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ON A CERTAIN SUBCLASS OF MEROMORPHIC FUNCTIONS
DEFINED BY HILBERT SPACE OPERATOR
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ABSTRACT. In this work, using Hilbert space operator we define a new subclass
of meromorphic functions and determine coefficient estimates, radii of starlikeness,
and convexity for the functions in this class.
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1. INTRODUCTION

Let X denote the class of functions
1 oo
f(z) = . + Zlanzn (1)
n=

which are analytic in the punctured unit disk
U ={ze€C:0< |z| <1} =TU\{0},

with a simple pole at the origin.
For functions f € ¥ given by (1) and g € ¥ defined by

1 o0
g(z) = =+ Y bpz", (2)
o n=1
the Hadamard product (or convolution) [2] of f and g is given by

(F29)() = 5+ D anbas™ = (95 ) (2).
n=1
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Lashin [4] defined the following integral operator Qg X=X

z y—1
Qs =Quf(2) = mzﬁil/o t5<1—i> fydt (B>0,v>1;2z¢cU%

where ' is the familiar Gamma function. Using the integral representation of the
Gamma and Beta functions, it can be shown that

QUf(z) = ’8” ZM””“) =LY L B )"
n=1

where D5+4) T+ B+1)
+ 7y n+p+
L(n,B,7) = :
r'p) I'h+B+~v+1)
Let H be a complex Hilbert space and L(H) denote the algebra of all bounded
linear operators on H. For a complex-valued function f analytic in a domain F of

the complex plain containing the spectrum o(7") of the bounded linear operator T,
let f(T') denote the operator on H defined by the Riesz-Dunford integral [1]

f(A) = i (21 — A)_lf(z)d,z

211 C

where [ is the identity operator on H and C' is a positively oriented simple closed
rectifiable closed contour containing the spectrum o(7") in the interior domain [3].
The operator f(7T') can also be defined by the following series:

< t(n)
T)ZZ_;)f n,(o)

which converges in the norm topology.
The class of all functions f € ¥ with a,, > 0, is denoted by X,,. Now we introduce
the following subclass of 3, associated with the integral operator Qg f(2).

Definition 1. For 0 < § <1 and 0 < a < 1, a function f € ¥, given by (1) is in
the class Mpy(c,6,T) if

HT THT)) —{(6—-1) LA(T) + 0T ( gf(T))’
< |P@ry + 0 - 200{(3 - DAT) + ST(@ 1T

for all operators T" with | T|| <1 and T # © (© is the zero operator on H).

In the present paper, we obtain coefficient estimates, radii of starlikeness, and
convexity for the functions in the class My(«,d,T).
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2. COEFFICIENT BOUNDS

Theorem 1. A function f € ¥, given by (1) is in the class My(«, 8, T) for all proper
contraction T with T # © if and only if

[e.9]

Z[n+a—a6(n+1)]L(n,6,'y)an <l-oa. (3)

n=1
The result is sharp for the function

1 1—« n
fE) =2+ [n+a—ad(n+ 1)L, B,7) (n=1). (4)

Proof. Assume that (3) holds. Then,

|T(@ (@) — {6 = )QYAT) + ST(@UF(T))
= | @)y + (1 = 2006 - HQLAT) + OT(@I(T))

= Z(” +1)(1 = 6)L(n, B,7)a,T"
n=1
—l20 = )T - i[n + (1 =22)(0 — 1+ 6n)|L(n, B, 7)anT"
n=1
< Do+ DA = 8)L(n, B y)an [T]" —2(1 - a) |77
n=1

+> [+ (1= 2a)(0 = 1+ 0n)|L(n, B,7)an ||T||"
n=1
= 22 [t ad(m+ DI 5 [T - 20 - o) |77
< 2("1 —a)—2(1—-a)=0, (by using (3))

and hence f € ¥, is in the class My(«,9,T).
Conversely, let f € My,(a,d,T'), that is,

| T(@r(@) = {6 = )QLIT) + ST(@US(T))
| (@A) + (1= 20){(8 = DQLF(T) + T(@F(T)Y
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From this inequality, it is obtained that

> (n+1)(1—=08)L(n, B,7)an T
n=1
< 1201 —«a) — i[n + (1 —202)(6 — 1+ 0n)]L(n, B, y)a, T .
n=1

By choosing T'=rI (0 < r < 1) in above inequality, we get
> (n+1)(1 = 9)L(n, B, 7)anr™*!

! <1.

21 —«a) — i [n+ (1 —2a)(0 —1+6n)]L(n, B,7)apr"t!

n=1
Asr — 17, (3) is obtained.

Corollary 2. If a function f € ¥, given by (1) is in the class My(«,0,T), then

11—«
On < [n+a—ad(n+1)|L(n, 53,7) (n21).

The result is sharp for the function f of the form (4).
Theorem 3. The class Mpy(«,6,T) is closed under convex combination.

Proof. Let the functions
1 o 1 (0.9]
— n _ n
f(z)—;—l— Elanz and g(z)—;—l— Elbnz
n= n=

be in the class My(«,d,T). Then, by Theorem 1, we have

Z[n+a—a(5(n+1)]L(n,B,7)an < 1l-a,
n=1
Z[n—ka—aé(n—l—l)]L(n,ﬁ,y)bn < l—oa.
n=1

For 0 < 7 <1, define the function h as

h(z) = 7f(2) + (1 = 7)g(2).
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Then, we get

h(z) = % +3 [ran + (1= 7)ba] 27
n=1

Now, we obtain

o0

> In+a—ad(n+1)]L(n, B,7) [ran + (1 — 7)by]
= 7Y _[nt+a—adn+ 1)L, B Y)an+ (1 -7) Y [n+a—adn+1)]L(n, 8,7)bn
n=1 n=1
< 1(l—a)+(1-7)(1—a)
= (1-a).

