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ON ROTATIONAL SURFACES IN PSEUDO-EUCLIDEAN SPACE
E?> WITH POINTWISE 1-TYPE GAUSS MAP
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ABSTRACT. In this work, we study some classes of rotational surfaces in the
pseudo-Euclidean space E} with profile curves lying in 2-dimensional planes. First,
we determine all such surfaces in the Minkowski 4-space Ef‘ with pointwise 1-type
Gauss map of the first kind and second kind. Then, we obtain rotational surfaces
in B3 with zero mean curvature vector and having pointwise 1-type Gauss map of
second kind.
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1. INTRODUCTION

In late 1970, B.-Y. Chen introduced the concept of finite type submanifolds of Eu-
clidean space, [3]. Since then many works have been done to characterize or classify
submanifolds of Euclidean space or pseudo—Euclidean space in terms of finite type.
Then the notion of finite type was extended to differentiable maps, in particular
Gauss map of submanifolds by B.-Y. Chen and P. Piccinni, [4]. A smooth map ¢
on a submanifold M of a Euclidean space or a pseudo Euclidean space is said to be
finite type if ¢ has a finite spectral resolution, that is, ¢ = ¢¢ + Zle ¢¢, where ¢g
is a constant vector and ¢;’s are non—constant maps such that A¢; = Mgy, At €
R, t=1,2,-- k.

If a submanifold M of a Euclidean space or a pseudo—Euclidean space has 1-type
Gauss map v, then v satisfies Av = A(v + C) for some A € R and for some constant
vector C. Also, it has been seen that the equation

Av = f(v+C) (1)

is satisfied for some smooth function f on M and some constant vector C' by the
Gauss map of some submanifolds such as helicoid, catenoid, right cones in E? and
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Enneper’s hypersurfaces in E ™ [7, 11]. A submanifold of a Euclidean or a pseudo—
Euclidean space is said to have pointwise 1-type Gauss map if it satisfies (1). A
submanifold with pointwise 1-type Gauss map is said to be of the first kind if C' is
the zero vector. Otherwise, it is said to be of the second kind.

Remark 1. For an n—dimensional plane M in a pseudo—Euclidean space, the Gauss
map v is constant and Av = 0. For f = 0 if we write Av = 0.v, then M has
pointwise 1-type Gauss map of the first kind. If we choose C = —v for any nonzero
smooth function f, then (1) holds. In this case, M has pointwise 1-type Gauss map
of the second kind. Therefore, we say that an n—dimensional plane M in a pseudo—
Euclidean space is a trivial pseudo—Riemannian submanifold with pointwise 1-type
Gauss map of the first kind and the second kind.

The classification of ruled surfaces and rational surfaces in E$ with pointwise 1-
type Gauss map were studied in [5, 10]. Also, in [7] and [13], a characterization of ro-
tational hypersurface and a complete classification of cylindrical and non—cylindrical
surfaces in ET* were obtained, respectively.

The complete classification of Vranceanu rotational surfaces in the pseudo-—
Euclidean IE‘Ql with pointwise 1-type Gauss map was obtained in [12], and it was
proved that a flat rotational surface in E5 with pointwise 1-type Gauss map is ei-
ther the product of two plane hyperbolas or the product of a plane circle and a plane
hyperbola.

Recently, a classification of flat spacelike and timelike rotational surfaces in E}
with pointwise 1-type Gauss map were given in [1, 8]. Also, in [6] Lorentzian surfaces
in 4-dimensional Minkowski space E{ with pointwise 1-type Gauss map were studied
and some classification theorems were obtained.

