof.

In the same way we can get the following result.

Theorem 10. Let the hypotheses of Theorem 3 be satisfied. Then
(5 —n) {a M+ -DAN"+(1—a) %67:11))!!} >0 and 0 < pu < 1 poses

L —p
e T ey e Toy L

and -
2= [a@+N"+(1—-a)(n+1)]

Proof. In virtue of Theorem 3, we have

El

F N e+ 5

22— p)fa(1+N)"+ (1 —a)(n+1)]) ol <

j=2
Z;j(j_u){a[1+(j—1)/\]"+(l—a)m}\%‘51_”’
i
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thus,

o) | 1_Iu
We obtain

o0 o0
j 2
1F () = |2+ D a2 | <[zl + ) lajl |2 <
j=2 j=2

1—p ]z\2
22— [a@+N"+(1—-a)(n+1)] '

The other assertion can be proved as follows:

2+ 5

o e.)
JIf @) =24 a2 > 2] =D lagl 2> >
j=2 i=2

L—p
Y B P SRRV L Y )
This completes the proof.
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