So, h € Mpy(«,6,T).

3. EXTREME POINTS

Theorem 4. Let

o) = -
and
Fuls) = - 4 1-a =12, (5)
" z n+a—ad(n+1)|L(n,s,7) o

Then f € My(c,0,T) if and only if it can be represented in the form

f(z):Z,U«nfn(Z) (anoa Zﬂn:1> .
n=0 n=0

Proof. Assume that f(z) =Y o0 o pnfn(2), (n >0, n=0,1,2,...5 3> jun =1).
Then, we have

f(z) = Zunfn(z)
n=0

= NOfO(Z) + Z Unfn(z)
n=1

l—i-i L-o 2"
oz nzlﬂn[n—l—a—aé(n+1)]L(n,B,7) '
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Therefore,

00 11—« =

;[n +a—adn+ DL B e s s = (1) ;un
= (1-—a)(1—po)
< (1-aq)

Hence, by Theorem 1, f € My(«,6,T).
Conversely, suppose that f € My(«,d,T). Since, by Corollary 2,

an < — (n=1)
"= n+a—ad(n+1)]Ln,B,7) -
setting
= [n+a—ad(n+ 1)]L(n,5a7)an (n>1)

1—a

and p10 =1— 377 pin, we obtain

f(z) = o fo(z) + Z fin S (2

This completes the proof of the theorem.

4. RADII OF STARLIKENESS AND CONVEXITY

We now find the radii of meromorphically close-to-convexity, starlikeness and con-
vexity for functions f in the class M,(«,d,T).

Theorem 5. Let f € My(«,6,T). Then f is meromorphically close-to-convex of
order (0 < p < 1) in the disk |z| < ri, where

r1 = inf [

n

(1—pn+o—adln+ 1)]L(n,5,7)] T
n(l—a)

(n>1).
The result is sharp for the extremal function f given by (5).

Proof. 1t is sufficient to show that
F(1)
T—2

1—p. (6)
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By Theorem 1, we have

Z [n+ a—ad(n+ 1)]L(n, B,7)

1l -«

a, < 1.

n=1

So the inequality

|

[e's)
Z nanTn-‘rl
n=1

o
< nan T <1
n=1

holds true if

|| T|" _ [+ a—ad(n+ 1IL(n, B,7)
1—p — 1-a )
Then, (6) holds true if

(1 —p)[n+a—ad(n+1)|L(n,B,7)
n(l—«)

)™+ < (n>1),

which yields the close-to-convexity of the family and completes the proof.

Theorem 6. Let f € My(a,5,T). Then f is meromorphically starlike of order
w (0 < p<1)in the disk |z| < re, where

[( 1—p >[nJroz—oAS(nJr1)]L(n,5,,y)]n+1

n+2—pu 11—«

ro = inf (n>1).

n
The result is sharp for the extremal function f given by (5).

Proof. By using the technique employed in the proof of Theorem 5, we can show

that

Tf(T)
f(T)

for |z| < ra, and prove that the assertion of the theorem is true.

+1

<1_:U‘7

Theorem 7. Let f € My(a,6,T). Then f is meromorphically convex of order
(0 <p<1)in the disk |z| < r3, where

1-— — 1)L ntl
vy = inf p\ In+oa—ad(n+1)]L(n,B,7) (n>1).
n n+2—p n(l—a)
The result is sharp for the extremal function f given by
1 1-—
fu(z) ==+ n(l-oa) 2" (n>1).

z n+a—ad(n+1)|L(n,s,7)

7
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Proof. By using the technique employed in the proof of Theorem 5, we can show

that

Tf(T)
f(T)

for |z| < r3, and prove that the assertion of the theorem is true.

+2||<1—p,

5. HADAMARD PrRODUCT
Theorem 8. For functions f,g € ¥, defined by (1) and (2), respectively, let f,g €
My(a,6,T). Then the Hadamard product f x g € M,(p,d,T'), where
n+a—ad(n+1))* Lin, 8,7) — n(l — a)?
[+ a—ad(n+1)]> L(n, B,7) + (1 — a)2[1 — §(n + 1)]

p=

Proof. From Theorem 1, we have

[n+a—ad(n+1)]L(n, B,fy)a
11—«

WE

IN
—_
—
BN |
~—

n

3
Il
_

n+a—ad(n+ 1)]L(n,ﬁ,7)b
l—« "

M8

3
Il
i

We need to find the largest p such that

[n+p—pd(n+1)]L(n,B,7)

1=, anpb, < 1.

Mg

n=1

From (7) and (8) we find, by means of the Cauchy-Schwarz inequality, that

2 [n+a—ad(n+1)]Ln, B,7)
< 1.
g s Vagb, <1 (9)

Thus it is enough to show that

[n+p—pd(n+1)|L(n, B,7) by < [n+a—ad(n+1)|L(n,B,7)

b
1—p - 1—a n O

that is,

Jarbn < (1—p)[n+a—a5(n+1)'

(I—a)[n+p—po(n+1)]
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On the other hand, from (9) we have

Vanbn < oo (11)

[n+a—ad(n+1)]L(n,B,7)

Therefore in view of (10) and (11) it is enough to show that

e <(1—p)[n+a—a5(n+1)]
[n+a—ad(n+1)]Ln,B,y) ~— (1—a)[n+p—pdn+1)]

which simplifies to

n+a—ad(n+1))*Ln, 8,7) —n(l — a)?
m4+a—ad(n+1DPLn,B8,7)+ (1 —a)2[l-6n+1)]

p<
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