In this article, we present some results on rotational surfaces in the pseudo—
Euclidean space E} with profile curves lying in 2-dimensional planes and having
pointwise 1-type Gauss map. First, we give classification of all such surfaces in the
Minkowski space E‘ll defined by (10), called double rotational surface, with pointwise
1-type Gauss map of the first kind. Then, we show that there exists no a non—planar
timelike double rotational surface in E{ with flat normal bundle and pointwise 1-
type Gauss map of the second kind. Finally, we determine the rotational surfaces in
the pseudo-Euclidean E3 defined by (22) and (23) with zero mean curvature vector
and pointwise 1-type Gauss map of the second kind.
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2. PRELIMINARIES

Let EI* denote m—dimensional pseudo-Euclidean space with the canonical metric

given by
m—t m
j= St > an
i=1 j=m—t+1
where (z1,x9,...,%,) is a rectangular coordinate system in Ej".
We put
Szn_l(xg,rQ) = {x e E" | (x — zg,z — x0) :7’72}, (2)
H;’i_ll(xo, —7’2) = {$ e E" | (x — zp,x — x0) = —7‘72} , (3)

where (,) is the indefinite inner product associated to g. Then S:”_l(:vo,rQ) and
Hzn__ll(mo, —7?) are complete pseudo-Riemannian manifolds of constant curvature r2
and —7r2, respectively. We denote S7"~!(zq, r2) and H™ ! (2, —12) by S~ ! (r?) and
H™ 7 (—r?) when z is the origin. In particular, E*, ST~ *(xg, r?) and H* ! (g, —12)
are known as the Minkowski, de Sitter, and anti—de Sitter spaces, respectively.

A vector v € E}" is called spacelike (resp., timelike) if (v,v) > 0 or v = 0 (resp.,
(v,v) < 0). A vector v is called lightlike if (v,v) =0, and v # 0.

Let M be an oriented n—dimensional pseudo—Riemannian submanifold in an m—
dimensional pseudo-Euclidean space Ej*. We choose an oriented local orthonormal
frame {e1,..., e;} on M with eq = (e4,e4) = 1 such that ey, ..., e, are tangent
to M and en41,...,€n, are normal to M. We use the following convention on the
range of indices: 1 <i,5,k,...<n, n+1<rst,...<m.

Let V be the Levi-Civita connection of E{* and V the induced connection on
M. Denote by {w!,...,w™} the dual frame and by {wap}, A,B = 1,...,m, the
connection forms associated to {ej,...,en}. Then we have

n m
r
Vekei: E 5jwij(ek)ej+ E Erhiker;
J=1

r=n-+1
~ m m
Veker = - Ar(ek) + Z Eswrs(ek)esa Deker = Z Eswrs(ek)e&
s=n+1 s=n-+1

where D is the normal connection, h’i"j the coefficients of the second fundamental
form h, and A, the Weingarten map in the direction e,.

The mean curvature vector H and the squared length ||h]|? of the second funda-
mental form h are defined, respectively, by

1
H = E ZEi«Erh;ier (4)

1,7
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and
11117 =Y eiejerhishiy. (5)
Z‘?j?T
A submanifold M is said to have parallel mean curvature vector H if DH = 0

identically.
n
The gradient of a smooth function f on M is defined by Vf = > e;e;(f)e;, and
i=1
n
the Laplace operator acting on M is A = > £;(V¢,e; — eie;).

i=1
The Codazzi equation of M in E* is given by

T _ T

ik = k.o

Tri = €i(Bi) = er (hpwjelen) + hjjwre(ed)) + Y eahfjwar(es).
/=1 s=n-+1

Also, from the Ricci equation of M in Ej*, we have
n
RD(€j>€k%€m€s) = ([Ar, As](ej), ex) = 251‘ (hgk i — hij fk) ’ (7)
i=1

where RP is the normal curvature tensor.

A submanifold M in E}* is said to have flat normal bundle if R” vanishes iden-
tically.

Let G(m—n,m) be the Grassmannian manifold consisting of all oriented (m—n)—
planes through the origin of an m-dimensional pseudo-Euclidean space E}* with
index ¢ and A" " E™ the vector space obtained by the exterior product of m — n
vectors in E*. Let fi, A---A fi_, and g A---Agi,, , be two vectors in A" " E™,
where {f1, fo,..., fm} and {g1, 92, ..., gm} are two orthonormal bases of E}". Define
an indefinite inner product ((,)) on A" " E by

((fis Ao A i 9in Ao N Gi_n)) = det((fiy, 95,.))- (8)

Therefore, for some positive integer s, we may identify A" " EI" with some pseudo—

Euclidean space EY, where N = (,™ ). The map v : M — G(m—n,m) C EY from

m—-n
an oriented pseudo—Riemannian submanifold M into G(m — n,m) defined by

v(p) = (ent1 Aenta Av - Aem)(p) (9)

is called the Gauss map of M which assigns to a point p in M the oriented (m —n)-
plane through the origin of E}* and parallel to the normal space of M at p, [12].
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We put € = ((v, 1)) = ept16nt2- - em = £1 and

sN=1(1) in EV if e=1
MN 1 s
() = {H{jf( 1) in EY if e=—1.

Then the Gauss image v(M) can be viewed as v(M) C Mév_l(e).

2.1. Rotational surfaces in E{ with profile curves lying in 2—planes

We consider timelike rotational surfaces in the Minkowski space I[E‘l1 whose profile
curves lie in timelike 2-planes. By choosing a profile curve 7(s) = (x(s),0,0,w(s))
in the zw—plane defined on an open interval I in R. We can parametrize a timelike
rotational surface in Ef as follows

M :r(s,t) = (x(s)cosat, x(s)sinat, w(s)sinh bt, w(s) cosh bt), (10)

where s is the arc lenght parameter of 7, s € I and ¢t € (0,27). The rotational
surface M is called a double rotational surface in E4. Then, z/*(s) — w'?(s) = —1
and the curvature k of 7 is given by x(s) = w'(s)x”(s) — 2/(s)w”(s).

We form the following orthonormal moving frame field {e;, es, e3,e4} on M such
that e, es are tangent to M, and es, e4 are normal to M:

0 10

_ 9 _19 11
“ 9s’ qot’ (11)
e3s = (w/(s)cosat,w'(s)sinat,z’(s)sinh bt, 2’ (s) cosh bt), (12)
1
es = —(bw(s)sinat, —bw(s)cosat,ax(s)coshbt,ax(s)sinhbt), (13)
q
where ¢ = \/a2w2 )+ b*w?(s) and g1 = —1, eg =3 = ¢4 = 1.

By a direct computation, we have the components of the second fundamental
form and the connection forms as follows

2w(s)z' (s
iy = (s). i, = -

_ ab(z(s)w'(s) — w(s)a'(s))

a23:2( )+ 02w?(s)
2w(s)w' (s

_ ab(fc(s) "(5) —w(s )w( )
B a?z?(s) + bPw?(s) (17)

47



B.Bektag, E.O.Canfes, U.Dursun — Rotational surfaces with 1-type Gauss map

Hence we obtain the mean curvature vector and the normal curvature of M from
(4) and (7), respectively, as

H o= 0~ e, (18)
RP(e1,en;e3,ea) = hig(hiy + hiy). (19)
On the other hand, from the Codazzi equation (6) we have
er(h3y) = —wiae2) (hiy + h3y) — hiywsa(ea), (20)
e1(hiy) = —2hjpwiz(es) + hirwsa(ez). (21)

2.2. Rotational surfaces in E} with profile curves lying in 2—planes

In the pseudo—FEuclidean space IE%, we consider two rotational surfaces whose profile
curves lie in 2—planes.

First, we choose a profile curve « in the yw-plane as a(s) = (0,y(s),0,w(s))
defined on an open interval I C R. Then the parametrization of the rotational
surface M (b) in Ej is given by

My (D) : ri(s,t) = (w(s) sinht,y(s) cosh(bt), y(s) sinh(bt), w(s) cosht), (22)

for some constant b > 0, where s € [ and t € R.

Secondly, we choose a profile curve j in the zz—plane as 5(s) = (z(s),0, z(s),0)
defined on an open interval I C R. Then the parametrization of the rotational
surface Mz (b) in Ej is given by

Ms(b) : ra(s,t) = (z(s) cost, x(s) sint, z(s) cos(bt), z(s) sin(bt)), (23)

for some constant b > 0, where s € I and ¢ € (0, 27).

Now, for the rotational surface M;(b) defined by (22), we consider the following
orthonormal moving frame field {e;, ea, €3, e4} on M (b) such that ej, es are tangent
to M1(b), and e3, e4 are normal to Mi(b):

10 10
€1 = 6&, 6222%, (24)
es = %(y'(s) sinh ¢, w'(s) cosh(bt), w’(s) sinh(bt), y'(s) cosh ), (25)
er = —°° (by(s) cosht,w(s) sinh(bt), w(s) cosh(bt), by(s) sinht),  (26)
q

where A = \/s(y’Q(s) —w?(s)) # 0, ¢ = /e (w2(s) —b2y2(s)) # 0, and
e = sgn(y?(s) —w'?(s)), e = sgn(w(s) — b2y%(s)). Then, 1 = —e4 = &* and
€9 = —E&€3 = ¢&.
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By a direct calculation, we have the components of the second fundamental form
and the connection forms as follows

= o (P’ (s) w0 (). b = /(9 (9) = ¥/ (s)u" (5),
(27)

4 :i*b / o / 3 _pd 4
his A (w(s)y'(s) —y(s)w'(s)), hiy=hi; =hy =0, (28)
nafe1) = 553 FY (5) ~ W (5). wialer) =0, (20)
WMMZZZW@M$ﬂMW@%wMM=0 (30)

Similarly, for the rotational surface Ms(b) defined by (23), we consider the fol-
lowing orthonormal moving frame field {ej, e, e3,e4} on Ma(b) such that ej, es are
tangent to Ms(b), and es, 4 are normal to Ma(b):

R (1)
es = %(z’(s) cost, 2 (s)sint, z'(s) cos(bt), 2’ (s) sin(bt)), (32)
ey = —g(bz(s) sint, —bz(s) cost, z(s) sin(bt), —x(s) cos(bt)), (33)

where A = \/5(:E’2(s) —22%(s)) # 0, @ = +/er(z2(s) —b222(s)) # O,
e = sgn(z’?(s) — 2%(s)), and e* = sgn(z2(s) — b222(s)). Then, e, = —g4 = &*
and g9 = —e3 = €.

By a direct computation, we have the components of the second fundamental
form and the connection forms as follows

;1 1

B = 4o (P0)2/(5) — 2(9)2(5). By = 45 (9a"(9) ~ (902" (5), (30
iy = S (9 (9) = a(9)2(s)), o =y =y =0, (35)
naler) = 5 (P(5)2/(5) = a(9)2'(5). - wnalea) =0, (36)
suler) = S5 ((6) ~ 2(s)' (5], waler) 0. (37

Therefore, we have the mean curvature vector and normal curvature for the
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rotational surfaces M (b) and Mz (b) as follows

H = —%(se*h:fl + hiy)es, (38)
RP(e1,e0:e3,e4) = hiy(ehdy —e*hd)). (39)
On the other hand, by using the Codazzi equation (6) we obtain
ea(hf) = e"hiswsa(er) +wiz(er)(e°hiy — ehdy), (40)
ea(hip) = —ehipwsa(er) + 2% hiswia(er). (41)

The rotational surfaces M;(b) and Ma(b) defined by (22) and (23) for b = 1,
x(s) =y(s) = f(s)sinh s and z(s) = w(s) = f(s) cosh s are also known as Vranceanu
rotational surface, where f(s) is a smooth function, [9].

3. ROTATIONAL SURFACES IN E} WITH POINTWISE 1-TYPE GAUSS MAP

In this section, we study rotational surfaces in the Minkowski space E} defined by
(10) with pointwise 1-type Gauss map.

By a direct calculation, the Laplacian of the Gauss map v for an n—dimensional
submanifold M in a pseudo—Euclidean space E?H is obtained as follows:

Lemma 1. Let M be an n—dimensional submanifold of a pseudo—FEuclidean space
E?+2. Then, the Laplacian of the Gauss map v = epq1 A enta 1S given by

Av :|]h\|2y +2 Z EjekRD(ej, €k’ ent1,€nt2)€j N ek
<k
+ V(trAn+1) A ept2 + eny1 A V(trd, 12) (42)

+n Z €jW(n+1)(n+2) (ej)H Nej,
j=1

where ||h||? is the squared length of the second fundamental form, RP the normal
curvature tensor, and V(trA,) the gradient of trA,.

Let M be a surface in the pseudo-Euclidean space Ef. We choose a local or-
thonormal frame field {ej, e2,e3,e4} on M such that e, es are tangent to M, and
e3,eq are normal to M. Let C be a vector field in A2Ef = ES. Since the set
{ea Neg|l < A < B < 4} is an orthonormal basis for E¢, the vector C' can be
expressed as

C = Z eaepCapea Nep, (43)
1<A<B<4
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where Cyp = (C,es N ep).

Lemma 2. A vector C in A’E} = ES written by (43) is constant if and only if the
following equations are satisfied for i = 1,2

ei (C12) =e3hihCiz + e4hiyCha — esh Oaz — eahiy Cou, (44)
(C13) = — e2hihCha + e4wsa(e;)Cra + eawia(e;)Caz — e4h Csa, (45)
(Ch4) = — e2hihCha — e3wsa(e;)Crs + eawia(e;)Caq + e3hi Csa, (46)

ei (Cag) =e1h}) C1a — e1wi2(€i)Ci3 + 4wsa(e;)Caa — £4hj5Ca, (47)

ei (Cas) =e1h} C1a — e1wi2(e;)Cra — 3wsa(e;)Cas + e3hHCsa, (48)
(Cs4) (49)

4 3 4 3
ei (C34) =e1hj1C13 — €1hjCra + e2h5Caz — e2hj5Coy.

Using (42) the following results can be stated for the characterization of timelike
surfaces in E} with pointwise 1-type Gauss map of the first kind.

Theorem 3. Let M be an oriented timelike surface with zero mean curvature in Ef.
Then M has pointwise 1-type Gauss map of the first kind if and only if M has flat
normal bundle. Hence, the Gauss map v satisfies (1) for f = ||h||*> and C = 0.

Theorem 4. Let M be an oriented timelike surface with non—zero mean curvature
in Bf. Then M has pointwise 1-type Gauss map of the first kind if and only if M
has parallel mean curvature vector.

We will classify timelike rotational surface in E} defined by (10) with pointwise
1-type Gauss map of the first kind by using the above theorems.

Theorem 5. Let M be a timelike rotational surface in B} defined by (10). Then M
has zero mean curvature vector, and its normal bundle is flat if and only if M is an
open part of a timelike plane in E‘ll.

Proof. Let M be a timelike rotational surface in E{ given by (10). Then, there exists
a frame field {e1, ez, e3,e4} defined on M given by (11)—(13), and the components
of the second fundamental form are given by (14) and (15). Since M has zero mean
curvature, and its normal bundle is flat, then (18) and (19) imply, respectively,

h%Z_"i = 0, (50)
hiy(k+h3y) = 0 (51)

as h3; = k, where & is the curvature of the profile curve of M. By using (50) and
(51) we obtain h{yx = 0 which implies either x = 0 or hj, = 0.
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Case 1. k = 0. Then, the profile curve of M is a line. We can parametrize the line
as

2(s) = wos + @1, w(s) = wos + wy (52)

for some constants xg, x1, wy, w; € R with a:% — w% = —1. From (50), we also have

h3, = 0. By using the second equation in (14) and (52) we obtain

(a? + b*)xwos + a’z1wy + b*zowy

h%? == =0
a?(zos + x1)% + b2 (wps + wy)?
which gives
(a® + b*)zowo = 0, (53)
a’ziwy + brwizg = 0. (54)
From (53) if wy = 0, then 55(2) = —1 which is inconsistent equation. Hence, wg # 0

and xg = 0, and thus wg = £1. Also, from (54) we get 1 = 0. Thus, x = 0 which
implies that M is an open part of the timelike zw—plane.

Case 2. hi, = 0. From the first equation in (15) we have the differential equation
zw’' —wzx’ = 0 that gives © = cow where ¢q is a constant. Therefore, the profile curve
of M is an open part of a line passing through the origin. Since the curvature s is
zero, we have h$; = 0, and thus h3, = 0 because of (50). From the second equation
in (14) we get co(a? + b?)ww’ = 0 which implies that ¢ = 0, i.e., = 0. Therefore
M is an open part of the timelike zw—plane.

In view of Remark 1, the converse of the proof is trivial.

By Theorem 3 and Theorem 5, we state

Corollary 6. There exists no non—planar timelike surface with zero mean curvature
in B} defined by (10) with pointwise 1-type Gauss map of the first kind.

Now, we focus on timelike rotational surfaces in E} with parallel non-zero mean
curvature vector to obtain surfaces in E} defined by (10) with pointwise 1-type
Gauss map of the first kind.

Theorem 7. A timelike rotational surface in E] defined by (10) has parallel non—
zero mean curvature if and only if it is an open part of the timelike surface defined

by

s s s
r(s,t) = (ro cosh(—) cosat, rgcosh(—)sinat, rosinh(—) sinh bt,
o 0 o
s (55)
ro sinh(—) cosh bt)
To

which has zero mean curvature in the de Sitter space S3 (%2) C Ef.
0
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Proof. Let M be a timelike rotational surface in Ef defined by (10). Then, we
have an orthonormal moving frame {ej, e, e3,e4} on M in E} given by (11)—(13),
and the components of the second fundamental form are given by (14) and (15).
Suppose that the mean curvature vector H is parallel, i.e., D, H = 0 for ¢ = 1, 2.
By considering (17) and (18) we have

ab(lly — i) (! — )
2(a?2? + b*w?)

D, H = eq = 0.

Since M has nonzero mean curvature, this equation reduces xzz’ — ww’ = 0 that
implies 22 — w? = pg, where p is a real number. Since v is a timelike curve with
parametrized by arc length parameter s, we can choose pig = rg and the components
of v as

x(s) =ro coshi, w(s) =ro sinh .
40 To

Therefore, M is an open part of the timelike surface given by (55) which is minimal
in the de Sitter space S} (%) c Ef.

The converse of the proof follows from a direct calculation.
Considering Theorem 4 and Theorem 7 we state the following:

Corollary 8. A timelike rotational surface M with non—zero mean curvature in Ei‘
defined by (10) has pointwise 1-type Gauss map of the first kind if and only if it is
an open part of the surface given by (55).

By combining (5) and (7) we obtain the following classification theorem:

Theorem 9. Let M be a timelike rotational surface in B} defined by (10). Then M
has pointwise 1-type Gauss map of the first kind if and only if M is an open part of
a timelike plane or the surface given by (55). Moreover, the Gauss map v = ez A ey
of the surface (55) satisfies (1) for C =0 and the function

7= e =2 (1- s |
2 (a? cosh2(%) + b2 sinhQ(%))2

Note that there is no non-planar timelike rotational surface in Ei defined by
(10) with global 1-type Gauss map of the first kind.

Now, we investigate timelike rotational surfaces in E{ defined by (10) with point-
wise 1-type Gauss map of the second kind.

Theorem 10. A timelike rotational surface M in B} defined by (10) with flat normal
bundle has pointwise 1-type Gauss map of the second kind if and only if M is an
open part of a timelike plane in E7.
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Proof. Let M be a timelike rotational surface with flat normal bundle in E{ defined
by (10). Thus, we have RP(eq, ea;e3,e4) = hiy(h3; + h3y) = 0 which implies that
hi, =0 or h3; = —h3, # 0.

Case 1. hiy = 0. Now considering the second equation in (15) the general solution
of zw’ — wa’ = 0 is x = cow, where ¢y is constant. Hence, M is a timelike regular
cone in the Minkowski space IE%. For ¢y = 0, it can be easily seen that M is an open
part of the timelike zw—-plane. We suppose that ¢y # 0. If we parametrize the line

x = cow with respect to arc length parameter s, we then have w(s) = + \/11—284-71}0
—2

and x(s) = :I:\/f(iic%s + cowp, wo,co € R with ¢2 < 1. Thus, from (14)—(17) we
obtain that

co(a® + b%)
h:fl = O’ hg2 = :F 2 2.9 2 ?
V1 —=cila?cg + b*)w
h3, =0, hi; =0, i,j=1,2,
1 (56)

wiz(er) =0, wiz(er) = t——=—,
\/1— c%w
aby/1 — cg

:0 = .
waa(er) =0, wsa(e2) ¥(a203+b2)w

Therefore, using equations (20) and (42) the Laplacian of the Gauss map v = e Aey
is given by

Av = HhHZI/ + h%2w12(€2)61 Neyq — h%Q(,d34(62)62 N es. (57)

Assume that M has pointwise 1-type Gauss map of the second kind. Then, there
exists a smooth function f and non-—zero constant vector C' such that (1) is satisfied.
Therefore, from (1) and (57) we get
F(1+ Caa) =||h|* = (h35)?,
fCa = = h3pwia(ea),
fCas = — hiywsa(ea),
Ci2 =C13 = C24 = 0.

It follows from (56), (59) and (60) that C14 # 0 and Ca3 # 0.
Now, from (59) and (60) we have

w34(e2)Cha — wiz(e2)Caz = 0. (62)
On the other hand, for i = 2 equation (45) implies
w34(e2)Cha + wiz(e2)Caz = 0. (63)
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Thus, considering (56) the solution of equations (62) and (63) gives C1q4 = Ca3 =0
which is a contradiction. That is, ¢g = 0, and thus x = 0. Therefore M is an open
part of a timelike zw—plane.

Case 2. h3y, = —h3, # 0, that is, M is a pseudo—umbilical timelike surface in Ef.
Now we will show that M has no pointwise 1-type Gauss map of the second kind.
Note that for this case hi, # 0. If it were zero, then M would be a cone obtained
in Case 1 which is not pseudo—umbilical. Similarly, considering (42) and using the
Codazzi equation (20) we obtain the Laplacian of the Gauss map v as

Av :Hh|’2V + 2hil2w34(62)61 N ey + 2h?1w34(62)62 N es. (64)

Suppose that M has pointwise 1-type Gauss map of the second kind. Thus, (1)
is satisfied for some function f # 0 and nonzero constant vector C. From (1), (43)
and (64) we have

F(L+ Cay) =[], (
fCra = — 2hywss(e), (
fCQg :2h:{’1(.d34(€2), (67
Cr2 =C13 = Cyq = 0. (
(

From (66) and (67) it is seen that C14 # 0 and C3 # 0. Equations (66) and
imply that

h3,Chq + hiyCa3 = 0. (69)
From (44) for i = 1, we also obtain that
hi,C14 — h3,Co3 = 0. (70)

Hence, equations (69) and (70) give that hi, = h$; = 0, (h3, = 0), that is, M is an
open part of the timelike zw—plane.
From Remark 1, the converse of the proof is trivial.

Corollary 11. There exists no a non—planar timelike rotational surface in Ef de-
fined by (10) with flat normal bundle and pointwise 1-type Gauss map of the second
kind.

Using Proposition 3.2 in [6], we get the following:

Corollary 12. A timelike rotational surface with zero mean curvature and non—
flat normal bundle in B} defined by (10) has no pointwise 1-type Gauss map of the
second kind.
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4. ROTATIONAL SURFACES IN E WITH POINTWISE 1-TYPE GAUSS MAP

In this section, we determine the rotational surfaces in the pseudo—Euclidean space
[E3 defined by (22) and (23) with pointwise 1-type Gauss map.

Theorem 13. Let M;(b) be a non—planar reqular rotational surface with zero mean
curvature in B3 defined by (22). Then,

i. for some constants Ao # 0 and o, the reqular surface My (1) with the profile
curve o whose components satisfy

(w(s) +y(s)” + Xo(w(s) = y(s))* = po (71)
has pointwise 1-type Gauss map of the second kind.

ii. for b # 1, the timelike surface Mi(b) has pointwise 1-type Gauss map of the
second kind if and only if the profile curve a is given by y(s) = bo(w(s))™? for
some constant by # 0.

Proof. Assume that M (b) is a non—planar regular rotational surface with zero mean
curvature in E3 defined by (22). From equation (42), the Laplacian of the Gauss
map of the rotational surface M (b) is given by

Av =||h||*v + 2hiy(e*h3y — ehd))er A ey
+ w34(61)(5h‘?1 + 5*h%2)61 Aes + (5e*eg(h:{’1) + 62(h§2))62 Aeq. (72)

Since the mean curvature of M (b) is zero, equation (72) becomes
Av = ||h|Pv — 4eh? hiser A eo. (73)

Suppose that M;j(b) has pointwise 1-type Gauss map of second kind. Comparing
(1) and (73), we get

f(1+ee*Cay) = ||h])% (74)
fCia = —4e*h} by, (75)
Ci13 =Clqy = Co3 = Cyy = 0. (76)

For i = 1,2, from (45) and (46), we have

h?lclg + h4112034 =0, (77)
hiyCha + h3,C34 = 0. (78)

Since the Gauss map v is of the second kind, equations (77) and (78) must have
non-zero solution which implies (h3;)? — (h{,)? = 0. Considering the first equations
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in (27) and (28) we have (b2 — 1)(b2y%(s)w'*(s) — w?(s)y'*(s)) = 0, that is, b = 1 or
B2y2(s ) (5) — w(s)y(5) = 0.

If b = 1, it was shown that the components of the profile curve « of the surface
M, (1) with zero mean curvature satisfy equation (71), [2]. In this case, from (27)
and (28) it can be seen easily that h}, = —ce*h3,. Hence, by using equations (74),
(75) and (77), we find C1p = —3, Cs4 = —% and f = —8¢(h3,)%. Since a is
a plane curve, h3, = k, where s is a curvature of the curve a. Thus, the Gauss
map v of M;(1) satisfies (1) for the function f = —8ex? and the constant vector
C = —%61 A ey — %63 A eq. This completes the proof of (a).

If b2y2(s)w'*(s) — w2(s)y'*(s) = 0 and b # 1, then we have y(s) = bo(w(s))*?,
where by is non-zero constant. Also, the rotational surface M;(b) with this profile
curve « is timelike, i.e., ee* = —1. Hence, from the first equations in (27) and (28),
we get hi, = +h$,. By using equations (74), (75) and (77), we get the function
f = —8¢k? and the constant vector C' = :l:%el A ey — %63 A eyq.

The converse of the proof is followed from a direct calculation. This completes
the proof of (b).

Similarly, we can state the following theorem for the rotational surface Ms(b)
defined by (23) in the pseudo-Euclidean space Ej.

Theorem 14. Let Ms(b) be a non—planar reqular rotational surface with zero mean
curvature in B4 defined by (23). Then,

i. for some constants A\g # 0 and o, the reqular surface My(1) with the profile
curve 3 whose components satisfy

(2(s) + 2(s))” + Ao(a(s) — 2(s))* = po (79)
has pointwise 1-type Gauss map of the second kind.

it. for b # 1, the spacelike surface Ma(b) has pointwise 1-type Gauss map of the
second kind if and only if the profile curve B is given by z(s) = bo(z(s))*? for
some constant by # 0.

Note that considering equation (73), if the Gauss map v of the rotational surface
M (b) and Ms(b) were of the first kind which implies that h$; = 0 or hj, = 0, then
M;(b) and Ms(b) would be lying in 3—dimensional pseudo-Euclidean space.

Corollary 15. A rotational surface in the pseudo—Euclidean space B3 defined by
(22) or (23) with zero mean curvature has no pointwise 1-type Gauss map of the
first kind.
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